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ADVERTISEMENT. 


The  present  performance  is  a  new  edition  of  a  Work 
which  was  published  a  short  time  ago,  and  became  very  soon 
out  of  print.  The  circumstances  attending  its  first  appear- 
ance were  the  Cause  of  many  imperfections,  which,  it  is 
presumed,  have  now  been  rempved,  and  the  reception  ex- 
perienced from  the  public  on  the  former  occasion  inspires  the 
Author  with  some  degree  of  confidence  as  to  what  he  may 
be  justified  in  expecting  on  this. 

The  Introductory  Chapter  is  a  short  account  of  the 
Method  of  LimitSy  and  comprises  some  important  results  de- 
duced by  means  of  that  Doctrine. 

The  first  Chapter  on  the  Differential  Calculus  contains 
the  Definitions  of  the  Terms  employed  in  this  Part  of  Mathe- 
matical Science,  and  several  Conclusions  derived  from  its  first 
Principles. 

The  second,  third  and  fourth  Chapters  contain  respect- 
ively the  Investigations  of  the  Differentials  and  Differential 
Coefficients  of  Algebraical^  E(vponential  and  Logarithmicaly 
Trigonometrical  and  Geometrical^  Functions  of  one  principal 
or  independent  Variable,  and  each  of  them  is  accompanied 
with  a  great  variety  of  illustrative  matter. 

a 


IV 


The  fifth  Chapter  proceeds  to  some  important  appli- 
cations of  the  Calculus  to  the  Developement  of  Functions 
by  means  of  the  Theorems  of  Maclaurin  and  Taylor^  and 
concludes  with  concise  accounts  of  the  Methods  of  FluwionSf 
Indivisibles^  Infinitesimals,  Derived  Fv/nctions  and  the  Resi- 
dual Analysis. 

In  the  sixth  Chapter  is  explained  and  copiously  exem- 
plified the  doctrine  of  Indeterminate  or  Vanishing  Fractions, 

The  seventh  Chapter  comprises  a  very  full  and  circum- 
stantial account  of  the  Maanma  and  Minima  of  Functionift 
of  one  independent  Variable,  illustrated  by  a  great  variety 
of  examples  worked  out. 

> 
The   eighth    and   ninth    Chapters   treat,    at    considerable 

length,  of  Plane  Curves  referred  to  Rectangular  and  Polar 
Co-ordinates  respectively,  and  comprise  much  valuable  infor- 
mation concerning  them  not  to  be  found  in  any  other  English 
treatise  on  the  subject. 

In  the  tenth  Chapter  have  been  very  fully  discussed  the 
Apalytical  Characters  of  what  are  called  the  Singular  Points 
of  Plane  Curves ;  and  in  the  eleventh  the  Principles  pre- 
viously established  have  been  applied  to  the  Describing  or 
Tracing  of  Curves.  This  and  the  preceding  Chapters  may 
be  said  to  constitute  the  first  part  of  the  work. 

The  twelfth  Chapter  comprises  the  Differential  Calculus 
as  extended  to  Functions  of  two  or  more  independent  Vari- 
ables; and  in  the  thirteenth  it  has  been  applied  to  the  de- 
termination of  their  Maxima  and  Minima. 


Ill 


The  fourteenth  Chapter  treats  of  the  Application  of 
the  Differential  Calculus  to  Curve  Surfaces  and  Curves  of 
Double  Curvature. 

The  Fifteenth  Chapter  is  a  collection  of  Miscellaneous 
Theorems  and  Problems  of  great  interest  and  importance,  all 
worked  out  at  length,  and  evincing  in  much  variety,  the 
Powers  of  the  Calculus  as  an  instrument  of  Analysis. 

Though  numerous  examples,  illustrative  of  their  respective 
subjects,  are  interspersed  throughout  most  chapters  of  the  work, 
the  importance  of  Examples  for  the  exercise  of  the  Student 
has  determined  the  Author  shortly  to  publish  a  very  complete 
Collection,  in  which  reference  is  made  to  the  Chapters  and 
Articles  of  this  Volume  for  the  means  of  their  solution. 
This  Collection  would  have  been  appended  to  the  present 
publication,  had  not  the  size  to  which  it  has  already  arrived 
induced  the  Author  to  change  his  mind. 

Cambeidoc, 

October  24,  1831. 
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INTRODUCTORY    CHAPTER. 


ON    THE    METHOD    OF    LIMITS. 


Article  I.    Definition  L 

The  Limits  of  a  quantity  which  admits  of  change  in  its 
magnitude,  are  those  magnitudes  between  which  all  the  values 
that  it  can  have  during  all  its  changes  are  comprised ;  beyond 
which  it  can  never  pass ;  and  from  which  it  may  be  made  to 
di£Fer  by  quantities  less  than  any  that  can  be  assigned  in  finite 
terms. 

Ex.  1.  The  quantity  aw,  wherein  x  admits  of  all  pos- 
sible values  from  zero  or  0,  to  infinity  or  oo ,  becomes  0  in  the 
former  case,  and  «  in  the  latter ;  and  consequently  the  limits 
of  the  algebraical  expression  aw  are  0  and  oo  :  the  former  being 
called  the  inferior ,  and  the  latter  the  stiperior  limit. 

Ex.  2.  In  the  quantity  expressed  by  aw  -{'  by  if  we  make 
J?  =  0,  we  have  the  inferior  limit  equal  to  the  finite  quantity  6, 
and  if  /r  be  supposed  s  «  ,  the  superior  limit  is  found  to  be 
indefinitely  great. 

A 


Ex.  3.     Again,   if  we  take  the  fraction which  is 

equivalent  to  the  ratio  aw  +  b  :  bof  +  a,  and  suppose  of  to  vanish, 
we  find  the  inferior  limit  to  be  -  ;    but  if  a?  be  indefinitely 

b 

a  -^  ^ 

increased,    the  superior  limit  is— wherein  w  is  infinite; 

6  +  - 
a? 

that  is,  the  superior  limit  is  -  . 

Hence  in  this  example,  the  superior  and  inferior  limits  are 
the  reciprocals  of  each  other. 

Ex.  4.   The  sum  of  the  geometrical  series  a  +  -  +  —   +  &c. 

<V        Or 

continued  to  n  terms,  is  expressed  by  the  quantity 

a  I --  —  1  I        aa;  (  1 | 

1  a?-l 
1 

X 

now,  if  71  =  0,   the  inferior  limit  is  manifestly  =0;   but  if 
n  =  00 ,  -J-  becomes  0,  and  therefore  the  superior  limit  is 


which  is  usually  called  the  sum  of  the  series  continued  in 
infi/nitum* 

Ex.5.  The  ratio  aw^  -{-bw  i  ca^ '\'dw  is  equal  to  the 
ratio  ax-\-b  :  cw  +  d,  and  therefore  also  the  limits  of  the 
general  ratio  aa^  -^bw  :  coo^  -f  da?  are  the  particular  ratios 
b  :  d  and  a  :  c. 

This  example  shews  that,  though  the  terms  of  a  ratio  be 
evanescent  or  infinite,  its  limits  may  be  finite. 

Ex.  6.  If  a  regular  polygon  be  inscribed  in  a  circle,  and 
the  number  of  its  sides  be  continually  doubled,  it  is  evident 


that  its  perimeter  approaches  more  and  more  nearly  to  eqtiaUty 
with  the  periphery  of  the  circle,  and  that  at  length  their  differ- 
ence must  become  less  than  any  quantity  that  can  be  assigned ; 
hence  therefore,  the  circumference  of  the  circle  is  the  limit  of " 
the  perimeters  of  the  polygons. 

2.  To  prove  that  the  Limits  of  the  ratios  subsisting  between 
the  sine  and  tangent  of  a  circular  arcy  and  the  arc  itself  are 
ratios  of  equality. 

Let  p  and  p  represent  the  perimeters  of  two  regular  poly- 
gons of  n  sides,  the  former  inscribed  in,  the  latter  circumscribed 
about,  a  circle  whose  radius  is  1,  and  circumference  =  6.28318 
&c.  =  2  TT : 

then  (Trig.)  p  =  2  w  sin  -  ,  and  p'  =  2n  tan  -  ; 

n  n 

2n  sm  - 

hence  ~  = =  cos  -  , 

p  TT  n 

2ntan- 
n 

and  if  the  value  of  n  be  supposed  to  be  indefinitely  increased, 

TT 

the  value  of  cos  -  is  1,  and  therefore  p=p':  now,  the  periphery 

of  the  circle  evidently  lies  between  p  and  p',  and  therefore 
in  this  case  is  equal  to  either  of  them ;  hence  on  this  supposition, 
an  n^  part  of  the  perimeter  of  the  polygon  is  equal  to  an  n^ 
part  of  the  periphery  of  the  circle :  that  is, 

'TT  XiTT  TT  ,      TT  IT  W 

2  sm  —  =  —  =  2  tan  — ,  or  sm  —  =  —  =  tan  — , 
n        n  n  n       n  n 

or  the  sine  and  tangent  of  a  circular  arc  in  their  ultimate  or 
limiting  state^  are  in  a  ratio  of  equality  with  the  arc  itself. 

3.  CoR.     Hence  also,  we  shall  obviously  have 

chd  (-]  =2  sin  I  —  )  =:2(  — \  ===  (-)  ultimate^. 
\nj  \^nj         \2w/        \n/ 


4.     To  find  the  Gircumference  of  a  Circle. 
Let  BD  be   the   side  of  an   equilateral   and  equiangular 

B 


polygon  of  n  sides,  circumscribed  about  the  circle  whose  radius 
CA  =  r ;  then  the  angle    BCD  =  — ,  and  we  have 

— )  =2r  tan  — ; 
2»/  n 

.%  the  perimeter  of  the  polygon  =  2nr  tan  — : 

observing  now,  that  as  n  continually  increases,  the  perimeter  of 
the  polygon  approaches  to  the  circumference  of  the  circle,  if  we 
suppose  n  to  become  indefinitely  great,  then  we   have   seen 

that  in  this  case  tan  •^  becomes  equal  to  -' ;  and  therefore  the 

n  n 

periphery  or  circumference  of  the  circle  =  2nr  -  =  Sttt. 

5.  Cor.  l.  From  the  last  article,  if  C  and  c  be  the  circum- 
ferences of  two  circles  whose  radii  are  R  and  r,  and  diameters 
D  and  d,  we  have  C  =  27ri?,  c^si^irr^  and  thence 

C      2wR      it      D 

M^w   •■■■■•        .  M^^    ^^^   ^^^  ^^^^  • 

c        ^irT        r        d ' 

that  is,  the  circumferences  of  circles  are  to  one  another  as  their 
radii  or  diameters. 

6.  Cob.  2.  If  the  arc  JP  be  called  a  and  the  angle 
ACP^A^  we  shall  by  Eudid  vi.  33.  have 


a 


A' 


and  therefore  a  = =r^, 

or  the  arc  is  equal  to  the  radius  multiplied  by  its  corresponding 
angle. 

7.  To  find  the  Area  of  a  Circle. 

Using  the  figure  and  notation  of  (4),  we  have 

the  area  of  the  triane^le  BCD  = '- =  r^  tan  ^  ; 

.-.  the  area  of  the  polygon  =  n  A  BCD^^nr^  tan  -< , 

and  taking  the  limits  of  both  sides  of  the  equation  as  before,  we 
obtain 

the  area  of  the  circle  =  »r*  -  =  wr*,  or  =  i  x  2irr  x  r, 

n  * 

which  is  half  the  rectangle  of  its  circumference  and  radius. 

8.  Cob.  1.    HA  and  a  be  the  areas  of  two  circles  whose 
radii  are  R  and  r,  we  have  A  =  irB^  and  a  =  -Trr*; 

J       ^i?«       JZ«       D-       C"  ^ 

.-.  -  =  — J  =  -y  =  — .  =  ~-  from  (5)  ; 

or  the  areas  of  circles  are  to  one  another  as  the  squares  of  their 
radii,  diameters  or  circumferences. 

9*    Cor.  2.    If  the  notation  adopted  in  (6)  be  retained,  we 
have  by  Euclid  vi.  33, 

the  sector  JCP       A  ,  .^^      Ar"^ 

z =  —  ,  .'.  the  sector  ACP^ 

irf^  2ir  2 

= =  — ,  as  appears  from  (o) ; 

that  is,  the  area  of  a  circular  sector  is  equal  to  half  the  rect' 
angle  of  its  arc  and  radius. 
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10.  Cob.  3.  Hence,  if  A  and  a  be  the  arcs  AP,  ap  of  two 
concentric  circles  cut  off  by  the  same  radii  produced,  and  h  be 
the  distance  between  them,  we  have 

'^  RA  ra 

the  sector  ACP  = ,    and  the  sector  a  Cp  =  —  , 


.'.  the  area  APpa=  -  {RA  —  Ta\ ; 

now  R  :  r  ::  A  :  ay  hy  similar  sectors, 
.\  R  :  R  —  r  ::  A  :  A-^aj 

andJ?  =  (ii-r)--^,  r  =  (R-r)     "* 


A --a 


A-^ 


a 


1  ^    A^             a^    1 
hence  the  area  APpa—  -  {R  —  r)  <- > 

2  (A-^a       A^a) 

11.     To  find  the  Surface  of  a  right  Cylinder. 

Let  BDdh  be  the  side  of  an  equilateral  and  equiangular 
prism  of  n  sides  circumscribed  about  the  cylinder  whose  height 

h 


is  A,  and  the  radius  of  whose  base  is  r ;  then  the  angle  BCD 
;  therefore  the  area  of  the  rectangle  BDdb=^  BD,Aa 


n 


IT 


:sz2AB »Aa=:2rh  tan  ^  ; 

n 


hence  the  surface  of  the  prism,  neglecting  the  ends, 

IT 

=  n  rectangle  BDdb^2nrh  tan  ^  : 

n 

and  taking  the  limits  of  both  sides  of  this  equation,  we  shall 
evidently  have  the  convex  surface  of  the  cylinder 

=  2wrA  -  =29rr/t, 
n 

or  =  to  the  rectangle  of  the  circumference  of  the  base  and  the 
altitude. 


12.    Cob.   Hence  the  whole  surface  of  a  right  cylinder 
=  the  convex  surface  +  the  areas  of  the  two  ends 

=  Qwrh  +  27rT^  =  2wr  (r  +  A), 

which  is   also  the  convex  surface  of  a  cylinder  of  the  same 
radius  whose  altitude  is  /r  +  h. 


13.     To  find  the  Content  of  a  right  Cylinder. 

Retaining  the  notation  and  figure  of  (11),  we  have 
the  content  of  the  triangular  prism  BCD  deb 


IT 


=  the  area  of  J^BCD ,  Aa  ^ CA ,  AB .  Aa^r^h  tan-- ; 

n 

.-.  the  content  of  the  whole  circumscribed  prism  =  nr*A  tan  -. ; 

n 

and  if  the  limits  be  taken,  the  content  of  the  cylinder 

=  nr  A  -^  =  ttt^A, 
n 

or  =  the  area  of  the  base  multiplied  by  the  perpendicular 
altitude. 
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14.  Cob.   Hence  also  the  content  of  a  cjrlinder  s  irt^k 
=  Zirrh  X  -  =  the  convex  surface  multiplied  by  half  the  radius. 

15.  To  find  the  Surface  of  a  right  Cone, 

Let  PBD  be  the  side  of  an  equilateral  and  equiangular 
pyramid  of  n  sides  circumscribed  about  the  cone  whose  perpen^ 


dicular  altitude  is  h^  side  /  and  the  radius  of  whose  base  is  r ; 

then  the  angle  BCD  =  — ,  and  we  have 

n 


IT 

the  area  of  the  triangle  PBD  =  AB .  AP  =  r /  tan '-  ; 


IT 


.*.  the  surface  of  the  pyramid,  neglecting  the  base,  =  nrl  tan  -  ; 

and  the  limits  being  taken,  we  obtain  the  convex  surface  of  the 
cone 

,7r  ,  / 

=  nrl  -  =  TtrL  or  =  27rr  x   - , 
n  2 

which  is  the  circumference  of  the  base  multiplied  by  half  the 
length  of  the  side. 

16.    CoE.  1.     The  surface  of  the  cone  may  be  expressed  in 
other  terms. 

For,  /  =  ^r^  4-  h?  and  therefore  the  convex  surface 
^irr ^1^  -f  A*;  and  the  whole  surface,  including  the  base 
= -Trr/ -f  wr^  =  Trr  [r  -{- 1\  =  Trr  {r  -h  ^ r^  -\-  h"]. 


17-   Ce&.  2.   Hence  may  be  found  the  convex  surface  of  the 
frustum  of  a  cone. 

For,  if  AP^L,   AC-R,   aP=^l,  ac^r^ 

the  surface  of  the  whole  cone  PCAB^ivR*PA\ 


and  the  surface  of  the  part   Pcab=:i7rr.Pa ; 

,\  the  surface  of  the  frustum  =7r{J?.PJ  — r.jPfl} : 

•but  PA  :  Pa  ::  CA  :  ca  ::  R  :  r^  by  similar  triangles, 

.-.  PA  :  Aa  ::  R  :  R  —  r\ 

whence  PA=:—iz -9    and  Pa=   ^         '  ' 


f  ^  .V 


R-r 


R-r   ' 


••.  the  surface  of  the  frustum  =»•< — > 

(    R  —  T  R  —  T   3 

if  &  be  the  distance  Z  —  /  between  the  circumferences  of  the 

ends: 

k  k 

or   =- {27rJ?  +  27rr}=- (C  +  c)Hg  (4) 

2  2  ^^ 

if  C  and  c  be  those  circumferences. 


18.    Cob.  3.    If  R  be  supposed  to  become  =  r,  the  limit 
of  the  surface  of  the  frustum  is   ^irrk^  which  is   equal   to 

B 
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the  surface  of  a  cylinder  of  the  same  base,  and  whose  alti- 
tude is  the  length  of  the  side. 

19.     CoE.  4.     The  whole  surface  of  a  conical  frustum, 
including  the  ends  or  bases,  is  equal  to 

w^A:  (B  +  r)  +  7ri?2  +  irr«  =  7r  {JJ(«  +  ft) +r  (r  +  A;)}. 


20.     To  find  the  Content  of  a  right  Cone. 

Since   (Eticlid  xii.    7.)   every    triangul^  prism  may   be 
divided  into  three  equal  triangular  pyramids,  it  follows  that 


every  triangular  pyramid  is  equal  to  one-third  of  a  tri- 
angular prism  having  the  same  base  and  altitude;  therefore, 
we  have  the  content  of  the  triangular  pyramid,  or 


PBCD=:iCA.AB.PC:=^^r^h  tan  "  : 

3  3  ^ 

and  hence  the  content  of  the  whole  circumscribed  pyramid 


TT 


Mm 

=  4nr*Atan-^  ,   from  which,  as  before,   we  get  the  content 

n 

r^h 
of  the  cone  = ,   or  equal   to  one-third  of  the  cylinder 

of  the  same  base  and  altitude. 
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21.     CoK.  1.     Henc^   to  find   the  content  of  a  conical 
frustum,  the  radii  of  whose  ends  are  R  and  r  and  height  kj 


we  have  the  content  of  the  whole  cone  PAB  =  ^TrR'-PC 
and  the  content  of  the  part  Pa6  =  ^7rr'.Pc; 

.-.  the  content  of  the  frustum  =-  {7?*.PC  — r'.Pc} : 

now  PC  :  Pc  ::  CA  :  ca  ::  R  :  r^  by  similar  triangles; 

.-.  PC  :  Cc  ::  R  :  R-r; 

hence  PC^  — ,    and  Pc  = 


R-r 


'.  the  content  of  the  frustum  = 


R^r' 


3  I R^r\ 


or  =  the  sum  of  the  areas  of  the  ends  and  a  mean  propor- 
tional between  them,  multiplied  by  one-third  of  the  altitude. 

22.     Cor.  2.     If  R  be  supposed  =  r,  the  content  of  the 


ITi 


frustum  becomes  =  —  (V^  +  r°  +  r^)  =  Trr  Ac,  which  is  the  con- 

tent  of  a  cylinder,  the  radius  of  whose  base  is  r  and  altitude  k: 
that  is,  the  limit  of  the  frustum  of  a  cone  is  a  cylinder  of  the 
same  base  and  altitude. 


la 


23.      To  fimd  the  Surface  of  a  Sphere.     . 

Let  the   diameter  of  the   sphere  whose  radius  is  r,   be 
divided  into  n  equal  parts,  of  which  let  NM  be  one,   and 


2r 
therefore  =  — :    and   about   the  zone  included  between  two 

n 

parallel   sections  passing  through   N  and   M^   let   a  conical 

frustum  be  described,  and  put  A  PCN^Q:  then  by  (17)  the 

surface  of  this  frustum 

=  7r(PJV^+  TM)PT  =  ir{PN-\-  TM)NMcoBece; 

whence  taking  the  limits,   observing  that   TM  is  ultimately 
equal  to  PN  or  r  sin  0,  we  have  the  surface  of  the  zone  corres- 


4f7rr 


4nrr^ 


ponding  to  NM  =  -, — -  sin  0  cosec  9  =  —- —  ,    which  not  in- 

volving  Qy  is  the  same  for  each  of  the   equal  parts   of   the 
diameter ; 

.-.   the  whole  surface  of  the  sphere  =  n =  47rr*. 

n 


24.  CoE.  1.  If  the  radius  of  the  sphere  be  represented  by 
unity,  its  surface  will  be  represented  by  4'7r,  or  by  twice  the 
circumference  of  the  generating  circle. 

25.  CoE.  2.  The  surface  of  the  spherical  segment  APNp 
:=4!'B:r.AN^  4f7rAP'^^^e  area  of  a  circle  whose  radius  it 
equal  to  the  chord  of  half  the  corresponding  arc.  i    ; 
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26.  CoE.  3,  Hence  it  is  manifest,  that  the  surface  of 
a  sphere  is  equal  to  the  convex  surface  of  its  circumscribed 
cylinder ;  and  also,  that  the  surface  of  any  spherical  zone  is 
equal  to  the  surface  of  the  circumscribed  cylinder  included 
between  the  same  planes  produced,  and  perpendicular  to  its 
axis. 

27.  To  Jind  the  Content  of  a  Sphere, 

Suppose  a  polyhedron  of  n  faces  to  be  circumscribed  about 

the  sphere,  and  let  the  area  of  each  of  its  surfaces  be  called  A : 

then  the  sum  of  the  contents  of  the  corresponding  solids  formed 

by  drawing*  lines  from  the  centre  to  the  angular  points,  or  the 

nA'F 
content   of  the   polyhedron  = by    (20):    and  taking  the 

limits,  as  before,  we  have  the  content  of  the  sphere  =s  -  sur- 

1         .        47rr' 


face  X  radius  =  -  47rr*r  == 

S  3 

28.  ,CoK.  1.    Hence,  if  S  be  the  surface  of  any  spherical 
segment  whose  radius  is  r,  the  content  of  the  corresponding 

spherical  sector  will  be  -  iSr  =  — . 
^  3  3 

29.  Cos.  2.    Since  the  content  of  the  circumscribed  cylin- 
der =  wv^h  =  xr' 2r  =  27rr*,  we  have 

the  sphere  :  its  circumscribed  cylinder  :*.  2  :  3. 


DIFFERENTIAL  CALCULUS. 


CHAP.  I. 

Dqfimtions  and  Preltmihary  Observations. 

1.  Def.  1.  In  this  science  the  quantities  employed  are 
distinguished  into  constcmt  and  va/riable^  in  the  same  manner 
as  those  in  Algebra  were  into  known  or  given,  and  unknown 
or  required. 

2.  Def.  2.  Constant  or  invariable  quantities  are  such  as 
do  not  change  their  values  during  the  whole  course  of  each  of 
the  operations  in  which  they  are  employed,  and  are  usually 
denoted  by  the  former  letters  of  the  alphabet  J,  fi,  C,  &c. 
Z,  M,  N;  dy  bf  c,  &c.  /,  m,  n. 

Ex.  In  the  equation  to  the  circle  which  is  y  =  j^2  ax  —  a^, 
the  quantity  a,  >vhich  represents  the  radius  of  the  circle,  under- 
goes no  change  in  any  one  operation  in  which  this  equation  is 
concerned. 

3.  Def.  3.  Variable  quantities  are  such  as  admit  of  dif- 
ferent degrees  of  magnitude  in  the  same  expression,  according 
to  the  manner  in  which  they  are  involved  in  it,  and  are  generally 
expressed  by  the  latter  letters  of  the  alphabet  P,  Q,  jR,  &c. 
Xy  F,  Z;  p,  q,  r,  &c.  a?,  y,  %. 
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Ex.  In  the  equation  just  mentioned,  the  quantities  a  and  y 
admit  of  different  magnitudes  within  certain  limits;  thus,  if 

and  if  a?  =  2a,  y  =5./^/4a^--4a*==  0,  &c. 

4.  Def.  4.  An  analytical  expression  of  any  form  whatever 
involving  constant  and  variable  quantities,  is  called  a  Function 
of  those  variable  quantities,  without  any  regard  to  the  constant 
quantities,  or  to  the  manner  in  which  they  are  involved. 

Ex.  1.    The  quantities  ax^  +  6a?  -h  c,  ao?"—  haf*"^  +  ca?""* 

—  &c.,  ^^aco^c^^  a*,  log  {aoo  -|-  6),  sin  (2 o  —  3 ar),  &c.  are 

all  functions  of  <v:   and  when  a  function  of  x  is  spoken  of 

generaMy,  without  regard  to  its  particular  nature,  it  is  expressed 

in  one  of  the  following  forms,  /  (a?),  -F(j?),  ^  (a?),  y\f  (a?),  &c. 

Ex.  2.  The  algebraical  expressions  x^if"  +  a^wy  +  y*, 
y»  -  (a^  +  h)  y»-i  +  (cd?«  +  CO?  +  /)  y»-2  -  &c.,  a'+^  -) 

log  {ax  —  6y),  sin  (mx  +  ny),  &c.   are  all  functions  of  x 
and  y,  and  are  expressed  in  general  language  by 

/  (^j  »)>  ^  (^j  y)>  0  (^»  y)»  ^  (^>  y)j  &c. 

Similar  observations  may  be  made,  whatever  be  the  number 
of  variable  quantities  involved  in  an  expression. 

5.    Def.  5.    If  the  relation  between  x  and  y  be  expressed 
by  an  equation  of  the  form  y  =  /(a?),  or  y  =  F(x)^  &c.,  y  is  - 
styled  an  explicit  function  of  or,  x  being  called  the  principal  or  ' 
independent  variable,  and  y  the  dependent  variable. 

Ex.  1.  In  the  equation  y  =  ^2aa?  —  j?*,  y  is  an  explicit 
function  of  a? :  and  since  the  value  of  y  depends  upon  that  of 
w  by  means  of  this  equation,  x  and  y  are  called  the  independent 
and  dependent  variables  respectively :  also,  by  the  solution  of 
a  quadratic,  we  have  .r  =  a  +  ^a^  —  y*,  in  which  x  is  an 
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explicit  fuDiction  of  y,  and  in  this  case  y  is  the  independent 
and  ^  the  dependent  variable. 

From  this  it  appears,  that  if  an  equation  express  the  re- 
lation between  two  variable  quantities,  either  of  them  may  be 
considered  as  a  function  of  the  other. 

Ex.  2.  Similarly,  u  =  aw^ -\'bx-\-c^u^a'^u^ log (tP  +  a), 
u  =  sin  {x  —  a),  &c.  are  examples  in  which  u  is  an  explicit 
function  of  w, 

6.  Def.  6.  If  the  relation  between  two  variable  quantities 
w  and  y  be  expressed  by  an  equation  of  the  form  /  (a?,  y)  =  0, 
then  may  either  of  the  quantities  be  considered  an  implicit 
function  of  the  other,  one  of  them  being  the  independent^  and 
the  other  the  dependent  variable. 

Ex.'  1.  The  equation  a?*  -h  y'^  —  a^  ==  0  is  a  simple  instance 
in  which  either  a  or  y  may  be  considered  an  implicit  function 
of  the  other ;  but  by  solving  the  equation  with  respect  to  y, 

we  have  y  =  ±  >/  o^  --  «r*,  and  with  respect  to  ^,  we  get 
a?  =  +  \/(i^  —  y^y  in  which  y  and  a?  are  each  exhibited  as  an 
ewplicit  function  of  the  other. 

From  this  it  is  manifest,  that  an  implicit  function  may  be 
made  an  explicit  one,  whenever  the  equation  can  be  solved  with 
respect  to  one  or  both  of  the  variables  involved. 

Ex.  2.    The  expressions  u^  -f  muw  +  o*  +  6a?  -h  ux^  =  0, 

w'  +  0?'  —  a^x  -f  a^u  =  0,  w^  -f  ci?^  —  a'  =  0,  &c.  are  instances 
in  which  either  z^  or  a?  is  an  implicit  function  of  the  other :  by 
the  solutions  of  a  quadratic  and  cubic  equation  in  the  first  two 
cases,  one  of  the  variables  may  be  made  an  explicit  function  of 
the  other ;  in  the  last  the  solution  cannot  be  eflfected. 

7.  Def.  7.  To  express  the  functions  of  any  quantity 
however  formed  as  of  47',  (a  +  6a?),  &c.  the  notation  mentioned 
in   (4)  is  usually  extended;    thus  if  y  be  a  quantity   whos6 


17 

value  depends  Mpon  either  of!  the  above  mentioned  exf^essions, 
it  is  written  y  =  fij^y  y  =  /(^  +  6^),  &c. 

Ex.  As  instances  of  this  definition,  y  =  («*.+  ^  {V  —cf) 
is  at  the  same  time  a  function  of  w  and  «r* ;  y  =»  (a,  +  frj?)" 
log  (a  +  6a?)  is  ao  explicit  function  of  (a  +  hx) ;  &c. 

8.  DxF.  8.  If  the  value  c^  one -quantity  as  n  depend 
upon  the  magnitudes  of  two  or  more  others  as  4^1  y,  %^  &c.,  that 
quantity  is  called  a  function  of  two,  three  or  more  variables, 
and  is  written  w  =/(a?,  y,  ar,  &c.),  or  w  =  F  (a?,  y, «,  &c.),  &Cy 
f«  bdng,  as  before,  distinguished  by  the  name  of  dependent 
.variable,  and  w^.y^  x^  &c.  by  the  tides  of  prmidpal  or  ifUiepeni 
dent  variables. 

9.  Def.  9.  All  quantities  or  functions  concerned  in  this  " 
subject,  are  distinguished  into  three  kinds  ;-  Algehraicalj  Tran^  • 
scendental  and  IntranseendentaL 

10.  Def.  10.    Algebraical  functioi^s  are  such  as  are  ex-  ' 
pressed  in  rational  forms,  or  can  be  reddced  to  such  forms  in^ 
finite  numbers  of  tarms. 

Ex.  1.    The  quantities 

c     5* 
aa  +  by  aa^  +  ba^ j ,  -j  (2  o#  -  .r*),  asT^bar  " ' + ca^  "  *  -  &c.y 

are  all  algebraical  functions  according  to  the  former  part  of  the 
definition. 

£x«  2.    The  expressions 

^A*i-ir*,    f^2  ax  4-  «*,•    ^aj?^*  —  6a7*  +  <>,  &c^ 

are  also  algebraical  functions,  because  reducible  by  the  opera- 
tions of  Algebra  to  rational  form's  in  finite  numbers  of  terms. 

Hence  it  appears  that  algebraical  functions  may  be  either 
rational  or  irrational,  or  pairtly  bothi 

11^  Def.  11.  Transcendental  functions  are  suclr  as  can^  " 
not  be  exhibited  hy  means  of  dgebraical  expressions  of  finite 

C 
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>'   numbers  of  terms,  and  are  either  Exponential^  LogarithmiccU 
'    or  Trigonometrical. 

Ex-  Thus  a%  log  (0^  +  6)  and  sin  (0  +  ^)  are  all  trans- 
cendental functions,  the  first  being  exponential,  the  second 
logarithmical  and  the  third  trigonometrical^ 

,,  12.   DjeIf.  12.    Intranscendental  functions  are  such  as  have 

'    surds  &c.  for  their  indices:   these  functions  are  of  very  rare 
occurrence,  and  need  no  exemplification. 

13.  Def.  13.  The  Incrernent  or  Dijff^erence  ot  any  funpiion 
is  the  difference  between  two  values  of  the  function,  corres- 
ponding to  certain  values  of  the  independent  variable,  and  is 
generally  denoted  by  the  Greek  letter  A  placed  before  the 

'  function. 

Ex.  If  tt=  aa?^  +  6a?  +  c,  and  u  be  the  value  of  the  same 
function  when  w  becomes  tv\  we  have 

that  is,  if  the  difference  of  the  function  or  u  ^  uhe  denoted 
by  Aw,  we  have 

similarly,  of  —  w  is   abbreviatedly  written  A^j  and  the  ratio 
of  the  increments  of  u  and  w^  is  expressed  as  follows :    . 

Aw  /w^  —  #i7^\  /a/  —  x\  , 

-T— =  o(-7 )  +6  ("7 )=:a(^'+  a?)  +6. 

r 

14.  Def.  14.    The  Differential  Calculus  is  that  part  of 
*  Mathematics  which  treats  of  the  method  of  finding  the  limits 

of  the  ratios  of  the  simultaneous  increments  of  functions,  and 
of  the  variables  on  which  they  depend. 

Ex.     In  the  example  u^ax^  +  6a?  +  c  last  given,  we  have 

seen  that  the  ratio  of  the  simultaneous  increments  of  the  func- 

Aw  .  ,• 

tion  and  independent  variable  or  — -  is  a  {x  -f  a?)  +  6,  and 


19 

the  object  of  the  differential  calculus  is  to  find  the  limit  of 
this  quantity,  or  its  value  when  the  dependent  magnitudes 
A^  and  Au  axe  indefinitely  diminished.  . 

15.  DsF.  15.  Any  quantities  whatever  taken  in  the 
ultimate  or  limiting  ratio  of  the  simultaneous  increments  of 
a  function  and  the  variable  upon  which  it  depends  are  called 
the  corresponding  Differentials  of  the  function  and  independent 
variable. 

Ex.  If  A  and  k  represent  the  increments  of  .v  and  u  re^ 
spectively,  and  if  the  ultimate  value  of  the  fraction or 

of  -  be  =  7^  =  — p  ;  then  may  Jfc^  and  A„  or  mk^  and  mA,  bei 
h  h^      tnh^ 

called  the  corresponding  differentials  otu  and  w ;  so  that,  though 

the  notion  of  a  differential  be  essentially  relative,  we  may  still 

regard  it  as  an  absolute  but  indeterminate  magnitude. 

16.  Def.  i6.  Instead  of  taking  different  letters  to  denote 
the  terms  of  the  ultimate  ratio  above  alluded  to,  the  same  letters 
u  and  w  are  retained  with  the  small  letter  d  placed  before  them, 
to  denote  what  are  expressed  in  the  last  example  by  the  quan- 
tities mk^  and  mh^ ;  and  the  particular  value  of  —  ,  which  it  ' 

du  , 

is  the  business  of  this  Calculus  to  ascertain,  is  written  —  ,  -and 

dw 

4u  and  dof  are  styled  the  differentials  of  u  and  w  respectively. 


du 
17.    Def.  17.    The  quantity  represented  by  ■—-  which  ex-  " 

presses  the  limit  of  the  ratio  of  the  simultaneous  increments  of  '^ 
u  and  0?  is  called  the  Differential  Coefficient  of  t^,  because  it    ^ 
is  the  multiplier  which  connects  the  differential  of  the  function 
u  with  that  of  the  independent  variable  a;. 


,  16.  The  last  fiye  definitiQns  will  1^  better  ;viideM<M)d^ 
afte  a  perusii  of  thefoUowii^/e^^^^tif^eB,  wbo^  fdiflTei^tiaj^ 
,are  derived  from  first  jfXWfijfifjfkir         .   /    '  :        .       .? 

Ex.  1.  In  the  function  u  =  aa^,  let  u  be  changed  into  u  in 
consequence  of  its 'prindpal  variable  ^  being  changed  into  af^ 
then  ve  have 

t^'*=s  a  J?'  and  t^  =  aof; 

.'.  tt'  —  w  =  «a^'  —  a*  =5  o  (a?'  —  a?),  that  is.  Aw  =  a A^»  . 

Aw 
and  the  equation  -—  =  a^  expresses  tbe  relation  between  the 

simultaneous  increments  of  u  and  w;  therefore  taking  the  limits 

of  both  sides  of  this  equation,  observing  that  the  particular 

1        -Aw         ,      >        .        .         rfw         _    - 
value  of  - —  soumt  atter,.  as  written  rr>- ,  and  that  a  does  not 
Aw       °  da? 

j^mdergo  any  change,  w^  shaH  have     - 

-r-  ^a^  and  .r,  du^adw, 
d^ 

Ex.  2..  Let  w  ^ax^  -y-  bw^  -{-ex-^e^  then  using  the  notation 
already  pointed  out,  we  have 

w'  =  aa?'^  — 6a?'*-f54?^  — 0  and  wssa^r*  — 6^-  +  €ar  — e, 

^  u  --u       Aw  ,  ,^       /         «v      ,  ^  / 

and  -^ — —  or  'j —  =  <»  W  + «»?  ^^  +  J? )  -^  6  («»  +  *•)  +  c, 

which  expresses' generally  the  ratio  of  the  increments  of  w  and  w. 

No^r,  to  find  the  limit  of  this  ratio,  we  observe  that  if  the 
increment  of  a?  be  diminished  sine  limifej  w  becomes  >=  a?,  and 

dill 
therefore  ;t-  =  SadP-^ibt  +  Cj  which  expresses  the  relation  of 

the  differentials,  of  w  and  .v:  and  bence.in  this.case, 

du  =i  Saa^dx  —  2bwd^  r^  cdx. 
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Ex.  3.     If  we  have  u  = ,  then  will  u  = r  i 

a  J- so  0  "^^  a    ^ 

and  therefore 


u^u^ 


a  — of       o  — ir  (a  — ^')  (o  — a?) 

,          ri  ^u       Att      o(.!r'  +  a?)  — zFa?'+ o* 
whence  -7 or  — -  = — ;^ jr-- -^ —  , 

which  is  the  ratio  of  the  increments  of  u  and  w\  wherefore 

taking   the  inferior  limits  of  both   sides    of   this   equation 

agreeably  to  the  object  of  the  Calculus  and  observing  that 

,  .        .  dn     a^  «h  2  0«p  **- ^  ' 

0?  is  ultimately  equal  to  a?,  we  obtain  rr— = ; — :— r^ — , 

•^     ^  oaf  \a^wy  •    ^ 

and  thence 

dil  5= rg atT  = -. rs 5 

*  « 

which  is  the  differential  of  the  function  proposed. 

Ex.  4.   Let  u  =  t^a^-^-aPj  then  afi  before  m'  s=  ^a*  ^  of^j 

,    w'-w       Aw       ^a^  +  .1?'^  —  ^a* 4- a?* 

and    -7 or  - —  =  -^^ -, -^ 

w  —a?   .     Aa?  57  —or 


whereof  the  limits  being  taken  by  making  y=:  v.,  we  get 

which  is  the  general  ratio  of  the  differentials  of  u  and  w ;  and  . 

if  07  3=  a^  this  becomes  equal  to  the  particular  ratio  — ^  : 

V2  "" 


;;/-.> 
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Ex.  5.     If  we  have  u  =s  aw^^  then  will  u  =  aa/%  and 

u  -  w=a  (.r'"*  -  ar)^a  (a?'  -  a?)  { j?""-  ^  +^'"*"^«JP  +<a?'"'*"^a?-+  &c. 
to  w  terms  j ; 

Z—  or  -— =«{d?""-*+d7''"--a?+a^'^- V-h&ctomterms}; 


• »  "-; 


and  taking  the  limits  of  both  sides  of  this  equation,  observing 
that  w  ultimately  becomes  a?,  we  have 

-—  ss  a  }^~-*  +  ^'""^-f -J?""  +&C.  torn  termsf 

=  maw^^^f  and  ..•.   dw  =  waa?*""^  d«r: 

and  a  similar  process  will  lead  to  the  ratio  of  the  diiferentials 
of  u  and  0?  when  the  index  is  negative  or  fractional. 

Ex*  6.    Let  us  take  the  exponential  function  w  =  a*,  where 
a  may  be  aissumed  of  any  magnitude  whatever,  then  w'=  o*', 

but  0"-=  {1  +  (a-l)}"— =  1+  (a?'-^)  (a-l) 
•f  ^ ^-^— ^  (a- 1)^  +  &c.  by  the  binomial  theo- 


remj 


^  — ^.      A^       '    *^         '         .1.2.       ^         ^  ^ 

whence,  taking  the  limits  as  before,  we  get 

du  ,  ' 

^  =  «'{(«-l)-i(«-l)«  +  ^(a-l)»-&c.}=A;a', 

if  k  denote  the  quantity  between  the  brackets ;  and  therefore 
du  s=  k(fdw^  which  is  the  differential , of  t^  expressed  in  terms 
of  the  differential  of  w, 

Ex.  7-     From  the  trigonometrical  function  w  =  a  sin  3  07, 
we  obtain  u  z^a  sin  2  a?'. 
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and  thereforey 
u^u^a  sin  2  A''—  a  sin  2  «  =  2  a  cos  (a/  +  x)  sin  (of  -  x), 

,           u-'U       Att                   ,,       •    8in(a?'  — d?) 
whence  —, or =  2  a  cos  (j?  +  a?) -, , 

ar  —  a?       A^  x  —  w 

which  expresses  the  ratio  of  the  simultaneous  increments  of 
u  and  X :  and  since,  by  (2)  of  the  Introductory  Chapter,  an  arc 
and  its  sine  are  equal  in  the  limit,  we  have 

•7—  =  2  a  cos  2  ^,  and  .*.  df^  ==  2  a  cos  2  a^a^r. 

Ex.  8.    If  there  be  proposed  the  equation  w*— 2ttd?  +  o*=0, 
wherein  t«  is  an  implicit  function  of  x^  then  as  before 

w'*—  2w'<2?'  +  o'  =  0: 

whence  w *  —  w*  —  2  (wo?'  —  ux)  =  0, 

or  {u  -h  w)  (w'  —  tt)  —  2  \u  {x  —  a?)  +  a?  («*'  —  w)}  =  0 ; 

.  ,        ^u  -^u         C   .        u  -^  u) 

^  w  '^X  (  X  —X) 

that  is',  the  equation 

r 

.  ,       ^  At^        (  ,         Aw) 

(«^  +f*)^- 2]u  +«?-—>  =  0, 

Ax         (  AitJ 

expresses  the  general  relation  of  the  differences  or  increments  of 
u  and  X ;  therefore  if  we  take  the  limits,  observing  that  u'  is 
ultimately  equal  to  t^,  we  shall  have 

du         C   ,        dul 

2w 2  <u  +  ^1—?  =  0,  or  2wd«^  — 2waa?  — 2zpo«=:  0, 

dx         (  aa?) 

which  equation  involves  in  the  same  manner  the  ratio  of  the 
differentials  of  u  and  x. 

Ex.  9.     If  /(^)  0  («^)  =  aw,  and    /.  /  (<»')  0  (t^')  =  ««', 
we  shall  have  fix')  0  (u')  —  f{x)(^  {u)  :=z  au  -  au. 
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or  ^(«')  {/(a')-/(^)|  +/(*)  l0(«')-0(«)}  =«(«'-«); 

which  represents  the  relation  between  the  contemporaneous  in- 
crements or  differences  of  u,  (f>  (w),  a?  and  /  (a?) ;  and  the  limits 
]>eiog  taken,  we  obtain 

*  ■ 

or  0  (t^)  df(w)  +  /  (a?)  d^  (w)  =  odw, 

which  involves  in  the  same  manner  the  relation  between  their 
differentials. 

19*  In  the  preceding  examples  we  have  seen  that  the  ratio 
of  the  simultaneous  increments  of  the  function  u_  and  the  prin- 
cipal variable  w  admits  of  a  limit,  which  has  been  called  the 
Differential  Coefficient  because  it  represents  the  quantity  by 
which  dof  is  multiplied  in  order  to  obtain  du:  and  this  limit 
it  is  the  iinmediate  object  6f  the  Differential  Calculus  to  de- 
termine, the  operation  performed  being  styled  Differentiation. 
It  is  also  manifest  that  the  differentials  of  all  functions  what« 
ever  might  be  deduced  by  similar  processes,  but  in  very 
complicated  e?j;pipessiond  the  operation  would  in  general  be 
exceedingly  tedious,  and  on  this  account,  certain  rules  are 
usudly  laid  down  which  Hppl^  to  all  functions  of  a  similar  de^ 
scription,  and  which  it  shall  be  the  principal  object  of  some  of 
the  succeeding  chapters  to  investigate. 


CHAP.   IL 

On  the  Differentiation  of  A^eh'aical  Functions,  of 

one  principal  Variable. 


.20.     If  u  (md  v  he  two  functions  of  the  same  indepen- 
dent vaHahle  x,  such  that  for  every  value  that  can  be  assigned 

to  */,  u  =  V,  then  will  -—  =  rr-  and  du  =  dv. 

dx       dx 

For,  let  u  and  v  become  u  and  v  respectively  when  a  has 
assumed  the  indeterminate  increment  A  or  become  <v  +  A;  then 
since  u  =  v  and  u  =  v\  we  have  immediately 


,  ,  .  U  —U        V  ^v 

tt  —  w  =  t)  —  tJ  and  /.  — :: — ^=  — - — 
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which  may  be  written =  — :   hence  taking  the  limits  of 

both  sides  of  this  equation,  observing  that  the  limits  of  the 
.  ratios  of  the  finite  differences  are  the  ratios  of  the  differentials, 

we  obtain—-  =  --  ,  and  therefore  du=zdVf  in  both  sides  of 
dof      dx 

whidi  the  c^eration  of  differentiation  is  supposed  to  be  per- 
formed with  reference  to  the  same  principid  variable  ap. 

Hence  if  two  functions  of  the  same  principal  variable  be 
equal  to  one  another,  their  differential  coefficients  and  differen- 
tials are  also  equal  to  one  another. 

D 
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21.  Cor.  l.    If  w  =  t)  Hh  o,  we  shall  have  likewise  w'  =  «' 

+  «,  whence  — - —  =  — - — ,  and  therefore  as  before 

h  h 

du      dv 

-J-  =  -f-  ,  and  du  =  dv. 

ax      doB 

f.  Hence  two  functions  of  the  same  principal  variable  whose 

<        "  difference  is  an  invariable  quantity,  have  equal  differentials; 

"  or,  in  other  words,  constant  quantities  connected  to  variable 

'  by  the  operations  of  Addition  or  Svhtraction   disappear  by 

'.  the  process  of  differentiation. 

22.  Cob.  2.    This  is  not  the  case  however  when  constant 

and  variable  qiiantitieis  ove  oonfnected  by  oth^  operations'^:  for 

a  ,  .  • 

let  «^  =  7  T7,  and  in  consequence  of  w  becoming  w  -{-  h^   let 
h 

u  and  V  become  u  and  v  respectively,  such  that  u'  ^  j-v , 

_        u'  —  u       a  /v—vx 
,\  wehave  — - —  =  7  (  — r~^4 , . 

h  0  \    h    / 

so  that,  if  the  limits  of  both  sides  be  taken,  there  results 

du       a  dv         _   ,         o  , 
—  =  «  —^  ,  and  aw  =  7  dv. 
dw      0  dx  0 


1 


J 


Whence   we  conclude  that  all  constant    quantities  in  a 
'  function,   connected  with  the  variable  by  the  operations  of 
Mukiplieation  or  Dimsionf  renlsdn  unchanged  when  tfale  ^Stkr- 
entials  are  taken. 

23.    Iftne  hofoe  u  =  p  —  q  4-  r  —  &c.,  :whereiu  p,  q,  t,  rfac. 
are  all  functions  /of, 'the  same  independent  pariabki  x,  tbenvMl 

du   dp   dq   dr 
dx   dx   dx   dx 

•  and   du  =  dp  —  dq  H-  dr  —  &c. 
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For,  in  eonseqMence  of  <r  being  changed  int4>  o^  H-  A,  let 
prft  n  &o*  b^  chained  into p  +  iyq -i-ky  r  -ih^^o.  respeotively; 

.-.  tt'=:(p  +  i)  — <5  +  ft)  +  (r  +  0  — fcc- 
=  p  —  g  +  r—  &c.  +i  —  A?  +  i—  &c. 

t*— t*       i  — Ap  +  /— &c.       i       k       I 

,-^  — -^ — ^  ss .*--- . —  s:  *.  —  i-^  4-  ^J  —  Sic.  : 

y^  A  AAA 

whence,  if  wt  take  l^e  limitr  of  both  sides  paying  due  regard 
to  the  definitions,  we  obtain 

du       dp       dq       dr 
d"!t      div       dw     '  diB 

or  du  =K  dj>  -^  dq  -{-  df  ^  &c.) 

the  differentiation  of  each  quantity  being  effected  with  reference 
to  the  change  of  the  same*  principal  variable  ^. 

Whence  the  differential  of  a  function  composed  of  several 
terms  connected  by  addition  or  subtraction,  is  obtained  by 
taJdng  the  diiflferentibl  of  every  term  separately,-  and  retaining 
its  prc^r  sign. 

24.  If  we  have  u  =  pq,  p  and  q  being  functions  of  x, 
then  wUl 

du  dp  dq  ,    ,  .  -  , 

—  =q^ +  p^,  aiMi  du  =  q.dp  +  pdq. 

For,  retaining  the  notation  of  the  last  article,  we  have 
v!^  ip^i){q^k)^pq  +  qi  +  ip^i^k, 
a'  — tt  %  k 

wherefore  if  we  take  the  limits  of  both  sides  of  this  equation, 
dbsemng  dutjir  ^  i  becomes' ultimately  equid  to  pyWeohtakx 

du         dp         ^f  , 


1» 
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Hence  thie  differential  of  the  product  of  two  functions  of 
"  the  same  independent  variable  is  found  by  multiplying  each 
'  function  by  the  differential  of  the  other  and  adding  together 
..the  two  results. 

25.  CoE.  1.     From  the  last  article  may  be  deduced  the 
differential  of  the  product  of  any  number  of  factors  whatever. 

For,  i{u  =i  pyr,  and  pq  be  considered  as.  one  factor,  we 
have 

du  =  rd  (pq)  +  pqdr 

=  r(qdp  +  pdq)  -f  pqdr 

=  qrdp  -f  prdq  -f  pqdr: 

similarly  if  t^  =  pqrs,  we  shall  have 

du  =  red  (pq)  -f  pqd  (rs) 

=  T8  (qdp  +pdq)  -V  pq  (adr  +  rds) 

* 

=  qrsdp  +  prsdq  +  pqsdr  +  pqrds  y 
and  generally  from  u  =z  pqrat  &c.,  may  be  similarly  derived 
du  =  qrat  &c.  dp  +  prst  &c.  dq  +  pqat'hc-  dr- 
4-  pqrt  &c.  da  +  pqra  &c.  dt  -f  &c. 

>>         Wherefore   the    differential  of   a  continued    product  of 
'  functions  is  equal  to  the  sum  .  of  the  products   formed   by 
"multiplying  the  differential  of  each  of  the  factors  by  all  the 
rest. 

26.  Cob,  2.    From  the  equation  t^  =  j) 9,  there  has  been 
deduced  above,  the  result  du^zqdp+pdq: 

du       qdp-^-pfiq       dp       dq 
u  pq  p         q' 

and  simiiarly^may  it;be  shewn  that  if  t^t^pgr^/  &c.,  then^ill 

du       dp       da       dr       da       dt   ,    ^ 
u         p         q         r         a.         t 
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P 
27*     If  u  S3  S  ^  tohere  p  and  q  are  Ao^A  functions  of  x, 

qdp  -  pdq 


q' 


5i  =  M'^^"^d^l'""^'*"'" 

,  p  -^  i       p 

For,  as  before  w  —  w  = ^ —  - 

g  +  fc       q 

pq  +  qi  --  pq  —  pk  ^  qi  --  pk 

and  the  limits  of  both  sides  being  taken  by  putting  for  the 
ratios  of  the  increments  the  ratios  of  the  differentials,  and  q  for 
q  +  k^  we  obtain 

^—L  L\q^^p^l     and  .-.  dt*«5^fc^. 
dof       q'^X   djff         dwy  "  9p 

Therefore. the  differential  of  a  fractional  function  is  found   *' 
by  subtracting  the  differential  of  the  denominator  multiplied  " 
by  the  numerator  from  the  differential  of  the  numerator  multi-  " 
plied  by  the  denominator,  and  dividing  by  the  square  of  the  ' 
denominator. 

28.    The. result  last  obtained  might  have  easil^' been  de- 
duced from  that  contained  in  (24). 

For,  since  w  =  «  ,  we  have  uq^pi 

.'.  udq  +  -qdu  s=  dp  and  qdu  =  dp  -^  udq% 
whence  we  obtain 

dp       udq       dp*     P^g       qdp i-~  pdq^ 

as  before. 


< 


so 

29.  Cor.  1.     If  j)  be  a  constant  quantity  and  equal  to  a, 

/a\            adq 
we  have  d  I  -  l  = ^- ;  but  if  q  be  invariable  and  equal 

(P\       ^P 
T  )  =  -r-  J  as  it  ought  by  (22). 

30.  CoE.  2.     In  the  same  manner  as  in  (26),  if  we  have 

u  ==    ,  ,  , — '—  we  shall  obtain  by  differentiation  and  division, 
p  qr  &c. 

du       dp       da       dr       „  dp'       da'      dr 

u         p         q         r  p  q  r 

31.  Tjf  u  =  p™,  where  p  w  any  function  whatever  of  x, 
Hkenwill 

-^  =  mp""-^^,  onddu  =  mp''-Mp, 
dx  dx 

whethef  m  he  positive  or  n^ative^  integral  or  fractional. 

First,  let  the  index  be  a  positive  integer  m,  then  retaining 
the  notation  hitherto  used,  we  have  t^'  =  (p  +  i)"* 

sftj/*  +  mp""'^i  H 1  j^^-^i*  +  &c.,  by  the  binomial 

J.° .  /S 

theorem : 

...  _-_  =  {mp^^   "■  +  — Y-7 P*   **'  +  &c.}  -  ; 

and  taking  the  limits  of  both  sides  of  the  equation,  observing 
that  all  the  terms  after  the  first  then  become  ss  9,  we  gel 

du  dp 

—  =  i»y**"^^-p-,  and  .\  du  ^  mp^^^dp. 

dx  dx 

Next,  fet  the  index  be  a  negative  whole  number  —  m,  so 
that  M  e=  p"**  =  ~,  then  by  (29)  we' have 
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Lastly,  let  the  index  he  a  positive  or  negative  fraction 
represented  hy  +  — ,  such  that  u  =  p^n  ,  then  will «"  =  p-*", 

and  .•.  nu^'^du  =  +f»p-*""^dp,  by  the  preceding  cases : 
'-'du—  ±     ^    .   ,      —  ±  — ^^ — =crir-=  ±  — p^»     dp. 

p         n 

Therefore  the  differential  of  any  power  or  root  whatever 
of  a  function  is  found  by  multiplying  by  the  index,  diminisbing 
the  index  by  unity  and  multiplying  the  result  by  the  differential 
of  the  function  itself. 

32.  The  first  case  of  the  last  article  is  manifestly  only 
9  particular  case  of  the  general  formula  of  (25). 

For,  ^by  making  p  =  ^  »  r  =  &c.  to  m  factors, 

du  dp 

we  have  u  =  p"*,  and  —  =  m  -^ ,  by  (26), 

u  p        ''        ^ 

whence  we  obtain 

dp  dp 

du  =  mu  —  =  mp""  —  =  mp*""^  dp,  as  before, 
p  p 

33.  The  rules  which  are  the  results  of  the  investigations 
contained  in  the  preceding  articles  of  this  chapter,  will  enable 
us  to  di£Perentiate  all  algel^aical  functions  of  one  independent 
variable  Krhetfaer  .^cplicit  or  implknt  however  complicsatedrthey 
may  be,  because  aU  the  combinations  of  quantities  that  can 
be  formed  by  th^  common  operations  g£  Algebra  have  been 
considered  m  the  course  of  their  demonstrations;  and  though 
the  investigations  of  these  rules  have  been  made  by  means  of  f  ^ 
functions  which  are  explicit  in  their  form,  a  little  consideration 
will  readily  shew  us  that  both  explicit  and  implicit  functions 
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are  equally  included  therein :  and  we  will  now  proceed  to  apply 
them  to  the  differentiation  of  a  few  functions,  the  operation  in 
each  case  being  given  in  full. 

■Ex..l.     Let  u  =  4  a  J?  —  5bwT^  -f  7cj?"y—  9  a?"  , 
then  we  shall  have 

du  =  d(i!aaf^  —  5  6^t  4.  7 cWt  —  9«"*)»  by  (20) 

=  dr(i>aw^)  —  d{5bx^  +  d  (7c/v~'i^)-d{9af''%  by  (23) 

=  4 od  (a?^)  -  5 6d (^r^)  +  7  cd  (j?-+)  -  9 d 0^"*),  by  (22) 

2 
=  4ti:Sd?*di»— '56.-^"^d^  +  7cx  —  ia?"'3^dtT— 9x  —  4a?"*d«r, 

by  (31) 

7  c 

=  liaao^dx -^  Qb^V^dw x"idx  +  S6x''^dis^ 

2 

by  reduction :  and  the  differential  of  the  proposed  function 
being  thus  determined  according  to  the  rules,  we  obtain  im- 
mediately the  differential  coefficient 

*^^  o         ,       3       7c       .1         ..      * 

-—  =  12oa?*  — 2  6a?""T  -    — a?""?"  4- '36a?"% 
d.v  2 

which  is  a  new  function  dependent  upon  the  same  principal 
variable  w. 

Ex.  2.     Let  the  function  proposed  be 
f^  =  (o^  -f  ai^y  —.(^^  ""  ^^Yy  ^^^  ^  before,  we  get 
du^  d  {{a"  +  wy\  - d  {(6« -  a?«)«} ,  by  (20)  and  (23) 

=  2(ar+^*)  d(a«  +  ^')  -  2 (6- -  <)  d (6« - <r«),  by  (31) 
=  2  (o«  -h^')  d  (.r«)  -  2  (6«  -  0?^)  d  (  -  a?«),  by  (21) 
=  2  (a*  +  a?^)  2  ^dcT  +  2  (6^— 0?-)  2a?d^,  by  (31) 
=  4 (a'  4-  6^)  ,rd.r,  by  reduction; 
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whence    we   shall   obviously    have    the   differential   coefficient 

— -  =  4  (o*  -f  6*)  a?,  which  is  a  new  function  of  a. 
dw 


Ex.  3.    Let  the  proposed  function  be  in  the  form  of  a 
product  of  two  quantities  as  t^  =  (l  +  ^)  (l  +  a?*),  then  will 

du  =  (n-a?*)d(n-a?)  +  (l  +a?)d(l  +a?^),  by  (20)  and  (24) 

=  {l-\-w^)dw  -♦-  (l-|-a?)2a7dt»,  by  (21)  and  (31) 

=  (l  +  2^4-3/p^)  da?,  by  reduction : 

du 
whence  the  differential  coefficient  -r-  =l+2a?-|-3a?*,  a  new 

dx 

function  of  x  derived  from  the  one  proposed  by  differentiation. 

Ex.  4.     If  the  function  be  the  continued  product  of  three 
factors  as  t^  =  a?  (a  H-  ^)  (&  +  2  <r),  we  have  by  (20)  and  (25) 

du  =  {a-\-x)  (6+2a?)  da?+a?  (6+211?)  d  (o+a?) +a?  (a+^)  d  (6+2  a?) 

=  (a  +  a?)(6  +  2a?)d<2?+<i?(6+2  J?)  d.i?+a?(a+a?)2da7,  by  (21) 

=  \ah  +  (40  +  26)  a?  +  6x^\  dx: 

du 
and  therefore  — -  =  a6  +  (4  a  +  2  6)  a?  +  6  tt?*. 

dx 


ax 
Ex.  5.     Let  us  take  the  fractional  function  u  = 


a^  +  ar^' 


la^  •}•  x^)  d  iax)  —  awdia^-^x^)     ,      .    .       j  ^    x 
•••  du  =  -5^ («^+^)«       ^  '  ''y  ^^"^  *""*  ^^^^ 


(a^+a?^)  ada?  —  2aa?^da?     ,      ,    .       ,  .    v 

=  — (^T^)* '  ^y  (''>  ^'^^  <''> 

la^-'aa^)dx        a^  —  x^       ^     _         _ 
=      /  8  .   Vv2     =  /  t  ,     ov.  ad^>  oy  reduction : 

.       du       a(a?  —  a?*) 

whence  as  before  the  differential  coefficient  -—  =  -7-5 r-/ . 

dx        («•  +  a?^)* 

E 
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Ex.  6.     If  there  be  proposed  u  =  ^ j-r-^ ,  we  shall  have 

d{a  +  iba>)  _  {a  +  2ba>)d{a+bsy 
{a  +  ba>)*  {a+bm)*  '     J' V    -» 

(a  +  6a;)«  {a  +  bo!)*  »     ^  v    -'  v    >» 

2 6  (a  +  ftaf)* dar  —  (a+2  6j»)  3b  (a  +  bai)  dx 

(o  +  bw)* 


ib{a-\-bw)—ib{a  +  ibx)       _        2 


Vsodx 


by  reduction:  and  thence  it  is  manifest  that  the  differential  co- 
efficient 

du  2  \?w 

dw  {a  +  hwy  ' 

}}  Ex.  7.     Let  the  function  proposed  be  irrational  as 

u  =  (2a*  +  3^«)  (o«-^2)-?^,  then  by  (24)  and  (31), 

du  =  (o*-a?«)^6crd^p-(2o*4-3a?*)g  (o2-a?«)T2zi?d.r 

==  6a?da?(a«-^*)-5^(o«-a72)-3a?d^(a«_a?^)-r(2a«+3«r«) 
—  —  15  a?^  ^o*  —  a?*  da?,  by  reduction ; 

and  thus  we  obtain  the  differential  coefficient 

n  du  M 

1— =  —  15  a?' ,^o^  — a?*, 
aa?  ^ 


I' 


Ex.  8.     Let  the  function  be  an  irrational  fraction  as 

u  =  ^.  =  -7 rr  5  then  by  (27)  we  have 

s/lT^        (l+a?)i  -^^ 
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_  (l+af)^d{l+x')^^{l+x^)^d{l+a;)^ 

1   -rtOP 

=  ^— ^ '— — ^-^ ^ —  = ,  by  reductipn ; 

(l  +  a?)-«-  (l  +  ar)^  6(l  +a?)-5-(l  -^ai^)T 

and  the  differential  coefficient 

du  j?*  +  4a?  — S 


I'    which  is  also  of  the  form  u  =  /(^). 

^'        Ex.  9.     If  we  have  an  implicit  function  proposed  as    ^  ^ . 

w* -  2 M ^1  +w*  +  0?*  =  0,  then  by  (24)  and  (31)  we  get 

/ 5  2uwdx 

2  t^dw  —  2  ^  1  +  0?'  dw .  4-  2  afd^?  =:  0, 

or  { w  —  .^/TT^}  dw  =  j y       ^     ^  asdx : 

du  jx 

and  .•.  the  differential  coefficient  -r-  =  — >  ,  which  is  the 

dx       JT^ 

same  as  would  have  been  obtained  by  first  expressing  u  in 

terms  of  <r,  and  then  differentiating  the  function  with  respect 

/     to  it.  M 


Ex.10.    Letw  =  ^aa?  +  ^6a?  +  ^oa?H-&c.mtn;gm^w»; 

then  establishing  the  relation  between  u  and  <r  in  finite  terms, 
we  obtain 

w*  —  2  avrx  —  t^  -}-  arx*  —  6d?  =s  0 : 


I' 

M 
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or  (ifU^  —  ^aux  —  1)  du  —  {2  au^ ^2  a^x  +  b)  da?  =  0  ; 

whence  we  obtain  the  differential  coefficient 

du       2aur—2a^x  +  b 
dx        4w'  — 4ou.r— 1 

wherein  u  is  an  implicit  function  of  x. 

Ex.^1.     If  t^  =  ^  ^  ,   the  operation  or 

^/a  +  a?  —  ^a  —  x 

differentiation    will   be  much   simplified   by    multiplying   the 

numerator  and  denominator  of  the  fraction  by  the  numerator, 


w    which  gives  u  = — ,  whence  by  (28)  we  have 

X 

1  xdx  y— dx 

X  Ja^-xP-      ^        ^  '  x^ 


dx  {a+^a^--x^)dx  _       a'-^aja^-x^ 


by  reduction :  whence  as  before,  we  have 
du  a^^a  sja^- 


x^ 


dx^ 


x^ 


dx  n^    r  ^-i     ^1 


u^J^^ 


,  the  differential  coefficient. 


/ 
f 

I 


X 

Ex.  12.    Let  u  = .  ,  then  by  means  of  (30), 

xdx 

I  J  ,  •  y dx . 

du  ^dx       d(x  +  j^l  -^  x^)   ^  dx  ^i  —  a?* 

U  X  a?  +    .    /l    _   /».2  a?  <i«   _L         /l  ^2 


+  V^l  -  a?^  ^  a?  +  x/T3 


_  <^^        .r— ^1— a?2        da?  1 


.'.du  = 
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udw  dx 


and  thence  we  obtain  the  differential  coefficient 

du  1 

Ex.  IS.     Lastly,  let  t^  =  V  ja ^  -f-  ^(c*— a?<)H  ; 

then  if  we  put  p  =  -y=  and  q  =  ^{c^-w^)\  we  shall  have 


t^ 


=  V  (o-p  +  qf)3  =  (a  -  p  +  g)f 


but  ap  = T=  and  d  ^  = 


2  0?^^  ^       S^c^^a^' 

whence  by  substitution  and  reduction  we  obtain 


_        Shy/c^^x^^^x^  ^x  dx 


du  = 
4 


Other  artifices  by  which  the  differentiation  of  functions 
may  be  greatly  facilitated,  will  frequently  suggest  themselves, 
but  as  no  general  rules  can  be  laid  down,  the  reader  is  recom- 
mended to  acquire  a  dexterity  of  operation  by  practising  the 
examples  appended  to  the  end  of  thp  work. 


CHAP.   III. 

On  the  Differentiation  of  Exponential  and  Logarith- 
mical  Functions  of  one  principal  Variable. 


34.  If  u  =  a^,  where  p  is  any  function  whatever  of  x, 
then  will  du  =  /og-  aa^dp,  where  the  logarithm  of  b,  is  taken 
in  the  system  whose  base  is  2.71828  &c.  represented  by  e. 

For,  retaining  the  notation  used  in  the  last  chapter,  we 
have  u  =  aP  and  u  =  o^"*"*; 

i 

u  —  u  /o*—  1\       I 

.-.  t^'-w=:a/'+*-aP  =  a^(a*-l),  and — ~  :=:aPl—^j:     | 

but  o*=  {l  +  (a- 1)}*=  1  +  i (a- 1)  +  ^"YY^  («  -  1)' 
+  ^  (^""0  0  —  ^)  (^  _  1^3  _^  gjc.  by  the  binomial  theorem: 


1.2.3 

u  ^u 


h 


which  represents  the  relation  between  the  finite  differences  of 
t*  and  ^ :  hence,  taking  the  limits  of  both  sides  by  diminish- 
ing indefinitely  the  corresponding  increments,  we  get 
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if  A?  be  taken  to  represent  the  quantity 

{(a-l)-^(a-.l)«  +  ^(o-l)»-&c.}; 

but  it  has  been  proved  in  Algebra,  that  e'^  =  a ;  .\  k  =  log  a, 
in  the  system  whose  base  is  e ;  whence  we  obtain 

du  dp 

■—  =  log  aa^  -— ,  and  /.  du  =  log  aa^dp. 

dx  dx 

Hence  the  differential  of  an  exponential  function  whose  m 
index  alone  is  variable,  is  equal  to  the  continued  product  of  " 
the  Naperia/n  logarithm  of  the  root,  the  function  itself  and  '« 
the  differential  of  its  index. 

35.  Had  the  algebraical  expansion  of  a^  been  assumed, 
its  differential  might  have  been  obtained,  by  the  immediate 
application  of  some  of  the  rules  investigated  in  the  preceding 
chapter. 

A?'p2       Ar'p'         A;*©* 

For,  since  «  =  a^  =  H-App+  -^ -f  -f — -f&c, 

^        1.2        1.2.3       1.2.3. 4 


(    ive  shall  have  by  (20)  and  (31) 


,«    J         fc^P  dp       k*p^dp 
du  =  kdp  -h  k^pdp  4-  -*-  -h  &c. 

^  '^  1.2  1.2.3 

Jc^'o^        k  v^ 
=  {l  +  Afp  +  — ^  +  — ^  +  &c.}  kdp  =  kaPdp,  as  before. 


36.  Cob.  l.  We  have  above  assumed  /p  =  log  a,  but  if 
we  suppose  the  logarithms  of  a  and  e  to  be  taken  in  any  other 
system,  we  shall  have 

Log  a         .        ,         Log  a    ^  , 
k  =  _— ^— ,  and  .-.  du  =  ^    °     a'' dp : 
Log  «  Log  e 

hut  since  in  analysis,  the  Napericm  logarithms  whose  base  is  e 
are  generally  made  use  of,  we  shall  always  suppose  the  loga- 


/' 
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rithms  to  be  taken  in  that  system  unless  the  contrary  be  ex- 
pressed and  shall  always  distinguish  the  different  systems  by 
the  small  and  large  initials  as  above. 

37.    CoE.  2.    Hence  if  u  =  e^,  we  shall  obviously  have 
du  =r  log  eePdp  =  e^dp, 

.,  38.    Cor.  3.     If  the  function  proposed  be  w  =  e^,  then 

will  du  =  e"  e/'dw, 

'  For,  putting  p  =  e',  we  have  u  ^  e^  and  therefore 

du^d  {eP)  =  ePdp  =  e^d  (e*)  =  e^^dx  =  /^dw. 


-*         X 


f  Similarly,  if  «^  =  e^,  we  shall  have  du^ef  e*  efdw.  and 
./  the  diflRerential  will  be  of  the  same  form  whatever  number  of 
„  times  the  quantity  e  is  repeated. 

39.  If  u  =z  Log  p,  where  p  is  any  function  of  x,  then 
will  du  =  M  — ,  wherein  M  is  the  modulus  of  the  system 
of  logarithms  used. 


For,  let  a  be  the  base  of  the  system  in  which  the  logarithm 
is  supposed  to  be  taken,  then  since  u  =  Log  p,  we  have  by  the 
nature  of  logarithms  a^  =1  p;  whence  by  (34), 

1      dp  1      dp 

loff  aa^du  =  dp*  and  .*.  du  =  , — -  =  , : 

^  log  a  a"*       log  a    p 

therefore  if  the   multiplier ,  which  connects  the  system 

log  a 

whose  base  is  a  with  the  Naperian  system  and  is  called  the 

Modulus  of  the  former  system,   be  denoted  by  JIf,  we  shall 

have  du  =  M  —  , 

P 
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Wheuce  the  differential  of  the  logarithm  of  any  function  i< 
i»  equal  ta  the  modulus  of  the  system  of  logarithms  used^  ^' 
nmltiplied  by  the  diffierendal  of  the  fundiont  and  diTided  by  n 
the  function  itself. 

40.  If  the  Logarithm  ot  p  were  expressed  algebraicafly  in 
terms  of  p  as 

w=Logjp=Jlf  J(p— i)t-^(|>— ly+'JO'-'iy— &c.  in  infinitum] , 

we  should  have  immediately 

du=zM{dp'^ (jp—  1) dp  +  (p—  l)^dp  — &c.  m  infinUtem] 

(1       \  dp 
]dp  =  M — ,  as  above  found. 
H-p-17    ^  p 

41.  Cob.    Hence'  in  the  Naperian  system  where  u  =  log  p, 

dp 
we  shall  have  du^s^—-, 

P 

Therefore  the  differential  of  the  Naperian  logarithm  of   '' 
a  function,  is  equal  to  the  differential  ^f  the  fiweticm  divided 
by  the  function  itself. 


42.     If  u  ss  p^  where  p  and  q  are  both  functione  of  the     " 
same  independent  variable  x,  then  wUl  / 


»t 


du  =  p*'fog'pdq  -I-  qp^^'^dp. 

For,  since  u  ^  p^  vre  have  log  w  =  g  log  », 

du  dp 

.•-  —  «=  iogpdf  +  9  —  J  by  prece&ig  acticles: 

whence  du  =  ulogpdq  +  uq^ —  ^p^\ogpdq  +  qp^^^dp, 

P 


ti         / 


II 


n 


It 


t  • 
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I 

('  Hence  the  differential  of  an  exponential  function  in « which 

'(  both  the  root  and  index,  are  variable,  is  equal*  to  the -sum  of 

i'  the  differentials  found  by  considering  each  separately  as .  con- 

fi  stant  and  the  other  variable. 

43.  Cor.     I{u  =  p^,  p,  q  and  r  being  all  functions  of 
the  same  principal  variable  ^,  we  shall  have  log  u=^^  log  p: 

.-.  .-^  =c  logjpd  (g^)  rf-  ^d  Qogp) 

=  l^gJP  {^'loggdr  +  rtf'^dq]  +  9^— j  by  (4f2)  and  (41): 

'P 

dp 

whence  du=^U(f\ogp  logqdr  '{•u\ogpr<f''^dq'^u(f  — 

p 

r     ^^P  1         dq  drl 

"=^^9")—  +  r\ogp~  +  rlogploggf.— S: 

and  similar  methods  may  be  applied  to  other  functions  of  a  like 
description. 

44.  If  n  ss  log  of  ^log  ^,   which   is   umaUy   written 
u-=  lo^'Py  then  wUl  du  =  — ~— . 

For,  if  fsslogp,  we  shall  have  t^=:  log  g,  and  .;.  dt«=:  — : 
but  dq=id  (log  p)  =  — ,  whence  du  =  —  =       " 


I' 


pq       plogp' 


Also,  if  t«  =  log  of  log  of  log  p  s=  log^  py  similar  substi- 

/Jin 

tutidos  will   give  us  du  =  — r ^ — r— :  and  generally  if 

p  log  p  log*  p 

we  have  a  Icgarithmic  function.of  the  n^*^  order; as, t«  =  log^p^ 
we  should  obtain 

dp 


du  = 


p  log  p  log^p  log^p  &c.  log"""^ p  ' 
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45.  We  shall  now  illustrate  'the  use  of  the  ^formulae  just 
investigated,  which  comprehend  the  differentiation  of  all  kinds 
of  exponential  and  logarithmical  functions  whatever,  by  their 
application  to  a  few  examples. 

£x.  1.  Let  the  proposed  function  be  in  the  form  of  an 
exponential  fraction  as  u  = ',  'then  we  get 

in  =  K-H)^(^-;)-y-l)^(«'+0^  by  (.7) 
_  (tf'  +  l)  log  acc'da?— (of— 1)  log oct'rfa?    k    /    \ 

-  (o'-hi)*  ^'  ^y  ^^*> 

=  2  log  0-7— Ti ,  by  reduction : 

and  the  differential  ^coefficient  -;^  =  — ^   ■  , . 

* 

Ex.  %     If  the  function   proposed    be  logarithmical  vas 

"  •  A' 

— I  =  Log<a  +  a?)  —  Log(a-a?),  we  shdl  have 

Or"  ^/ 

du  =  M    ^  ^'  -  if-r ^,  by  .(39) 

__  (da?  dj?  )        ,^  2  ado?  • 

du  2a, 

aad  thence^;—  ^-M-z — -^,  which  is  a  new  function  of  .r. 
aw  or  —  or 

Ex.' 3.   If  w=log  {2a?+  1  +2 ^  1  ^-ar4-'a^} ,  we  shall  have 

d«  =4^^±i±i^^S  ,  by'C*!)    • 

2a?4- 1+2^/1-^57  +  ^ 


44 
±= ^  ^     ^  ^,  by  (31) 

2  i^T+^Hh^  +  1  4- 2  0?  dw  dx 

and  the  differential  tsoefficient  -r—  s=  — ;    ,i  ';  !■■■  -^ 


<*^     ^/n-^+^ 


e' 


Ex.  4.     Let  the  function  proposed  be  w  = ,  then 

from  (S7)  we  obtain 

(1 4-^)  d  (i?*)  -  e'd  (1  -f  ^)  ^  (1  +  ^)  €^daf^€i'dw 

ti^mdw  -   ^      ^      du  ffcB 

:  andthenafore 


/'- 


(l+4?y*  dcv       (1+^)^ 


-  I ,  then  we  shall  have 
col 


«-i 


w 


du  =  log  Q  Q  dw^a,  Q      rf  Q ,  by  (42) 

• 


46.  In  the  same  manner  as  in  Bome  ^i  the  preceding 
articles,  the  introduction  of  logsuithfiis  will  in  many  algebraical 
functions  which  are  much  complicated,  greatly  facilitate  the 
operation  of  differentiation. 


45 
Ex.  1.    If  t^  =  1?'  y  ,  by  taking  the  Naperian  lo- 

1  — Of 

garithms  of  both  sides,  we  obtain 

logw  =  |loga?  -f-^logO+o?)  -  ^log(l-w); 

du      tt  dw      Y    dx        ,    dx      ,     ^    v 
.-.  —  =  5 — +  i +4 ,  by  (41) 


3  +  2J7— S^    ,      -         ,      . 

^-r sr-  dw^  by  reduction : 

2  a?  (1  -  a^  -^ 


,  4  /l+o?  (3  +  2a?— Sa^daf 

whence  dt*  =i  rf  V 7i 5^ 

^    1— a?        2a?(l— ar) 


2(l-«)      ^    i-oj^ 


l/^g*  &C.  ,         -  ^ 

Ex.  2.     Let  w  =s   V.  ^  .  ^ — ,  and  we  have  similarly 

p'^^q'"^  &c. '  ^ 

hgu  =  mlogp  +  «logg+  &c.  —  m'logp'— w'log}'—  &c. 


du      mdp      ndq       „  mdp       ndq      ^     ^     .    ^ 

.-.  —  =  — ^  +  — -  +  &c. i- 7^  -  &c.  by  (41) ; 

u  p  q  p  q  ^       ' 

mudp      nudq       „           wludp       n'udq' 
.-.  du  = ^  +  — — 2.  +  ^c. r^  —  . — y-2 &c. 

P  ?  P  9 

""       p'«'g'«'  &c.       ^      p'-^^'^'&c.       "*"  ^^' 
fnp^q^  &c.  dp'       n'p^^  &c.  dqr' 


GttAR  iV. 

On  the  D^erentiation  of  Trigonometrical  and  Geome- 
trical Functions  of  one  principal  Variable. 


47.     If  u  =  8in  p,  where  "'p  may  be  amy  fwnctum  of  x 
whatever  J  then  toUl 

d  u  dp      ■         ,  A' 

--^  =  c?o«  p-~  ,  and  nn  ss  cos  pdp. 
dx  '^dx  '^ 


For,  the  notation  of  the  preceding  chapters  being  still 
retained,  ^we  have  • 

w' =  sin  (jp  +  i),  and  /.  u'— f*  =  sin  (jp  +  i)  —  sinp 
■  =  2  cos  (p  -+  ^  »)  sin  *^  i,  by  (67)  Trig. : ' 

w'  — w  .■        .   ^  sinit       C       .  --    sinii*)   i 

.-.  -^=  2 cos  (p  +  i*)  -^  =  Jcos  {p  +  h)T-^^  I ; 

therefore  taking  the  limits  as  before,  observing  that p  +  ^i 
is  ultimately  =  p,  and  ,  ?  =  1  as  appears  from  (2)  of  the 
introductory  chapter,  we  get 

du  dp 

-J-  =  cos  0  T-  >  and  .*.  d«*  =  cos  pdp. 

auo  ax 


*7 

"  If  the  radius  be  supposed  to  be  a  instead  of  1,  we  shall 

obviously  have  by  (60)  Trig.:  du  ss  ^  cos  pdp. 

d 

48.  Cob.  l.  From  the*  formula  of  the  last  article,  the 
rules  laid  down  in  the  second  chapter  will  enable  us  to  de- 
duce the  differentials  of  all  the  other  trigonometrical  functions. 


Since,  cos  p  s?  sin  ( p  j ,  we  shall  have  d  cos  j) 

=  dshi  ^^  -  p^  =  cos  0  -  p^  d  0  -  p^  =  -  sin  pdp. 

Since,  vers  p  =  1  —  cos  p, .  we  have  d  vers  p  =  d  (1  —  cos  p) 
=  —  d  cos  p'.sa  sin.pdp. 


Since,' chd  p = 2  sin  ^p,  .*.  d  chd  p = 2  d  sin  ^p.;sco8 \pdp. 


sinp        j^        _cospd8inp— sinpdcosp 
cosp 


Since,  tani>=  ^::::^ ,  ••-  dtmp= (coap)* 


(co8p)*+ (dnp)*  dp  , 

=  ^ — ^7 — h-^^P  =  7:::r^«  =  (seep)*  dp. 

(cosp)*  (cosp)* 


fc  ** 


. Siace,\OQit p  =  Ian  ^.-^ p\ ,, .  J.  d  cot p,=  d  tan  ^-  - p\ 

=  jsec/-  -  pU  d  (I  -  p\  =  -  (cosecp)*dp. 

1  dcosp       sin  pdp 

Since,  «ecp  =  —^,  .-.  d8ecp=  -^^^-^^^^ 


P 
=  tanp  sec  pdp. 


4S 


Since,  cosec^  =  sec/ p  j,  .*.  dcosecp  =c{sec  ( p\ 

=  tan  / p  jsecf J^J^lo  ~  P)==  — cotp  cosecpdp. 


49.     Cob.  2.     We  have  therefore  the  following  results 
adapted  to  the  radii  1  and  a  respectively. 


To  tke  rddius  1. 


(l).  dsinp  =    cospdp: 


(i).dcosp  =— sinjpdp: 


(S).  d  versp  =    ski  pdp : 
(4).  d €ikA p  =    ix^^pdp : 
(S).  dtanp  sz    (sec py dp: 
(6).  d  cot  p  = — (cosec  p)^  dp : 
(t).  dsecp  =    taApsecpdp:, 
(8).  dcosecjuss:— cotj»eodecfidjp: 


7*0  tie  radius  a. 


dsinp     =     ^'cospdp: 

a 

dcosp    9— ^smpdp: 


dveorsp  s= 


^  sin  pdp; 


d  chd  p   ss     ^  cos  ipdp : 


a 


dtanp    = 


-  (sec p)2 dp: 


dcotp    = — r  (cosec  p)*  dp: 


a 


seep 


a 


i 


tanpseepdp: 


d  cosecpsr  — icptjp  cosecpdp; 


'  1 

which  Iby  trigonometrical  substitution  may  all  be  made  to 
sume  a  variety  of  different  forms. 


as- 
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BO.  The  results  contained  in  the  last  tisro  articles  might 
have  been  readily  deduced  by  means  of  the  algebraical  or 
exponential  expressions  for  the  respective  functions  investigated 
in  Articles  (276),  and  (282),  &c.  of  the  Trigonometry,  and 
indeed  if  the  differential  of  any  one  of  the  Trigonometrical 
functions  be  investigated  from  first  principles  as  in  (47),  those 
of  all  the  rest  may  easily  be  derived  from  it. 

51.  By  means  of  the  preceding  articles  we  are  enabled 
t6  find  immediately  the  diflbrentials  of  the  inverse  trigono- 
metrical functions  sin~^p,  cim'^^p^  8tc. 

If  «=a=8in"*j»,    .-.  miu=p,  and  C06 Mdti c« d^ ; 

.*.  du  s= 


I  dp  dp 

I  - '  — ■— . 

I 


cosw       ^l^p^' 
If  a==cos~*ji,  .'.  cost^sp,  and  — sin t«dt«  =  dp; 


If  n=:vers*^p,    .*.  vetsu^p^  J^tftl^ttu  »  dp; 

.   .     aU    a=  — ; =3   1  ir    . 

If  ^*=chd"*p,    .".  chdfi=±p,  and  cos^t«dt«  =  dp; 
.-.  du  = 


sm 

dp  2  dp 


■«  I    1 


cos^«       ^4-.p*' 
If  «  =  tan"^p,   .•.  tanttsep,  and  {secuy  duitzdp; 

,  dp  dp 

•  •  ^^  =  >        vo  =  — ^ . 
(see  uy       1  +  p' 

If  tt5B=cot"'^p,   .-.  cottissp,  and  — (cosec«)^di«=sdp; 

dp  dp 


/.    duz=:  ^ 


(cosecw)^  1+p* 

G 
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If  u  t= 


sec^^p  .-. 


/.  du  = 


$ecu^Pi  and  tan  u  secu  du 

dp  dp 

tanu  secu      p aJp^-^-l* 


ssdp; 


If  2^=ii66sec"^p,  /.  cbsectt=p,  and  — coti^cosect^cJf^ 

dp  dp 


=zdp; 


/.  df*  =  — 


cot  u  cosec  u  p  ^p2_2  * 


52.     Coa.     To  the  radii  1  and  a  respectively,  we  shall 
therefore  have  the  following  results. 


To  the.  radius  l. 


(l).  dsin^^p    s= 


dp 


(2).dcos""p   =  — 


(3).  d  vers""^p  = 


(4).  clchd*^p  =  — 


(5).  d  tan""^p  = 


dp 


dp 


(6).  d  cot   ^p  =  - 


(7).  d  sec   *p  = 


i+p*- 

dp 


(8).  dcosec"'^p=  — 


dp 


P\/V^ 


To  the  radiu8  a. 


dsin"  p      = 


dcos"*p     =  — 


d  vers^^p   =  — 


d  chd^^p    = 


d  tan"^p     = 


d  cot    ^  p     =  — . 


adp 


adp 

adp 
n/^ap^ 

2adp 
^4a*— p- 

a^dp 
a'+p*' 
a^dp 


d  sec"  p     = 


d  cosec   *p  =  — 


«^+p*' 
a^dp 

Ps/p^-^o,^ 
a^dp 

PsfW-^ 


53.  Substitutions  similar  to  those  made  in  (44),  will 
enable  us  to  determine  with  facility  the  differentials,  of  trigo- 
nometrical functicms  of  superior  orders. 
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If  u  =  skTi  of  sin  j>,  which  is  usually  written  usssin^p,^ 
assume  £dn|)ss 9,  and  .\  u=:^nq:  whence  dtf  =: d  sin 9=co8 9 
dq  =  cosq^d  sinp  =  co8  9  cospdpscossinji  cospdp. 

Again,  if  f«  ss  sin  cos  p,  we  shall  similarly  obtain 

dw  =  —  cos^p  wapdp. 

Lastly,  if  t^  =  sin  log  p,  and  we  put  logp^g,  we  shall 
have 

dtt  =  d  sinfscos^d^Bsoosqr  — soos  logp  — . 

p  p 

By  the  same  mode  of  proceeding  we  shall  readily  prove 
that 

dsin"p==cosp  cos  sinp  cos  sin^p  &C;.  cos  sin*~ ^pdp; 
dcos"p  =  (—  1)*  sinp  sin  cosp  sin  cos*p  &c.  sin  cos*"^pdp. 

54.  Before  we  proceed  further,  we  will  illustrate  the  use 
of  the  formulas  just-investigated  by  th^r-spplication  to  a  few 
examples. 


Ex.  1.     If  f^sssin^  cos  2^,  MlM^^hall  obviously  have 

du  =  cos2^d  sin^  +  ^ii^^d  cos2«,  by  (24) 

=  cos  2^  cos  ^dj7-*  sin  w  sin  2<r  Sdd?,  by  (47)  and  (48) 
=  (cos  2<r  cos^  —  Ssin  w  sin2^)  dw^ 

or   =  (2  cos  Sof  —  cos  2 or  cos  ai)  dxy  by  substitution. 

__  _^  sinn^  1   «  1 

Ex.  2.     If  u  5=  7 ,  we  shall  have 

(cos  xy 

.         (cos  wY  d  sin  nof  —  sin  nxd  (cos  xY    ,     .    v 

du  =  5^ '- -^ 5^ ^,  by  (27) 

(cosa?)  " 

n  (cos  <r)"  cos  nxdx  -|-  n  sin  nw  (cos  wY  '  ^  sin  xdof 
"■  (cos  a?)*»  ' 

by  (47),  and  (48) 


;< 

h 


BS 


n  (cob  nil  cos  if -i-wana!  ma  a)  dai       nisoa(n~'l)a>dx 
(cob  w)^'^^  (cos  w)*  •*•  * 

Ex.  3.     If  w  =  3tana?  +  (tana?)*,  then  will 
dw  =  {l  +  (tana?)*}  Sdtana? 

=  (sec  xy  3  (sec  a?)*  da?,  by  (48) 
s=  3  (sec  a?)*  da?. 
Ex.4.  If  «=sK8in"^(2a?A/l-a?'>,  then  smwssSa^^iyi— a?*; 

y ga?*da?         2  (1  —  2a?*)  dof 

but  cosv  a=  ^1  — (sint*)*  =  ^1  — 4a?*  +  4a?*  =  l*-2a?% 


whence  we  have  dw  = 


2da? 


Ex.  5.     If 


^A^■ 


l+2a? 

75 


\' "  ■"  °^"^' 


i^ 


,         ^       -.y?       l+2a? 
h^ve  tan  —-^ —  5=  — jv^ : 

2  v^3 


.*.  f  sec- 


^ix*  >y  3d«*       2da?  4  da? 

-^^    *    -^  — =r ,  and  du  as  —   '  ■  '■  ■■» 

'  3 


2 


)' 


2 


1% 


(sec 


2      / 


4 
3 


do? 


doe 


(1  +2a?\ 


2 


1  +  a?  +  a? 


2' 


Ex.  6.     If  w  =  (2a?*-  1)  sin-*a?  +  a?Ayi-a?*,  then  by  (24) 
dM  =  4a?sin     xaai'\'  — i      '^j>'"  +  v  1  —  a?  da? . 


7T= 


JT^ 
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.      ,    ^         (2a?^-l)day+(l-2a?«)da?  .      ,     , 

55.  The  dijBPerential  of  each  of  the  direct  and  inverse 
trigonometrical  functions  having  now  been  investigated,  we 
shall  conclude  the  present  Chapter  by  finding  the  differentials 
of  the  arcs,  areas,  &c.  of  any  curves  whatever  referred  to  rect- 
angular and  polar  co-ordinates,  the  general  equation  to  the 
former  being  y  =  /(^)>  or  /(a?,  y)  =  0,  and  that  of  the  latter, 
r=/(e),  or/(e,  T)^Q. 

56.  If  %  be  the  Arc  of  a  Curve  referred  to  the  rect- 
angular co-ordinates  x  and  y,  then  will 

^  =  \/i  +  (^y,  and  ds  «  ^dx'+df. 

Ppr,  let  AN  and  NP  be  the  co-ordinates  w  and  y  re- 
spectively,  and   AP  the  arc  s;   then  if  AMssaf^  MQ=yy 


«id  AQ  =  «',  we  shall  have  —, — ^  or  --—  =  ;  whence 

taking  the  limits  of  both  sides  of  this  equation,  observing 
that  by  Lemma  7.  Section  I,  Newton's  Prindpia,  an  arc  and 
its  chord  are  ultimately  in  a  ratio  of  equality,  we  obtain 

ds       ..    .     ^arcfQ       ,,^,^^^chdfQ 

-  =  limit  of.^^^  =  bmit  of  .^^^ 
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and  /.  d«  =  d<r  V  1  +  (-^j   =  ^  da^  +  dy*. 

57.     I f  ^  he  the  Area  of  a  Curve  referred  to  the  rect- 
angular co-ordinates  x  and  y,  then  will  dS  ssydx. 

For,   retaining  the  figure  of  the  last  article,   and  using 
a  similar  notation,  we  have 


ST-S         A^y      area.  NPQM 
-_ or   —  = '• i 


dS 


therefore  taking  the  limits  as  before^  we  get  -7-  =  limit  of 

diff 

area,  NPQM      .,    .     ^  trapezium  JVPQJIf      ...     ^ 
■ =  limit  of  — ' ^  limit  of 

NM  NM 


(NP+QM)NM 

ZNM 


=  limit  of  f \  =  y,  and  .•.  dS  =  yda. 


58.     If  ^  he  the  Surface  of  the  Solid  generated  hy  the 
revolution  of  a  curve  whose  co-ordinates  are  x  and  y  about 

the  aoAs  ofx,  then  will  d2  =  27rydx  \/  1  -)-/ -Zj  =29ryds. 
For,  if  the  plane  figure  AMQ  revolve  about  the  axis  AJT^ 


we  shall  obviously  have  as  before 
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2'  —  2       A2  _  surface  generated  by  arc  PQ 

X  ^w        Aw  NM 

of  which  the  limits  being  taken,  we  get 

lis       ,.    .      «  surface  generated  by  chord  PQ 

—  =s  bmit  of ~ 

dx  NM 

_.    .      ^  surface  of  frustum  of  cone  by  PQ 
=  limit  of TTTT 

NM 

=  liipit  of  — ^^ ,  by  (17)  of  the  intro- 

ductory chapter, 

=  limit  of  7rW  +  y)  V  1  +  (l^y  ^  l>y  (56) 


=  2iry  V  1  4-  (^)  j  and  .-.  d2  =  2  iryd^  V  ^  +  (3^) 


=  2  irydSf  by  (56). 


59-  IfYbe  the  Volume  or  Content  of  the  Solid  generated 
by  the  revolution  of  a  curve  abotit  the  axis  of  x,  then  will 
d  V  =  n-y«dx. 

For,  reasoning  as  in  the  preceding  articles,  we  have 

V-V      AF  _  solid  generated  by  NPQM 

x'  -a?  ^^  A^  "~  NM 

and  the  limits  being  taken,  we  obtain 

dF  _  solid  generated  by  NPQM 

dx ""  JV^tf 

frustum  of  cone  by  NPQM 


ss  limit  of 


JV^ilf 
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=  limit  of 5^ ^^j^        ^  ,  by  (21)  of  the 

introductory  chapter. 


=  limit  of  -r  I - 


1  =2  m-y^j  and  .-.  dF  =  iry^dw. 


60.  Co».  If  V  represent  the  content  of  any  solid,  which 
is  not  generated  by  the  revolution  of  a  plane  area  about  an 
axis,  then  if  0  {y)  denote  the  area  of  a  section  of  the  solid 
made  by  a  plane  perpendicular  to  the  aids  of  Wy  it  is  manifest 
from  the  reasoning  just  employed  that  we  need  only  substi- 
tute 0  {y)  in  the  place  of  irf^  in  the  last  article,  and  there-^ 
fore  dV  ^  (f^(y) doe, 

61.  If  s  be  the  Arc.  of  a  Curve  referred  to  the  polar  co- 
ordinates 0  and  r,  then  wUl 

ds  =  Ae  V^'TTTlTy  =  Vr'de«-fdr^ 
For,  if  S  be  the  pole  of  the  curve  AP^    L  PSX  =  0, 


SP 
SQ 


r  and  arc  AP  ^  6 :  then  if  we  suppose  QSX 
r'  and  arc  AQ^  /^  we  shall  have 

«'  — «        A*       arc  PQ 
or 


=  ff. 


ff-e    Ae 


A0 


and  taking  the  limits  of  both  sides,  we  obtain 

ds       -.  -arcPQ  -  chord  PQ 

---  =  limit  of  — ---—  =  limit  of ■' — ~ 

d0  A0  Ae 


limit  of 


«7 

^SP'  +  SQ^-iSP.SfQcosAe 

111'  i  I     I    I  »    .  i,  —.—.»—» 

A0 


=  limit  of  s/f'^  +  ^-*^^''^^^ 


62.     If  S  be  the  Area  isf  a  Curve  referred  to  the  polar 
co-ordinates  0  and  r,  then  will  dS  =  \x^Ad. 

For,  retaining  the  figure  and  notatiou  of  the  laiftt  article, 
we  have 

S-S       AS  _  area  PSQ 

ff^e  "^  Ad^     A0    ' 

and  taking  the  limits  as  befbrd,  we  get 

dS      ,.    .      ^  area  PaSQ      ,.    .      .  triangle  P^JQ 

-~r  =  limit  of T— —  =  «nnt  <«  — >  i  ^    ^ 

i«0  Ad      ^  A0 

,.    .     ^S'P.ASQsinAe      ,.    .      ^r/sinA9 

=  limit  of ;; =  limit  of — 

2A0  2A0 

=  — ,  by  (2)  of  the  introductory  chapter, 

and  .-.  dS  ==  ^r^d0.  ^ 

63.  In  the  latter  articles  of  this  chapter,  the  areas  of  plane 
figures,  and  the  curved  surfaces  and  contents  of  solids  have 
been  compared  with,  lines,  but  it  may  be  observed  that  the 

H 
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iiieihocls  of  proof  would  not  have  been  different  had  all  the 
quantities  employed  been  rendered  homogeneous  by  the  in- 
troduction of  constant  multipliers  or  divisors:  and  moreover, 
if  their  numerical  values  be  und^rstood^  objections  of  this 
nature  will  cease  to  have  any  weight. 

64.  From  the.  relation  of  the  co-ordinates  which  .is  ex- 
presssed  by  the  equation  to  the  curve,  all  the  expressions 
just  investigated  may  readily  be  exhibited  in  terms  of  the 
principal  variable  and  constant  magnitudes :  thus,  in  the  case 
of  a  circle,  when  the  co-ordinates  are  measured  from  the  centre^ 
tve  have  y  =  y/^ar  —  a^ : 

dy  OS  ^        /dy\^  ofi  o* 

.-.  ~  — 2== ,  and  1  + 1  -7^  1   =  1  + 


dx 


.*.  ds 


V       ^2         ^«  /^ 


dS  =  ydw  =  ^a*  -^  ou^dw : 

M — o~-— ~—      odx 

and  d  F  =  irtf^dw  =  tt  (a^-^w^dw. 

Again,  in  the  spiral  bf  Archimedes, ,  ^e  have  r  =;  a0, 

dr 
and  .-.  -—  =  o,  whence 
dQ 

ds  =  de ^r»  +  a*  =  ad0 ^1  +  0":   and  dS  -  ^a*0^d0. 


CHAR   V. 

On  successive  Differentiations.  On  the  Elimination  of 
constant  Quantities  and  irrational  or  transcendental 
Functions,     On  the  Developement  of  Functions. 


It 
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I.      SUCCESSIVE    DIFFERENTIATIONS. 

65.  The  differential  of  u  which  is  considered  as  repre- 
senting any  function  of  x  having  been  determineid  in  all  kinds 
of  quantities,  it  must  have  been  observed,  that  the  result  which 

is  the  limit  of — ; —  ,   and  which  was  called  the  differential  " 

h 

coefficient,  is  in  all  cases  either  a  new  function  of  ^,  or  a  con-  )* 
stant  quantity:  this  function  may  therefore  be  made  to  undergp 
the  same  kind  of  operation  as  was  performed  upon  the  original, 
and  consequently  the  limit  of  the  ratio  of  its  increment  to  that 
of  the  principal  variable,  or  the  differential  coefficient  of  this 
differential  coefficient  m^y  be  obtained  by  means  of  the  formulas 
already  given:  the  same  may  be  said  of  this  last  differential 
coefficient,  and  it  is  manifest  that  we  may  continue  to  repeat 
the  operation  as  long  as  the  function  resulting  from  differen- 
tiation continues  to  involve  the  principal  variable  <r. 

If  Uien  we  suppose  the  successive  differential  coefficients 
so  obtained  to  be  represented  by  ^,  9,  r,  &c.  we  shaU,  ac- 
cording to  the  rules  before  laid  down,  have 
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'du\' 


du  ,  /du\  \dxj       dp 

dY  W/[  =^dq,  d  I     \dw)  >  =  ^  =  r,  and  so  on: 
I     dx     ^  \     da:     J 

dx 

but  as  tbis  notation  would  manifestly  at  length  become  Ex- 
ceedingly inconvement,  it  is  usual  to  assign  to  rfd^  a  constant 
but  indeterminate  value,  such  that  the  relative  values  erf  du 
and  dx  may  still  remain  the  same,  and  then  we  have 

,  /du\       d  (du)       ddu       ,  .  ,    .        ...^  ^«*  . 

d  I  —  I  =  — ^^ — -  = ,  which  IS  written  --— ; 

\dx/  dx       '    dx  dx 


and  .*. 


d(—\ 

\dx/         d^u         d^u  ^ 

dx  dxdx       dx^ 


Agam, 

I     dx    J 


=  — J ,  as  before. 


dx  dx^  dx^ 

du 

til  t* 

and  .*.  "  t — V-  ^'  i  »-T-^*  and  so  OB : 


dj^Ad^i      fu 
V.     da?     J.       dx^ ' 


where  it  must  be  observed  that  the  indices  of  the  letter  d 
express  merely  the  repetition  of  the  operation  of  differentiation 
so  many  times,  and  not  powers  of  d,  which  is  in  this  subject 
never  used  otherwise  than  to  indicate  a  particular  operation 
upon  the  quantity  to  which  it  is  prefixed. 
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Fnna  the  origbal  function  thefelbre,   we  have  derived 

a  series  of  quantities  caUed  ffliccessive  differential  coefficients 

-  ,      ,  .       du     (Pu     d?u    ^      d^u 

represented  by  the  expressions  —  ,  — ^ ,  -—  ,  &c.  -r-^ ,  such 

du  d^u  d^u 

that   T-  =  Pj  -r-o  —  q^   :r^  =  n  &c-  P>  ?>  »•?  &«•  oemg  all 
dx  dor  ax 

functions  of  x. 

66.     The  quantities  represented  by 

du     (Fu     d^u  d^u 

dx  '  dx^  '  dx^ '  do?"  ' 

are  called  the  first,    second,    third,   &c.  n^  differential  co* 
efficients  of  the  function  u;  and  they  are  usually  read,  du 
by  (f«,  second  du  by  {dxy,  third  du  by  (dxy,  &c.  n^  du 
by  (dxy.     Moreover  cPu^  d?u^  &c.  d?^u  must  always  be  care-  " 
fully  distinguished  from  du^y  du^j  &c.  du^  which  denote  the  " 
powers  of  dw,  and  also  from  d  (w^),  d  (w^),  &c.  d  (w")  which  " 
express  the  differentials  of  the  powers  of  u, 

Ex.  1.     Let  u  =5  aufi-^  ba^  -f  ca?  —  6,  then  the  first  differ- 
ential coefficient  —■  =i  Sax*  ^  2bx  +  c,  which  is  evidenUy 

dx 

a  new  function  of  x :  again,  the  second  differential  coefficient 
dru 

d^ 

d^u 
third  differential  coefficient  -3-5  5=  6  a,  which  is  an  invariable 

quantity:    and   .-.   all  the  succeeding  differential  coefficients 

d^u     d?u  d^u 

represented  by -^-i,  j^,  &c.  — ,  vanish. 

Whence,  it  appears,  that  this  function  has  three  differential 

coefficients  and  no  more,  represented  by  --- ,   — --  and 

dx      dor  dx^ 

whose  values  are  3  ax^  ^^bxi-Cf  6  ax -^  2  b  and  6  a. 


-=  6ax  —  2bf  which  is  also  a  new  function  of  x ;  and  the 
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Ex.  2.     If  we  have  u  =  aa?"  for  the  original  function,  by 
a  repetition  of  the  operation  of  differentiation,  we  get 

du  d^u 

dw  dor 

d^u 

=  w(»— 1)  (»— 2)00?*"^  &c. 


dar' 

d^u 
daf^ 


=  »(»—!)  (»  — 2)  &c.  3  .2.1.a; 


and  these  are  all  functions  of  os  except  the  last  which  is 
constant,  and  consequently  all  the  succeeding  difiPerential  co- 
efficients become  =  0. 

du  d^u 

Ex.  3.     If  w  =  tf*,  then  will  — -  =  &a',    — ^  =  *«a', 

djff  dor 

da'  '         da;"" 

also  if  a  become  e,  k  becomes  1,  and  each  of  the  differential 
coefficients  is  then  equal  to  the  original  function  e'. 

Ex.  4.     If  w  =  loga?,  we  shall  have 

du  ^  1      ^u  _        1       dfu  _^  1.2 

do?       w '    do?  ""       w^ '   dc?        ar^ 

and  by  the  same  process  continued,  we  obtain 

d"w  1.2.S.&C.  («— 1) 

wherein  the  positive  or  negative  sign  is  to  be  used  according  as 
n  is  odd  or  even,  and  which  may  therefore  be  written  generally 

1 .2.3  &c.  (w— 1)  ^_->.„ 

Ex.  5.     Let  us  take  the   implicit  function  «*— 2mw<» 
4-0?'— a^  =  0,  then  will  2wdM  — 2ma?dw  — 2mwda?  +  2a?d«»=0, 
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1       ^             .  dtt        . 
and  .-.  {u  —  mw) (mu  —  w)  =  0, 

,  du       mu-^w  niu-^w 

whence  •-—  = = : 

dx       u-^mx  mw  —  u 

agaiiij  from  (u^mai) (mu-^ai)  =  0,  we  obtain 

dw  ^ 

,j  dii  d^u 

{du^mdai)  —-^(u^mx)'—  -^(mdu-^dx)  =^6, 


and 


dx  dx 

^    /du  \d'U^  ^  ^u  du 

,  .  d^u      du^  du 

or  {u-^mx)  -n  +  -T-o  —  2w-~-  +  1  =0: 

dar      dx"  dx 

whence  by  substitution  and  reduction,  we  find 

3-—  =  -  («i«-l) — -. -I—: 

dx^  ^  ^       {mx^uy 

and  sinrilarly  of  succeeding  diflferential  coefficients. 

Ex.  6.     To  find  the  successive  differentials  of  the  ptoduct       ]\ 
of  two  functions  such  as  ii  ^^pq^  we  have 

du:=qdp+pdq^pq(^  +  ^); 

\p  q ) 

/.  6?u  =  qd^p->rdpdq  +  dpdq  +  pfiq 
=  qd^p  +  ^dpdq-^-p^q 

Cd*p  dp  dq       ^q) 

=  1>9  1-^  +  2^^  -^  +  — ^f  :  and  so  on^ 
Ip  P     q  q) 

and  if  we  suppose  generally  that 

Ip  p       q  1.2  P        ? 

dp  d^'V       d'*o: 

•  -f-  7i  -il    Z   ^    — ?  ' 

i>      <?  q 


pq 
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=  qdJ^p  -{■  ndqd/^^^p  ■\'  he.  •\-ndpdJ*'^^q'\-pd'*q^ 
we  shall  immediately  obtain 

+  d'^pdq  -f-  nd^^^p^q  +  &c. 
=  qd'^+^p'{'{n-\'l)d^pdq-^— —d^-^pd^q-^ijiC. 

(     J»  P     ?  1.2         p         9 

^  dp  d^q      d^+^q} 

Pi'  9    3 

which  shews  that  if  the  farm  be  true  for  any  one  value  of  h, 
it  will  be  true  for  the  next  succeeding  value :  but  it  is  true 
when  71=  1  or  2,  and  therefore  it  i«  generally  true. 

The'  same  mode  of  proceeding  may  manifestly  be  pursued 
in  other  instances;  but  more  examples  are  now  unnecessary 
as  Uie  differ^iti^  coei&dents  of  a  variety  6f  ftmctiond  will 
be  found  in  the  applications  of  the  Theoneois  hereof  t^  to  be 
investigated. 

» 

II.       ELIMINATION^     OF     CONSTANT     QUANTITIES     AND     IRRA- 
TIONAL  Ott   TRAN^CliNDENtAt    FUl^CTIGNS. 

67.  We  have  already  seen  that  every  equation  between 
two  variables  u  and  w  expressed  generally  by  u=f(af)^  or 
/(a?,  «)  fe=o,  in  consequence  of  the  operation  of  differentiation, 
gives  rise  to  new  relations  between  u^  w  and  the  differential  co- 
efficients — ,   — ^,    &c.  co-existent  with    that   expressed  by 

the  proposed  equation.  As  therefore  the  constants  involved 
in  the  primitive  function  remain  the  same  through  those  suc- 
cessively derived  from  it,  we  shall  obviously  be  able  by  means 
of  these  new  equations  always  to  eliminate  from  the  primitive 
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I 

8  nunober  of  ottfastaat  jnagwtudes  expregtod  hj  Ae  ladts  of 
the  number  which  denotes  the  highest  order  of  difPeifentialipit 
performed.  Thus,  if  the  function  proposed  he  /(^,  «,  a,  h 
&c.  Q  =  0,  in  which  n  constant  quantities  are  involved,  there 
unj  roadily  ht  d«griv^  f|:oB»  it  ky  ^^v€»tiatioa  n  eiq^ions 
of  the  following  forms : 

(du  \ 

/  du    d^u  \ 

(2).     /g  (.T,  u,  —,  —  y  a^  by  &c.  n  =  0: 

/  dtt     d'tt     d^u  \ 

(3).      /,  ^^^,  «,  -  ,  — ,  _,   a,  6,  &C.  1^  =  0'. 

kc -..^ =0: 

6ftdi  df  whidi  comprises  die  n  constant  qumitities  contained 
in  the  original  equation. 

Now  it  is  obvious  that  by  nieans  .of  the  proposed  e^Ha- 
tion  and  1[1^  atiy  one  of  the  constants  involved  may  be 
eliminated,  and  the  elimination  of  each  constant  wiU  ^rod,uce 
a  difPerential  equation  which  is  called  a  Derivative  of  the 
given  or  primitive  function :  and  hence  it  follows  that  .there 
may  resiilt  n  derivatives  involving  only  the  first  d^erentials^ 
which  on  that  account  are  styled  Dervoatives  of  th^  First 
Order. 

Agaki,  by  means  of  l4ie  primitive  equatibn^  an^  (t)  and 
^),  any  two  dt  the  cottstants  concerned  may1)e  eiiterminirted, 
mA  thus  give  #ise  to  an  equation  involving  f!rst  and  second 
differeiuial^,  or  yiUmX  is  called  a  JDeriimtivB  of  the  Second 
Order :  and  it  is  manifest  that  the  number  of  Hflerivatives 
of  this  order  will  be  equal  to  that  of  the  confAlinatiottS  i^cSi 

I 


0 
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can  be  ft^med  out  of  n  things  taken  two  together,  or 
^fci),  as  appears  from  Jlg^a  (259). 

Similarly,  the  number  of  derivatives  of  the  third  ordet 

Ml  1                   11     n(»— l)(n— 2)  ,  _    .^ 

^ill  be  expressed  by  — ^ ^-^ ,   and  so  on :    and  if 

the  whole  of  the  n  constants  be  eliminated,  the  number  of 
derivatives  of  the  n^^  order  will  manifestly  be 

«(n  — 1)  (n— 2).  &c.  3.2.1 
1.2.S.&C.  (»  — 2)  (n— l)n' 

We  win  now  illustrate  these  principles  by  a  few  examples. 

Ex.  1.  Let  us  take  the  simple  equation  t^  — aa?  +  &  =  0, 
which  involves  the  constants  a  and  b:  then  du-^adw^zO^ 
which  is  a  derivative  of  the  first    order  not  involving  6: 

du 

whence  a  =  -- ,   and    this  by  substitution  in  the  primitive 

aw 

wdu 
equation  gives  u 1-  6  =  0,  or  udw  —  wdu  +  bdw=sOy 

which  is  also  a  derivative  of  the  first  order  independent  of  a : 
and  thus  have  we  obtained  in  this  case  two  derivative  equations 
of  the  first  order. 

< 

Again,  m  — aa?  +  6  =  0,  du-^adw^^Oy  and  i?«=0,  which 
last  is  a  derivative  of  the  second  order,  and  from  this  both 
a  and  b  have  disappeared. 

Ex.2.  Let  the  equation  proposed  be  w*?=«»  (a*  — ^; 
then  we  hawe  udu^  ^mwdw^  or  udu-]rmwdw=iO,  which  is 
a  derivative  of  the  first  order  not  involving  a:   and  since 

jm  — :  ^ if  this  value  be  substituted  in  the  proposed 

wd^ 

fquation,  we  get 
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2  udu 


«*  ;=  — 


(a*  — 0^),  or  tfxdx^  (a*  — a?*)  udussO^ 


wUtV 
which  is  another  derivative  of  the  first  order  independent  of  m^ 

Differentiating  again^  we  find  ud!^u  +  du* s  —  mdx* ;  and 

substituting r—  in  the  place  of  w,  we  arrive  at  the  equation 

wax 


du         du^  d^u 

—  —  tV  — -  —  au  — 
dw         dar  dw^ 


u- X  -—-  — /i?w—--  =  o,  or  ududw-^xdu^-^wud^u^Oj 


which  is  a  derivative  of  the  second  order  independent  of  both 
a  and  m. 

Ex.  3.     If  the  proposed  equation  be  (a?—  a)*  -f  (y  —  6)* 

— c*=0,  we  find  the  derived  equation  of  the  first  order  to  be 
•«        -I 

af-^a+  (y^b)  -^  =0,  which  does  not  contain  c ;  and  it  is 

dw 

obvious  that  by  means  of  at  and  the  original,  there  may  be 

obtained    three  derivatives   of  the  first   order,    from   which 

a,  b  and  c  will  be  respectively  eliminated. 

Again,   the  derived  equations  of  the  second  and  third 
orders  are 

which  with  those  above  readily  lead  to  three  derivatives  of 
the  second  order,  and  one  of  the  third. 


68.  Cob.  Precisely  in  the  same  manner  there  may  be 
made  to  disappear  any  number  of  irrational  and  transcendental 
functions,  by  combining  the  proposed  equations  w^th  those 
derived  from  them  by  differentiation. 


Ex.  1.     h^tu^  (w  -{^  s/^—TT,  then  will 

- «  du  tndx 

lo^u^m log  («>+  V 4r^  -*\\  and  —  =    /^^^  - 

whence  (a?^— 1)  du^^nt^u^dx^^  which  is  free  from  surds. 


Jlx.  2,     If  w  =  -o- ,  we  shttH  hAve 

e  '  —  1 

whence  cto?  = -y  9S\A(l  —  u^)dw^du:=^0. 

which  involves  no  exponentials. 

JEx.  3.     Let  «  ±1  a  sin  ir  -«-  fr  cos  a?,  then  wfll 

du  d^u 

-— =  —  o  cos  ^  +  6  sin^,  ----  =  —  a  sin  at +  6  cosa?=  —  w; 

* 

and  .%  rf*t^  +  ^rf^r*  =*  o,  from  which  both  the  constants  a»d 
transcendentals  have  been  made  to  disappear. 


III.     I>lEVisi.o#SM«Mt  <nr  j^tfU^cifioitB^  Sic. 

69.  /f  u  which  represents  a  function  of  x  can  be  ea?- 
pHsmi  m  ^ksoending  k^ltegral  and  positive  pow0if$  of  jl^  its 
developement  may  be  obtained  from  the  equaMovi ' 

ti7Aere  U^^,  Ui,  U^,  U,,  &c.  U,^  are  the  particutar  values  of 
the  fuficiion  u,  and  its  dtffer&ntial  coejfctents 

du    d^a    d^u  d"u 

^- ,  5-^,  ^-r ,  &c.,  -T-*r ,  tt^ften  X  ^^  made  ==  0. 
dx    dx^    dx^  dx** 


For,  let  H^J-^B^^Cit^^  D^  +  kc.>  where  .4,  B, 
C,  D,  &c.  are  quantities  which  do  not  involve  w ;  then 

— -=  I.2C  +  2. 57)^  +  3. 4ira?*  +  &c. 

=  1. 2. 3  2>H- 2. 3,4  jBa?  + 81c. 

■^-v  =  1.2.3.4f;  +  &c. 

Nour,  d»c«  A^  Bf  C9  IK  &€•  ^  i<<34  involve  4?^  they  must 
remain  the  same,  whatever  value  be  assigned  to  w^  and  therefore 
wheiv  m  is  aiade  ^  0 ;  but  on  thjbi  hypothesis,  ve  have 

U  U 

1.2  1.9.3 

&C.  =  &C ••&C.  =9  &,C« 

®         *1  *l.«  ^1.2.3 

+  ^»  "^ — m H  85c.,  which  is  known  by  the  n^me  ef 

1.2<9.&C.  n  ^ 

MaclaurifCa  Theorem. 

Sometimes  the  particular  vahies  of  u  and  its  differential 
coefficients  are  expressed  by  means  of  brackets,  and  the 
theoEttn  is  thua  vritlea 

^  ^       \dai)  1        \d<»V   1.2       \dW  1.2.3 
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Ex.  1.     Let  tt  s=  (a  +  a?)**,  therefore  J7o  =  a" ; 

du 
also,  3- =  m(o  +  a7)*""*,  .•.  ITjSBmc^"^;    . 

—  =:w(w— 1)  (a+^)'»-*,  .-.  C7g=m(fii— l)a'"-^; 

—  =i»(i»-.l)(m-2)(a+a?)«-*,  .-.  f73=m(m-I)(in-2)a'"-'; 
&c.  =  &c.                              &c.  =  &c. 
whence  u  or  (a  +  ^)"*=  a*"  +  ma  "^a  -{ ^ ^  a^'^x^ 

w (m  —  1)  (m.^ 2)  .       !.,•      1      ,.       .1 

'  a^^^ar  +  &c.,   which  is  the  binomial 

1.2.3 

theorem:  and  this  is  a  complete  proof  because  in  (18)  the 
differential  of  ^  has  been  independently  determined. 


Ex.  2.  Let  u  be  any  rational  function  whatever  of  ^  in 
which  the  highest  power  of  a?  is  fit,  then  it  is  obvious  that 
we  may  assume  t«  =  /  (<r  —  a),  wherein  a  is  indeterminate ; 
hence  we  shall  have 

<>         *       1  *     1.2  *1.2.S.&c.m' 

since  the  differential  coefficients  after  the  mt^  vanish: 

'  *  (^-a)*       (a?-a)-  ^  1  (a?-a)»-i  ^  l.2(a?-a)*-'  * 

4- 5» where  17].,  {7,,  f/-,  &c.  f7_  are  the  values  of 

1.2.3.&c.w'  •'     *'     ^' 

the  proposed  function  and  its  successive  differential  coefficients 
when  J?  —  a  =  0,  or  a?  =3  o. 
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Ex.  S.     Let  u  =  a%  thetefore  O^  =  1 ; 

also,   -—=*«»,   .-.  U^^k;    -—=**«•,   .-.  U^=h*; 
aw  *  do?* 

—  =  k^(f,  .-.  (Tj  =  A';   &c.  =  &c. 

.-.  w  or  er*  =  1  +  — H- + +  &c.  H +  &c. 

1         1.2       1.2.3^  1.2.3. &C.W 


Ex.  4.     Let  u  =  log  (a +0?),  .-.  f7^  =  log  a ; 

.         du  I  I  W         W^         30^        w^ 

also,  —  =  — —  = i+"i 4  +  -5-&C.; 

aw       a-^w      a      a*      a^      a       a 

ffu            1  w         0?         c^ 

••.  j-o= 5  +  2--  —  S-T  +  4-T—  &c.: 

cPw  \  w  a?' 

";~T  =  1.2—;  —  2.3—7  +  3.4—=  —  &c. : 

aar  o'  a*  o* 


w 


d^u  1 

3-4  =  —  1.2.3-T  +  2.3.4-5  -  &c- 
a«»  a  a 

&c.  s  &c. 


whence  f7i=s-,  t/^^--,  {^3  =  1.2!,  ^74=- l.2.3~  ,  &c. 


w        a^         w^        w* 


and  .-.  log(a-h/p)  =  loga  +  ^  --—+_-..+ &c. 

a      2  a*      3  a'      4  a* 

If  a=l,  weobtamlog(l  +  zp)  =  a?— ^a?«+;Ja?*— :]ta?*+&c. 

Ex.  5.     Let  w  =  sin  (w  +  a),  .•.  U^  =  sin  a ; 
.     du  ,        ^    d^u         .  ePu 
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whence  we  have  U^  ±=  ^mn^  Cf^  ±=s  ■*-  em  o,  CT,  ^  —  cos  «,  &c. 
and  therefore  u  or  sin  (op  +  a) 

=  sin  a  +  cos  a^  ^  sin  a  —  —  cos  a +  &c. : 

1  1.2  1.2.3 

and  if  ^£  =  O9  then  sin  a  =  0  and  cos  a  =  1 ; 

whence  s!n  a?  =  ^ H &c. 

Similarly  of  cos  ^a  +  a?)  and  cos  a?. 

Ex.  6.     Bf  i^  =^  sin"*a?,  wie  shall  obviously  have 
du  1  ^    ^ 

^        2.4         2.4.6  2.4.6.&c.(2»-2) 

by  the  binomial  .tfa((M%n}, 
=  1  +  a^co^  +  a^x^  H-  flgO?^  4-  &c.  +  a^^ „  a^*"*^  +  &c#  suppose : 

« 

.-.  ~-5  flK2aja?+4di4ti?^4'^^tV*+^c.+(2.w — ?5  ae«^^^"'fhlpc. 


.4 


^-^aA  .*<i^H-S  .-4a4«^  -K5  ,^g^  ^-to. + ^-  ^^'^'^^'^in-%^ 
-\-  &c.,  and  so  on,     , 

^^5;^  =  1.2.3.&c.  (2fi-S)(2n-2)a2„.2+  &c.: 

whence  if  a?  be  assuttied=0,  and  the  values  of  o^,  a^,  &c.,^2»-e» 
beresrtored,  we^allhave 
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U  =0,    t7i  =  1,    U^  t=  0,  tJj  =  1,  &c.  =  &c., 


*"    *  ^^  ^        2.4.6.&C.  (2W-2) 

or"        ^  l,3.5.&c.  (2n  — S)a?*''-^       .    ^ 

^  2.8  2.4.6.&C.  (2«-2)(2»-l)  ^ 

which  comprehends  the  general  term  of  the  developement. 

^        Ex,  7.     Let  t^  be  an  implicit  function  of  a?,  such  that 
t«*- 2«d?  — o*  =  0,  then  will 


du         u        (Pu      u^2uw      €?u  3tta7(tt— 2  a?)  '^ 

d^       w-ar'    daf«        (w-a?)^'    dor'  (tt-a?)*      ' 

and  if  d?  =  0,  we  shall  have  corresponding  thereto,  f/o  =  ±  a, 
and  therefore  t7j  =  1,  ^8=  ±  -^  >   f^3=0,  &c.  =  &c. 


0?  or 

whence  t^  =  f^o  "^  ^i  ^  +  ^^~^  "*"  ^^T^  "^  *^^' 

=  +  a  +  a?  +  —  +  &c. 

2a 

and  this  expresses  in  series  the  two  roots  of  the  quadratic, 
as  might  have  been  found  by  solving  the  equation  with  respect 
\to  u^  and  then  expanding  the  result  into  a  series^ 

Ex.  8.  If  u^  —  uw^  —  a^  =  0,  be  the  proposed  implicit 
function,  and  the  differential  coefficients  be  found  as  before,  we 
shall  on  the  hypothesis  of  a?  being  made  =  0,  have  fP^  —  a*  =  o, 
whence  U^  wiU  have  the  three  values  a,  aa^  fia  where  a  and 


l+x/-3       ,        1-v^^ 
-^ and  —  -^ r< 


/3  are ^ and  —  -^ respectively ;   and  thus 

u  will   be  developed  in  three  differetit   series  which  are  the 
root's  of  the  proposed  equation. 

K 


7* 

If  it  wfere  re<{uired  to  develope  k  in  a  series  ascendihg  by 
the  powers  of  a,  we  should  have  to  consider  t^  as  a  function 
of  ^,  and  tnen  on  the  sup|)osition  that  asaO,  i^hould  obtakr  *  , 

ZpQ-  C7^a?*  =  0,  whence  ^7^  =  0  and  £7^=  ±{v; 

and  the  corresponding  Values  of  U^^  U^jU^j  &c.  might  be 
found  as  in  the  last  example,  which  would  give  rise  to  three 
different  series  as  before. 

■^  T  / ^^  1 

Ex.9.     Let  w  =  ^ysa?-!,    .-.   ^r-  =  t; ;t, 

(Pu  _  1  d3^  ^1,3 

a:*?  (2a?-l)-r     da?'        (2a?-l)^ 

whence  wehave  t7o=  \/^»  ^i  =  -  n/^,  f/«  =  -  a/^^^. 


and   .-.   V2^--i=  v/-^^l-^ &c.(; 

C  2         2  5 

but  it  may  be  observed  that  this  function  is  capable  of  being 
developed  by  other  means  in  possible  terms,  but  not  in  integral 
ascending  powers  of  a? :  and  indeed  the  impossibility  of  effect- 
ing the  developement  in  the  form  proposed  by  the  theorem 

is  indicated  by  the  symbol  .^^  which  appears  in  each  of 
the  terms. 

: '    *J0.    CoR.  1.    It  has  been  proved  in  Ex.  (4)  that 

log  (a-f-d?)  =  loga +  -.-_- 4- _- ,  +  &c. : 

a       2a^       Sc^       is  a 

and  by  supposing  a  =  0,  we  should  obviously  have 

log  0?  =  —  CO  +  00  —  CO   +  &c., 

from  which  expression,  though  it  may  be  finite,  nothing  can 
be  determined,  and  therefore  in  this  particular  instance 
Maclaurin's  Theorem  fails  to  give  m  the  developement. 

We  nevertheless  have 
loga?  =  log  {n.(^-i)j  =(^-.i)-^(a?^l)«.f  ^{a?^l)3-&c. 
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by  putting  1  and  «r  —  1  in  the  places  of  a  and  x  respective! j*; 
but^ill  if  the  latter  member  of  this  equation  be  arranged 
according  to  ascending  powers  of  «r,  the  coefficient  of  each 
term  will  be  indefinitely  great,  so. that  in  fact  lag  x  cannot 
be  expanded  at  all  in  the  form  contemplated  by  the  theorem, 
the  coefficients  being  finite. 

Whenever  therefore  the  particular  values  f/©,  fTj,  f/^,  &c. 
of  the  function  or  its  difierential  coefficients  become  infinite, 
Macldurin*s  Theorem  is  said  to  fail^  and  the  circumstance 
merely  points  out  the  impossibility  of  developing  the  function 
in  the  proposed  form :  it  is  moreover  easily  shewn  conversely 
that  if  the  expansion  should  involve  fractional  or  negative 
powers  of  the  principal  variable,  the  function  or  some  of  its 
differential  coefficients  must  become  infinite  when  the  parti- 
cular value  of  the  principal  variable  used  in  the  theorem  is 

5  1 

assigned    to  it:    thus,   if w  =  aw^  +  baf^  +  cx"^  +  &c.,    we 
shall  immediately  have 

-p-  =  s  aa?*  +  i6cP~i  —  cj?"*  +  &c. 

-— =  ~awi  —  ^6.r"a  +  2CJ7"'  +  &c.,  &c.  =  &c. : 

I 

whence   it   follows   that   each    of  the   quantities   denoted   by 
^o>  ^19  ^2>  &^-  ^^  infinite. 

71.  Cob.  2:  It  is  obvious  however  that  if  such  a  factor 
can  be  found  as  shall  render  the  function  capable  of  de- 
vdopement  in  ascending  integral  powers  of  th<s  principal 
.variable,  the  Theorem  of  Mctclaurin  may  still  be  successfully 
applied:  and  this  will  manifestly  be  the  case,  whenever  u  can 
be  assumed  =s  <r^v,  so  that  none  of  the  particular  values 
V^y  r,,   Tg,  &c.  of  V  may  become  infinite. 


Ex.  1.     Let  us  take  the  simple  instance,  u  =  ^j?  — a?^, 
•from  which  we  should  immediately  deduce 

Uq  s=  0,    (7,  ;=  00-  ,    f/g  =;  -r  00  ,    fT^  =  OO  >  &C..  ^  kc^    . 
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b 
jBa  =  6,  and  .\  fi=  -  ;    2Ca-\-Bb^2c, 

a 

20-^  Bb       b^  —  ^ac 

and  /.  C=  — = — -—t — ; 

2  a  2  or 

^,      ^  ^        ^  2Cb  +  Bc      h'^Sabc 

SD  +  2C6  +  J?c  =  0,  and  /.  2>= = — ; 

3  Sa^ 

„  3DbA-2Cc  b'^  —  Sab'c-{'2ac^^b^c     „ 

and  .*.  je;= = -—5 — — ■ ,  &c., 

4  4o* 

also  if  <r  =  0,  we  find  A  =  log  a ;  whence  we  obtain 

1        r         .  9x      1  ^  6^  — 2oc    , 

log  (a  4-  6a?  +  co?  )  =  log  a  +  -  a? —  x 

^  ^  ^        ^  a  2a^ 

P^Sabc    ,      b^  —  Sah^c  ^2ac^^b^c    . 
3  a'^  4  o^ 


Similarly,  by  taking  logarithms,  the  expansion  of  the  mul- 
tinomial (a  +  6^  +  cx^  +  &c.)"*  may  be  determined. 

Ex.  S,     Let  us  take  again  the  function 

then^  we  shall  readily  have  by  two  successive  differentiations^ 

du 

-—  =  -4i  -f  2  A^w  +  3  J3/1?*  +  4  J.a?2  4-  &c. 
ax 

and  3—  =:  1.2^g  +  2.3^3^  +  SAA^x^  +  &c. : 

but  it  is  easily  shewn  from  the  proposed  function  that 

i-t?^—  l)-7~;  —  w*«^  =  0,  and  {^^—  1) Vh  +  «»?- m*f/  =  0: 


7» 

du       -  d^u 
in  the  latter  of  which  if  the  values  of  u^  --—  and  -^-r  above 

dof  dor 

found  be  substituted,  there  will  thence  result 

+  {(iii^-9)^s+4.5^5}^+{(w>--l6)^4+5.6-ij}d?*-h&c.  =  0: 

from  which  are  immediately  obtained 

i»*         J  ^    ^^"^  J      A  ^     m'— 4f     ^m^(m^— 4) 
'^^=~T'^«''*'""^T"''^''*^-""Tr^^"      2.3.4      "*«' 

to'- 16  ^  _      TO* («»»-*)(»»*- 16)  ^ 
*  5S        *  2.3.4.5.6  ® 

and  it  now  remains  only  to  determine  the  values  of  A^  and  A^^ : 

but  since  u^  (a^H-  ^a^-^  ly^ ^  A^ '\' A^af^A^ai^  +  A^a^ -^  he. 

du  fihu  o  % 

and  3—  =  — .  =  Ji  +  2  Jj^  +  ^  -^3^  +  *  -^4^  +  ^c- 

if  we  suppose  cr  =  0,  we  shall  find 

i,=  (v^^r=  (-1)^  and  ^,=TO(V::Tr-'=TO(- 

whence  by  substitution,  we  finally  arrive  at 

,  =C  TO«       ,         TO«(»»'-S*)     4 

=  (-l)*h *«H 5: -X* 

^        '^        1.2  1.2.3.4 


m-l 


1.2.S.4.5.6 


or*  +  &C.^ 


^     r     ^VtL      K-lO,»,  (m»-lOK-3')   , 

1.2,3.4.5*6*7  ) 


80 

Similarly  by  substituting  in  both  sides  of  this  last  equation, 
—  m  in  the  place  of  Di,  we  shall  have 


(Of  +  V^-l)"*"* 


(— 1)-2^1 w^-^-  — ^^ -JP^ 

I         1.2  1.2. 3.. 4 


w«(m*-2')(m«-4«)    g 


1.2.3.4.5.6 


or  +  &c. 


^        ^         ^  1.2.3  1.2.3.4.5 


K-l^)(m'-3^)K-5«)    , 

;r^ ^    +  &c. 

1 .2.3.4.5.6.7 


i 


If  we  make<r  =  cos^9  we  shall  manifestly  have 

(cos  A  +  ^  —  i  sin  J)*"  =  cos mA  +^  — 1  sin niii, 

and  by  equating  possible  and  impossible  quantities  the  de- 
velopements  of  cos  mA  and  sin  mA  will  thus  be  obtained  in 
series  of  ascending  powers  of  cos  A, 

Ex.  4.    To  develope  u  =  tan  <r,  we  have 

SOL  w  1.2.3        1.2.3.4.5 

t^  =  =    5 4 

cos  <r  or  or 

1 + &c. 

1  .2        1.2.3.4 

=  o^a?  +  a^a^  -f  a^a?*  +  &c.  Ogn-i^*''"'*  +  8cc. : 

whence  effecting  the  multiplications  and  equating  coefficients, 
we  find 


a«  = 


Oi=: 

1, 

«S 

= 

1  .2 

— 

1 

= 

2 

^    .• 

1 

.2, 

.3 

1 

.2, 

.3' 

«J 

«1 

.L 

P              "^W 

1 

16 

*        1.2        1.2.3.4        1.2.3.4.5         1.2.3.4.5' 


J 
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'       1.2        1.2.3.4        1.2.3.4.5.6        1.2.3.4.5.6. 

272 

1.2.3.4.5.6.7' 

and  the  general  tenn  is  determined  from  the  formula 

»» 

**"^  1.2  1.2.3.4        1.2.3.4.5.6 

Oj  _  1 


^  1 . 2 . 3 .  &C.  (2»  — 2)        1  . 2 . 3 .  &c.  (2«—  1)  ' 
which  could  not  be  found  by  the  ordinary  process. 


Ex.  5.     Let  u  =  -= ,  which  by  substitution, 

e  —  1 


Of 


Of  H H- h  &c.        1  -f  + +  &c. 

1.2        1.2.3  1.2        1.2.3 

:=  a^  +  «!«?  +  a^at^  4-  a^w^  +  &c.  +  o„«ia?***; 
then  by  multiplication  and  equating  coefficients  we  shall  find 

«o  ~  ^'   «i  =  —  i»   ^2  =  6»   ^3  =  ^>  ^^' 

so  that  w  =  1  —  io?  +  1  -^ H-  &c. 

^  «1.2       SO  1.2.3.4 

and  the  law  may  be  established  generally  as  in  the  last  example. 

This  function  could  not  have  been  developed  by  means  of 
Maclaurm's  Theorem,  without  having  recourse  to  principles 
not  yet  explained,  since  the  values  of  fT^,  tTj,  t/^,  &c.  assume 

the  form  -  on  the  supposition  that  oo  is  made  =  0. 

72.  Cor.  4.  If  it  be  required  to  develope  the  function 
in  descending,  instead  of  ascending,  powers  of  the  principal 

L 
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variable,  it  will  frequently  be  sufficient  to  find  its  expansion 
in  ascending  powers  of  one  of  the  constants  involved  in  it 

as  in  Ex.  8.  of  (68) ;    or  generally  by  assuming  or  =  -  and 

then  finding  the  developement  of  the  function  by  the  formula 

°  ^1  *1.2  M.2.S 

tJB 

thus,  in  the  simple  instance  u  = ,  which  by  the  common 

1—0? 

formula  ^  w-\'X^  +  a?'  +  &c.,  if  we  put  ^  =  -  ,  then  will 
w= =(»-!)-*,  and  .'.  t7o=l,  i7i  =  -l,  i72=-2,  &c. 


whence  u 


I        w       or  3 

as  appears  also  by  the  actual  division  of  o?  by  —  J?  +  1. 

73.  CoE.  5.  If  a^  represent  the  coefficient  of  a?"  in  the  ex- 
pansion of  any  function  of  w  by  Maclaimn^s  Theorem,  and  fe„ 
in  a  similar  expansion  of  the  Naperiatn  logarithm,  of  that 
function,  then  will 

^«»=^««-i+262a^^2+S63a„.3+&c.+(«-l)6^.,ai+w6„a^. 
For,  let  us  make  the  two  general  assumptions,. 

log  w  =  fe^  -^  6j  J?  +  63^?*  +  63*^  +  &c.+6„-i»"^*+6„'^+  &c. 

/.  —  =  ai+2a2d?+SA3a?^+&c.  +  (n— l)a„_i«»*-*+na^a?*"'*+8EC. 

and 

-— -==fej+26„a?+363,r*+&c.+(n-l)6„.icr«-"+w6^^»-^  +  &c. 
udx 
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whence  we  have  immediately 

and  by  equating  the  coefficients  of  ^"'^  in  both  sides  of  this 
equation,  there  results  the  formula 

by  means  of  which,  the  relation  between  the  coefficients  of 
the  expansion  of  log  u  may  be  determined,  if  that  between 
the  coefficients  of  the  expansion  of  t«  be  known. 

74.  If.  \i  represent  the  same  function  of  x  +  h,  that  u 
is  of  X,  then  if  u  can  be  developed  in  terms  of  x  and  inte- 
gral positive  .ascending  powers  of  h,  the  developement  may  be 
obtained  from  the  equation 

,  du  h      d«u   b*       d^u     h*        ,         d"u  h» 

u  =u  +  - 1-  TT-i  zr^  +  T— ,  r-r-r  +  &c.  + 


dx   1       dx^  1,2       dx^  1.2.3  dx"  l,2.3.&c.n 

+  he. 

Since,  when  h  becomes  0,  u  becomes  u,  it  is  obvious  that 
we  may  assume  u  =  u  +  Ph^  +  Qh^  +  Rh^  +  &c.  wherein  the 
quantities  JP,  Q,  R^  &c.  are  functions  of  x  not  involving  h\ 
whence  by  differentiating  with  respect  to  w  and  A,  we  obtain 
successively 

du       du      dP^        dQ^f.      dR  ^ 
dw       dco       doB  dw  doB 

and  — -  =  aPA— * +  i3QA''-i+7«Ai'-*  +  &c. : 
dh 

now  since  in  u  =  f{w  4-  A),  the  quantities  w  and  A  are  involved 

in  precisely  the  same  manner,  it  is  manifest  that  ----  =  ~r-  , 
^  -^  dh        dw 


/. 
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« 

and  .-.  aPh"-^  +  /3QA«-*  +  7^?*!'-'  +  &c. 
dx       dx  dm  dx 

1 

whatever  be  the  value  of  h ;  whence  equating  the  indices  and 
coefficients  of  corresponding  terms,  we  shall  have 

aPA«-^  =  — -  =  — -A^    /.  0-1=0,  or  a  =  l  andJP=3-: 
dx       dx  dx 

dx  '^  2   dx      1.2  dx^ 

•  ■ 

^  1  dQ  1       d^u 

so,7  =  /3  +  l  =  3andiJ=^— =j-^— ,andsoon: 

,          dw  A      d^w   A^       d%     A^        „        d«w  A* 

.\u'=iu+- 4--r-^   —'+-7-^  — r— +  &C.+ 


-*— «- 


do?   1      da?*  1.2       dx^  1.2.3  do?**  1.2.3.  &c.n 

+  &C. 

Since  u  ^  fx  and  u  ^  f  {x  -^  K)^  this    Theorem   may 
be  written 

•^    ■        ^     -^  d^      1  d^*      1.2        da?'      1.2.3 

Also,  if  ip^  g,  r,  &c,  denote  the  successive  differential  co- 
efficients, retaining  the  double  sign  of  A,  we  shall  have 

A  A*  A' 

/(a?±A)=/a^±p-j  +g— ±r^-^  +  &c. 

This  important  Theorem  was  first  given  by  Dr.  Brook 
Taylor,  and  on  that  account  is  designated  Taylor's  Theorem. 

Ex.  1.     Let  w  =  a?^  and  .-.  w'  =  (a?  +  A)"*, 

.  .        du  .      ^u  ,  V         o 

then  we  have -7-  =  mx*^"^ ;    -z-^  =  w  (w  —  J)  x-'^"^; 

dx  ~-       dx' 


>s 
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=  m  (m  —  1)  (w  —  2)  ,r"*"  ^;   &c.  =  &c. 


therefore  u  or  (a?  4-  A)**  =  a?*"  +  fnaf^^^h 

+  — > i  ar-*h*  +  ^-^^ ^ ^oT-^^h^  +  &c. 

1.2  1.2.3 

This  example  is  a  general  proof  of  the  binomial  theorem, 
though  it  is  not  unusual  to  assume  the  binomal  theorem 
which  can  be  established  upon  algebraical  prmciples,  to  prove 
that  of  Taylor.     Thus, 

let  u  =  aa^  +  bafi  +  ca^y  +  &c.,  and  we  shall  obviously  have 

w'  =  o  (a?  -f  A)«  -f  6  (a?  +  h)^  +  c  (a?  +  A)^  +  &c. 

=  o4?«  +  bafi  +  cwy  +  &c. 

+  (aaa?«"^  +  /36a^-'  +  7ca?y-i+  &c.)* 

+  {a(o-l)a««-'+/3(j3-l)6««-*+7(7-l)ca!i'-«+&c.}  — +&C. 

1 .2 

_  dt^  A       d*w    A*       .cPw      A^ 

""  dj?  T       dw^  1.2       dp  1.2.3 

by  substituting  for  the  successive  lines  of  the  expansion  taken 
in  order,  the  equivalent  expressions 

du  A     €pu    h^   ' 
da   1      da?*  1.2 

Ex.  2.     Let  w  =  log  «r,  or  w'  =  log  (<r  +  A),  then 

dw  ^  1      ^«*  _         1       <Pt*      1.2      d*w  2.3 

d^"^i'   d^  ""  "■  .i^'   d^"^"^'    d^"^  ""^'    ^^' 

.-.  t.'  or  log  (..  +  A)  =  log  .  +  (?)  .  ^  Q^  +  I  (?)V  &c, 


'; 


t . 
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Ex.  3.     Let  u  =z,  sin  .v,  or  u\=:  sin  («!i7  +  A),  then 


^f      —  =cosa?;  — 2  =  — sino?;  --r-5=  — cosj?;  -— 5=sui^;  &c.. 


sin 


h  A* 

/.  w'  or  sin  (x  +  A)  =  sin  a?  +  cos  a?  -  —  sin  a?  — 
^         ^  1  1.2 

—  cos  <r -I-  sin  w y  &c. 

1.2.3  1.2.3.4     ^ 

This,  by  collecting  together  the  coefficients  of  sin  x  and  cos  os 
respectively,  becomes 

in  .r  ( 1 1 &c.  1 

\  1.2        1.2.3.4  / 

-f-  cos  07  (  A H  — ^ &c.  I , 

\  1.2.3        1.2.3.4.5  / 

which  we  know  from  (68)  is  equivalent  to 

sin  w  cos  h  +  cos  w  sin  A. 

Similarly  for  the  cosine. 

Hence,  if  the  sine  and  cosine  of  an  arc  were  differentiated, 
by  means  of  a  geometrical  construction,  or  without  taking  for 
gracited  the  expressions  for  sin  (tV  +  A)  and  co&  (<i^-f  A),  such 
expressions  might  be  found  from  this  example. 

75.  CoE.  1.  The  differential  coefficients  of  every  function 
of  w  being  infinite  in  number  unless  it  be  of  a  rational 
algebraical  form,  it  follows  that  the  corresponding  function 
of  07  +  A  will  in  general  be  expressed  by  a  series  of  terms  in- 
definitely continued:  and  whenever  the  result  of  the  application 
of  this  theorem  is  considered  merely  as  an  analytical  transfor- 
mation of  the  function,  it  is  of  very  little  consequence  whether 
the  number  of  terms  be  finite  or  not.  This  will  not  be  the 
case  however  when  we  wish  to  ascertain  the  value  of  the 
function  in  any  particular  state  of  the  principal  variable,  and 
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therefore  it  will  be  of  some  importance  to  be  able  to  find  the 
limit  of  the  quantity  which  is  omitted  by  stopping  at  any 
assigned  term  of  the  developement.     We  have  seen  that 

du  h      ^u   A«        6?u     h^        „         dTu  A« 


1        dar*   1.2       da?'  1.2.3  daf  1.2.3.&c.n 

d"+^tt  A»+»  d*+««  *»+« 


da?»+^  1.2.S.8cc.  (n  +  1)       d»*+*  1.2.8.&C.  («  +  2) 
d"+*tt  A»+3 


da?*+^  1.2.S.&C.  («  +  S) 


+  &c. 


whence  if  we  stop  at  the  end  of  the  series  comprised  in  the 
first  line,  we  have  the  remainder  equivalent  to 

A-+1 


1.2.3.&C.  («  +  l) 

^  (da^^^''*'  da?»+«  «  +  2  ^  da!^+^  (n  +  2)  («4-3)  "*■        > 

whereof  the  sum  of  the  quantities  contained  between  the  brackets 
is  obviously  greater  than  its  first  term:  but  since  by  the 
theorem 

*•+*»'       *•+*«       d»+««  h      d^^^u    n? 

^  - 4,  -  4. 4.  fee 

da-»+'       da^+*       rf«»+*  1       rf«»+»  1.2  ^       " 

of  which  each  term  after  the  first  being  manifestly  greater  than 
the  corresponding  term  of  the  last  mentioned  series,  since  the 
the  divisors  of  the  quantity  h  and  its  powers  are  less,  it  foUows 
that 

da?«+^  "^  da?«+«  w  +  2"''da?«+'  (n  +  2)(n  +  S)  ■*" 

d*+*w        ,  ,        ,       d*+^tt' 
is  ffreater  than -; — --:   and  less  than    ,  ^. .- , 
°  d.j?*+*  da7"+* 

and  therefore,  that  the  value  of  the  result  given  by  Taylor^s 
theorem  lies  between  the  two  quantities. 
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"■*'d^l  ■*""*" do*"  1.2.S.&C.W-     d^+'  1.2.3.8tc.(n  +  l)' 

and 

duh     .        d'^u         h"  d'+'u'  h'*' 

" ■*" d^  1  ■*■  daT  1.2.3.8cc.«"*"  dar+*  l.2.a.&c.(n  + 1) 

and  consequently  the  value  of  the  remaining  terms  of  the  ex- 
pansion after  the  (n  + 1)*,  lies  between 

5^^^+^  1.2.3.&C.  (»  +  l)  d^^^    1.2.3.&c.(n+l) 

the  least  and  greatest  values  of  these  diflFerential  coefficients 
corresponding  to  the  limits  a?  and  a?  +  A  of  the  independent 
variable  being  supposed  to  be  taken. 

Ex.  1.    If  we  have  u  —  oT    and  therefore  w'  =  (a?+A)*", 
then  will 

^!^==w(w-l)(m--2)&c.(w-n)a?^-"-^^  and 

^^  =  m(m- 1)  (m-2)&c.  (m^n)  (a?  +  Ar-"-^ 

whence,  by  substituting  in  the  Theorem  the  values  of  the  succes- 
sive  difiFerential  coefficients,  it  appears  that  the  expansion  of  the 
binomial  {x  +  A)"^  is  comprised  between  the  two  expressions 

^  ^  l.2.3.&c.(w  +  l) 

and 

and  the  sum  of  the  terms  of  the  developement  after  the  »*^, 
will  obviously  lie  between 

m(m- 1)  (w-2)  &c.  (w  -  n  +  1)  ^m-n||n  and 
1 . 2  . 3 .  &c.  » 

w  (m^  1)  (m-2)  8cc.  (m  -  ».+  l)  .^  ^  ;^)"'">»^>» 
1  . 2 .  3  .  &c.  w 
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Ex.  2.     Let  u=^if.  so  that  -7-^x7=^"     «'  and  — — — - 

=  A""*"^^''*'*:    whence  the  developement  of  a'  is   comprised 
between  the  values 

a'  <1  +  A?A  + +  &c.  + — '\ 

I  1.2  1.2.3.&c.(«  +  l)3 


and   a'  ^  1  +  /pA  + +  &c.  + — -}  ; 

I  1.2  1.2.3.&c.(n  +  l)) 

and  if  we  stop  at  the  n^  term  of  the  developement,  the  sum  of 

the  remaining  terms  will  obviously  be  greater  than 

1 .2.3. &c.  fi 

and  less  than . 

1.2  d.&c.  n 

Ex.  3.     From  u  =  log  <r,  we  have  immediately 

d»+*w        1.2.3. &c.«.     ^^^.       .d*^W        1.2.3. &C.W,     ,  ^, 
7—-  = — — (-1)  "^    and-- — TT=-:; (-1)"+*; 

from  which  we  conclude  that  the  expansion  of  log  (^  -f  A) 
lies  between  the  expressions 

and 

,  h       iMV       o  1/      A\"  1      /         A     \"^* 

loga?H- (-1   +  &c. (  —-) 1 I       ; 

a?       2  \xf  n\     w/       n  +  l\      d?4-A/ 

and  that  the  sum  of  the  terms  of  the  developement,  after  the 
n^y  is  of  intermediate  magnitude  to 

M 
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Ex.  4.     Let  t^  =  sinj? ;  from  which  we  obtain 

— — TT  =  sin  Un  +  l)  — h  m 

and   -r^—;^  =  sin  {(n  +  1)-  +  0?  +  A} ; 

and  therefore  the  developement  of  sin  (jv  +  h)  manifestly  lies 
between  the  quantities 

m  mm 

sin  X  -f  &c.  +  sin  (n f-  w) h  sin  Kw  + 1)  —  +  M 

^    2  ^    ^  1.2.3. Sic.n  ^^         ^  2         ^ 

and 


l.2.3.8cc.(w  +  1) 


sina?  +  &c.  +  sin  (n  -  4-  w) h  sin  j(w-f- 1) — haf  +  hl 

^    2  ^1.2.3.&c.n  *^         ^2  * 


1.2.3.&C.  (n  +  1)* 

and  consequently  after  n  terms  of  the  theorem  have  been 
applied,  what  remains  will  be  intermediate  to 

smm — h  ^) ;; and   smiw-  +a?4-A) —  ; 

^    2  '^1.2.3.&c.n  ^    2  '^1.2.3.&C.w 

and -if  the  greatest  and  least  values,  1  and  —1,  of  the  dif- 
ferential  coefficient  -—  be  taken,  the  magnitude  of  the  sum 
of  the  remaining  terms  will,  in  all  cases,  lie  between 

and    + 


1.2.3.&C.W  1.2.3.&C.W 

Similar  conclusions  may  be  drawn  when  w  =  cos^;  and 
the  same  method  may  be  applied  to  every  function  whereof 
the  general  differential  coefficient  can  be  obtained. 


91 

76.  Cob.  2,  In  the  difference  of  the  functions  u  and  u\ 
which  is 

du  h      d^u   A*       d^u     A' 

w  —  «^  =  --  -  -f  — --  —  +  —-  +  &c. 

dx  1        da?*  1.2       da?^  1.2.3 

any  one  of  the  terms  may,  by  assigning  a  proper  value  to  h,  be 
made  greater  than  the  sum  of  all  those  that  follow  it. 

For,  if  the  expression  be  written  P^h  +  PJh?  -h  &c.  +  P^A" 
-f&c.  and  Zr  be  a  quantity  equal  to,  or  greater  than  the  greatest 
of  the  quantities  P^,  Pg,  Pj,  &c.  P^,  &c.  then  is 

PjA  +  P^A^  +  PjA^  +  Scc.  less  than  ZA  +  LA^  +  LA^-f  &c 

which  will  also  manifestly  be  the  case  when 

Pg A^  +  Pa  A^  +.  &c.  is  less  than  iA*  +  LA'  H-  &c. 

or  less  than  iA*(l +A  +  A*H-&c.  in  infinitum) 


or  less  than 


1-A" 

LA« 


wherefore,  if  P^A  be  taken  equal  to,  or  greater  than 


or  P.  be  taken  equal  to,  or  greater  than , 

1  —  A 


1-A' 
Lh 


or  A  be  taken  equal  to,  or  less  than 


Pi  +  £' 


it  is  manifest  that  the  first  term  will  be  greater  than  the  sum  of 
all  the  rest : 

Again,  after  n  terms,  the  devdopement  is 
^«+i*"+'  +  i*«+4A"*'  +  &c-  =  A-(P,+,A  +  P,+,A«  +  &c.) 
in  which  P„  +  iA  may  be  made  greater  than 
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by  what  has  been  pi'dved ;   therefore  it  fbllows  that  on  the 
same  hypothesis 

P„^iA»+^  will  be  greater  than  Prt+2A»+*  +  P„+3*"+^H-&c. 

Wherefore,  if  the  inverse  ratio  of  every  two  consecutive 
differential  coefficients  be  finite,  such  a  value  may  always  be 
given  to  A,  that  any  one  of  the  terms  may  be  greater  than 
the  sum  of  all  those  that  succeed  it. 


77-  Cor.  3.  In  every  function  of  one  principal  variable, 
the  general  values  of  the  successive  differential  coefficients 
will  always  be  expressed  in  finite  terms,  except  in  certain 
rational  functions,  when  they  at  length  become  =  0 ;  and  it 
therefore  follows,  that  Taylor^s  theorem  will  enable  us  to  find 
the  general  developements  of  all  functions  o{  w-^h  whatsoever. 

But  since  in  the  demonstration  of  the  theorem  given  in  (74) 
the  coefficients  P,  Q^  R,  &c.  of  h  and  its  powers  have  been 
supposed  finite  quantities,  in  order  that  the  indices  and  co- 
efficients may  be  respectively  equated  on  both  sides  of  the 
equation,  the  consequence  will  be,  that  if  such  a  value  be 
assigned  to  the  principal  variable  as  to  make  any  of  the  said 
coefficients  indefinitely  great,  the  theorem  cannot  be  expected 
any  longer  to  hold  good:  in  other  words,  it  is  said  to  fail 
in  giving  the  developement ;  and  this  Failure  therefore  de- 
monstrates, that  the  particular  value  of  the  function  proposed 
cannot  be  expressed  in  integral  positive  powers  of  h  combined 
with  Jinite  coefficients. 


Ex.1.  Let  u  —  (Jo^-\-,Jx—a  and  7^'  =  (a?4-A)'+^^+A— a; 

— —  =  4  (oj  —  a)     %  &c.  =  &c. 
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whence  we  have  by  the  theorem, 

+  {2  -i(^-a)-f}  ^  +  {|(^-a)-|}  -A-  +  &c. 

,  ,        ,         i h  A*  A^ 

=  a7'  +  2^A  +  A*  +  ^^-a  + + 


2(^7— o)*^      8(<r— a)^       l6(a?  — a)^ 
-  &c. 

which  is  the  general  developement  of  «': 

but  its  particular  value  corresponding  to  w  =:a,  is 

a*  +  2o*  +  A*  +  0  +  oo  -OD  +03  -&c. 

from  which  nothing  can  be  determined,  though  at  the  same 
time  the  real  value  by  substitution  is  (a  +  hy  +  ,^j  which 
manifestly  cannot  be  exhibited  in  integral  positive  powers  of 
h  with  finite  coefficients. 


Ex.  2.    Let  u  =  — — -3=  a  (6 — d?)  -  ^,  and  .•.  tt'= 


then-— =3a(6  — ^)-%    --_  =  s.4a(6  — /i?)-^ 

T-^  =  3.4.5a(6  — d?)-^  &c.  =  &c. 

dor  ^         ^ 

whence  the  general  developement  will  be 
,  __       a  3a      A         3.4a       A*       3.4.5a     A* 

in  which  for  the  particular  case  of  w^-b,  every  term  becomes 
infinite,    though    the    real    value    of    the    function    is    then 

=  —  —  =  —  «A"^,  the  index  of  A  being  negative. 
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78.  CoE.  4.  Though  fractional  and  negative  indices  may- 
enter  into  the  developement  of  a  function  when  particular 
values  are  assigned  to  the  independent  variable,  it  may  readily 
be  demonstrated  a  priori  that  such  cannot  be  the  case  whilst 
X  remains  indeterminate. 

For,  if  possible,  let  GA*  or  G^h^  be  one  of  the  terms 
of  the  general  developement  of  /(a?  +  A),  then  it  is  obvious 
that  the  radical  quantities  which  are  involved  in  fw  will 
also  be  found  with  the  same  indices  in  f(a?+h):  now 
the  substitution  o{  w  +  h  in  the  place  of  <r,  cannot  alter  the 
number  of  the  values  of  the  function,  it  being  observed 
that  every  radical  quantity  has  as  many  different  values 
as  there  are  units  in  its  exponent,  and  that  every  irrational 
function  has  therefore  as  many  different  values  as  there  can 
be  formed  combinations  of  the  different  values  of  the  radical 
quantities  which  it  contains ;  and  it  therefore  necessarily  follows 
that  if  the  developement  contained  a  term  of  the  form 
G  aJ^A^,  every  value  of  fw  would  combine  itself  with  the 
n  values  of  the  radical  quantity  ^A*",  so  that  the  developed 
function  would  comprise  more  values  than  the  same  function 
when  not  developed;  which  is  absurd. 

Neither  can  the  developement  involve  a  term  of  the  form 
Gh"^,  or  — ,  for  when  A  =  0,  j^=  oo,  whence  we  should 
have  fw  =  CO,   which  is  contrary  to  the  hypothesis. 

It  therefore  remains  only  that  the  developement  of  f(jv+h) 
is  of  the  form 

fw  +  Ph-^  Qh^  -h  Rh^  +  &c. 

which  has  evidently  as  many  values  as  fx,  there  being  a  value 
of  each  of  the  quantities  P,  Q,  J?,  &c.  corresponding  to  each 
value  of  the  function  proposed. 

79*  C^^*  ^-  From  what  has  been  said  then,  it  is  obvious 
that  the  same  conclusion  will  no  longer  hold  good  when  such 
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a  value' of  the  principal  variable  is  substituted  for  it  in  the 
function,  as  will  cause  to  disappear  from  it  one  or  more  radical 
quantities:  for  though  such  particular  value  may  cause  the 
radical  quantities  to  disappear  from /a?,  it  will  not  have  the 
same  eflPect  upon  f{w  -f  A)  ;  and  the  developement  of  f(jc  +  h) 
may,  for  this  particular  value  of  Xj  contain  more  values  than 
the  original  function  of  x,  which  excess  is  the  cause  of 
fractional  powers  of  h  being  admitted  into  the  developement. 

80.  Cob.  6.  Conversely,  if  the  developement  o{f(af  +  h), 
for  any  particular  value  of  the  independent  variable,  involve 
either  fractional  or  negative  coefEcients,  there  is  no  difficulty 
in  shewing  that  some  or  all  of  the  corresponding  differential 
coefficients  ought  to  become  infinite. 

For,  when  the  value  a  is  assigned  to  a?,  let  us  assume 

f{a  +  h)  =  AQ  +  A^h  +  A^hr+  &c.  +  A^hT  +  XA«+  &c. 

where  a  is  a  fraction  lying  between  the  whole  numbers  n 
and  n  +  1:  then  we  know  that  A^y  A^,  &c.  A^^  &c.  are  the 
values  of  the  function  and  its  successive  differential  coefficients 
when  d?  =  o:  but  since,  when 

du       du 
u  =/(«-f-A))  we  know  that  ~—  =  ----, 

dx        dh 

we  shall  obviously  have 

-4o  =  /(^  +  ^)>     A=  ^^ 5      -«2=  -^ >      &C.  =  &C. 

-4«  =  — ^^-TTz — -  5  the  value  of  h  hems  taken  =  0 : 
now  from  the  assumption,  we  have 


dh* 


=  1.2.3. &c.  nA^+a(a—l)  (a-2)  &c. 


{a'-n'{- 1)  J«  A«-«  -I-  &c. 
^^A__^  =  «(««l)(«^2)&c.  (a-w)AA«-'«-'  +  &c. 


&c.  =  &c, 
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wherefore,  if  A  =  0,    it  is   obvious  that   A^  remains   finite, 
whilst  Aa  and  the  coefficients  succeeding  it,  become  infinite. 

Again,  if  we  assume 
f(a-\'h)=iA^^h"^  +  &c.  +  AQ  +  A,h  +  A^h^  +  kc. 

we  shall  immediately  obtain 
df(a  +  h) 


dh 
d^f{a  +  h) 


dh^ 

&c.  =  &c 


=  —  mA^JV"^'^  +  &c.  +  Jj  +  2  JgA  +  &c. 


=  w(w  +  l)-4.^A""*"^  +  &c.  +  2-42  +  &c. 


which,  on  the  supposition  of  h  being  =  0,  all  become  infinite. 

Hence  also,  if  the  first  n  values  of  the  difierential  co- 
efficients of  /(a  + A)  remain  finite,  and  all  afterwards  become 
infinite,  it  follows  that  a  term  of  the  form  AJi%  where  a 
lies  between  n  and  ?^^-l,  must  enter  into  the  corresponding 
developement  of  the  function:  and  though  all  the  preceding 
terms  of  the  developement  axe  correctly  found,  and  its  place 
has  thus  been  ascertained,  the  term  itself  must  be  determined 
by  other  methods,  wliich  do  not  depend  upon  this  Calculus. 

81.  TcuyloT^s  theorem,  proved  in  the  preceding  pages, 
gives 

iu  h       d^u    h^        d^u     h^ 

dw  1        dor  1.2       don^  1.2.3 

,  ^  du  h       d^u    h^        d^u     h^ 

dx  1        dx^   1.2        dx^   1.2.3 

which  is  the  value  of  the  increment  of  u  corresponding  to  A, 
the  increment  of  the  principal  variable  a?;  and  if  h  be  assumed 
equal  to  the  indeterminate  magnitude  dw^  the  expression 
becomes 
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du       d^u       d^u    .   ,  d'^u 

A  ?*  =  —  + H H  &c.  + +  te. 

1  1.2        1.2.3  1.2.3.&c.n 

which  is   the  increment   or  finite   difference  of  the  function 
expressed  in  terms  of  its  successive  differentials. 

Ex.     Let  u^aa/^,  then  the  foianula  above  gives 

Au=:d  {aaf^)  +  —  d^  (aaf^)  + d^(aa^)  +  &c. 

but  d(aa?*")  =  i»aj^"^dj?; 
d*  (o  J?"*)  =  d  (»iiaa?~"  ^da?)  =  m  (»»  —  l)  aa^'^dx^ ; 
(P(aa?'»)  =  d{m(m—  l)aa?*""*da?*}  ss:f»(m— l)(f»  — 2)aa?^"-*da?'; 

&C.  =:  &C. 

■    I 

whence  we  have 


_j  m(m  — 1) 


A  «^  =  mao!^'  dw  -\ ^a^'^da?* 

1.2 

+  — ^ — -aoT'^dx^  -h  fcc. 

1  .2.3 

82.  The  expression  for  the  finite  difference  of  u  exhibited 
in  terms  of  its  successive  differentials,  will  therefore  enable 
us  to  find  the  general  differential  coefficient  of  any  proposed 
function  fw,  provided  the  general  term  of  the  developement 
of  /(a?  -f  d/c)  can  be  determined. 

For,    A  u  =/(d?  +  dw)  —fa: 
^fx  +  Pdx  +  Q,dw^  +  Rdar^  +  &c.  +  Xda;^  +  &c.  —/a? 
=  Pdx  +  Qdar^  +  Rdai^-\-  &c.  +  Xdw^  +  &c.: 

,  du       d^u         d?u        ^  d^'u 

but    A  t^  =  —  +  . + +  &c.  + -H  &c. 

1  1.2        1.2.3  1.2.3.&c.n 

.'.  equating  the  corresponding  terms  of  these  two  series,  we 
have 

N 
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du^PdoB,    =  ada!\    -----:=  Rdar>,  &c.=&c. 

1.2  1.-6.3 


1.2.3.&c.n 

doD  da^ 


whence  we  have  -^-^=sFj    -j-^  rsi.^i^- 


t^  =  l,2.3R,  &c.  =  &c.,-r;^  =  1.2.3.&c.nX 
dar^  d(3^ 

Ex.  1.     Let  w  =  <«?",    therefore  by  the  binomial  theorem 

we  have 

Au^ipe-^-dxY  —  ar^mar'^dai 

1.2  1.2.3 

1.2.3.&C.W 

1  1.2        1.2.3  1.2.3.&C.W 

from  which  we  obtain 

du  «_,      «^*«* 


div 

d^u 
1^ 


dor 
=  m(m-l)  (w-2)a?"'-^   &c.  =  &c. 


—  =  m(w-l)  (w-2)  &c.  (w-7^+  1)0?^-". 
do?" 

Ex.  2.     Let   w  =  (a  +  fea?  +  ca?«)%  therefore 
A  w=  (a  +  6a?  +  cm^-^bdw-^-^cxdoB  JfcdoFy  -  (a  +  6a?  +  ca?*) 

=  (p  +  gda?  +  cda?^r-K, 

if  a  +  fea?  +  ca?*  =  p,    and   6  +  2cti?  =  9: 


.9\m 


'9g 

but,  by  the  binomial  theorem, 

{p  +  qdjp  +  cdaFy  =  (p  -^-qdwy  +  m  (p  -f  qdxY  '^cdx^ 

tii(m-l)  ,,^^^^4 

1.2  '^ 

m(»»— 1)  (m-^2)  ^  ,  V-.   ,  •  ,  «     « 

1.2.3  vi-     f      / 

and  to  obtain  the  coefficient  of  dx^^  we  must  manifestly  add 
together,  in  connection  with  constant  quantities, 

the  coefficient  P^  of  da^  in  the  developement  of  (p  +  qdaf)^, 

P^^^oi  daf"'^ (p-fgd^)"-S 

P^_4of  rfa?"-* (p  +  gda?)"*-«, 

P^^^oida^'^ {p^qdxY'\ 

&c &c 

hence =  i /*«  +  »» ^«-«^+  — ^^ '^h^aC 

1.2.3. &C.W       ^    "  "    *  1.2  *•"* 

+  — ^^ P^^.c"  +  &c,  [  daf, 

1.2.3  "    *  ^ 

and  d"w  =  1 .2.3. &c.  n  {P^  +  mP^^^c  +  ^^^^   ^  P^^^t^ 

1 .2 

w(m— 1)  (w  — 2)  ^        ,  .  , 

+  ^gg -^P,_6^^  +  &c.}d^: 

but,  from  the  binomial  theorem,  we  readily  obtain 

_       m(w— 1)  (m  — 2)&c.  (w- nH- 1) 

1.2.3.&C.W  ^         ^   * 

^       ^(m-l)(m-2)(m^3)&c.(m-^n  +  2)    ^,,^^     ,,_, 
""^  1.2.3.&C.  (w  — 2)  ^  ' 
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•       (ro-a)  (w-8)  (m-*)  fee,  (wi-n  -f  3)    -_,.t..  ,-4 
•"-*  1.2.3.&c.(«-4) 


=  P 


n 


n(n— 1)  (n—2)  (w  — 3)  p^ 

m(m- 1)  (w  — w  +  1)  (m  — »  +  2)  g^ 


^(m>-3)(m-:4)(m-5)&c.(m-n-f  4)    ^,^^3       fl 
^«-^""  1.2.3. &c.(»-6)  ^  ^ 

n  (n  -  1)  (^  —  2)  (n  -  3)  (yi  -4)  (n-  5)  p* 

~    '•m(w— l)(w- 2)  (wi-n+1)  (w  —  w  + 2)  (m-«+3)  g^' 

&c.  =  &c • 

therefore,  by  substitution  and  reduction,  we  get 

=m(m-l)  (m  — 2)  &c.  (m- w-f  l)p"'~'*g^ 

da?** 

n(w-l)     c^      7i(n  — 1)  (w  — 2)  (n  — 3)     cy 

(w  — ^  +  1)  (m  — n  +  2)  1.29* 


C  n  (w  -  1)     c^ 

^  f  "^  (w-w+1)   g^   "^ 


w(n-l)(n-2)(w-S)(w-4)(n-5)      cV      .  ^     ? 
(m  — w+l)(m  — n  +  2)  (m  — wH-3)      1.2.3g®  )' 

in  which  p  and  9  must  be  replaced  by  their  values 

(a  +  6a?  +  ca?*)    and    (6-f-2ca?). 

This  example  includes  a  greater  variety  of  others,  formed 
by  assigning  different  values  to  the  quantities  a,  6,  c,  and 
which  may  be  done  out  in  full  for  practice. 

/,  83.     Given  the  differential  coefficients  belonging  to  the 

'—        eqiMition  u  =  fx,  to  find  the  diff^erential  coejfficients  belong- 
ing to  the  corresponding  equation  x  =  0u. 

Let  h  and  k  be  the  contemporaneous  indeterminate  in- 
crements of  Of  and  u;  then,  if  p,  g,  r,  &c.  denote  the  dif- 
ferential coefficients  of  w,  from  ti=zfa;  we  shall  have 
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k^P'  +  q +r +&C. 

^1       ^1.2         1.2.3 

and  if  p',  q\  /,  &c.   be  the  differential  coefficients  of  ^, 
from  Of  =  0t«  we  get 

h  =p  — ha h  r 1-  &C. 

1.2  (^1        ^1.2  1.2.3  5 

1. 2. 5  f   1,1.2  1.2.3  5 

«|>|)'A  +  (p'g  +  9y)T-T  -f  (pV  +  3p9g'  -h ry)— --  +  &c. 

VheDce,  equating  corresponding  coe£Bcient8,  we  obtain 

,  .         ,     I  dx  1 

pp  =  1,  and  .•.  p  zs- ,  or  -y-  = 


p'q^q'p*^0,   and  .-.  q'^-S^^-1^ 

d'u 


p-  p» 


d 
or 


*x         \ds^) 


du*         /duy^ ' 

3  (7^  —  ©T 

|>V  +  Spgg'  +  rV  =  0,    and   .-.  r^==:    ^'  ^^   , 

or   -— r  =  3  — - — E ; — i ;  and  so  on. 

du^  /du\       .   /a«^^ ' 


Vrfa;/  \da!/ 
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£x.     To  illustrate  this  article  in  the  function  t^  =  tan^, 
we  have 


—  =  (sec  a?)*,     j-^  =  2  tan  a?  (sec  a?)^,  &c. 


du      ,         ^^     d^u 
—  5=  (sec  a?)  ,     — 
do)  dai 

whence  are  obtained 

dx 


du       (sec  wy       1  +  w* ' 
cZ^a?  2  tan  a?  (sec  a?)^  2  tan  a?  2w 


du^  (sec  wY  (sec  a?)*  (l  +  w*)^ 

as  has  also  been  proved  in  a  preceding  article. 


9   &c. 


84.     If  u   he  considered  a  function  of  y  at  the  same 

time  that  j  is  considered  a  function  of  x,  it  is  required  to 

find  the  differential  coefficients  of  ml  considered  afwnction  ofx. 

Let  u  =  Fy   and  y=:fafj   then  by   virtue  of  these  two 
equations  we  must  obviously  have  uss:(hxi 

now,   if   h  and   k    denote    the   contemporaneous    increments 
of  Off  and  y,  we  shall  have  from  y^^fof  and  u^<f^x^ 

,      dy  ,      d^y    K"        d^y      h^ 

A?=-^A  +  — I  -^+  3-1  +&c. 

dw         dx^  1 .2        dx^   1.2.3 

,      ,  du ,      d^u    h?        d^u      h^ 

dx         dx^   1.2       dd?^   1.2.3 


but  from  u=^Fy^  we  likewise  have 

^A;  +  — —      —       ^' 
dy  dy'^   1,9.        dy^  1,2.3 


which,  by  substitution  for  A?  and  its  powers,  becomes 

du  (dy  ,       d^y     h^  ) 

ay  (dx         dx^   1.2  ) 
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l.Zdy'ldat        dx^  1.2 


■r 


^i 


^ <-2.A  +  — ^ h  &c. 

l.g.Sdy'  Idx         da^  1.2 

-h  &c 

whence  equating  the  coefficients  of  the  same  powers  of  h  in  the 
two  expressions  for  vl  -^u^  we  obtain 

du      du      dy 
da      dy      dx ' 

d^u      du  d^y      d^u  dy^ 
dx^      dy  dx^      d^  dx^' 


&c.  =  &c. 


85.     Coa.    From  the   equations  just  found  are  readily 
deduced 


du 

du 

dx 

dy 

dy 
dx 

d^u 

du 

d^y 

dy  ^u 

du 

^y 

da^ 

dy 

dx^ 

dx  d 

!^« 

dx  dc? 

dy" 

\dx, 

\' 

dx^ 

/ 

57 ~' ^"^'^^        '  ^^^ 


and  similarly  the  other  differential  coefficients  taken  with  respect 
to  y  may  be  expressed  in  terms  of  those  taken  with  respect  to  <r. 

Ex.  1.     Let  t^ssiny,  where  j^  =  cos"*.r, 

'  du  .  dy  1 

then  -J-  =  cos  y  and  •—  =  — 


dy  dx  ^1  — a?"' 
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du     du      dy  coay  x 

dti?      dy      dj?  ^l-^w^  ^1—0?*' 

as  would  readily  appear  from  the  equation 

w  =  sin  cos  ~  *  a?  =  ^1  —  J7*. 

Ex.  2.     In  article  (56)  we  have  seen  that  according  tq 
the  notation  there  used 

d«=-^da?^  +  dy*. 

Wherefore  if  in  the  annexed  figure  r  represent  the  radius 
vector  SP  and  d  be  the  angle  which  it  makes  with  the  axis  SXy 


the  rectangular  co-ordinates  SN  and  NP  being  denoted  by 
Of  and  y  respectively,  we  shall  have 

^  =  rcos0  andy  =  rsin0: 

but  by  virtue  of  the  equation  r  =/&,  it  is  obvious  that  both 
w  and  y  are  functions  of  0;  .therefore 


d0^  ^  dfl*      dfl"" 


dx  .  _  dr 

now  --  =  —  r  sm  d  4-  COB  d  -77: , 
dd  dd 

-^=rcose  +  sm0— ; 
dd  dd 


whence  by  substitution,  we  obtain 
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ds      A  //      ^dr  .    A*      7~7~~dr  Tv 

-=V(co8e^-rsmd)  +(Bme-+rco8d) 

=  V  ^  +»^>  and  •••  d«  =  ,Jdi^Tf^d¥. 

Again,      dS=dJSP  =  d{SPN-APN) 
— j— ydd?=|(a?dy-ydar),  by  (57); 

,  (   dy        da?)      r^         ^    ^  ^  ^     r*d0 

=  M"de"*deri'  thence  d*=_. 


d^ 
dd 


Ex.  3.     If  t^  =  a  (<r  +  sin^)  and  y  =  a  (l  —  cos^),  then  will 

du        .  ^      ^  d^y 

^-  =  a  (1  +  cos/r)  and  -7-  =  o  sm  a? ; 

aw  dw 

whence,  by  means  of  the  formulae  just  investigated,  we  obtain 

du 
du       dx       I  +  coso? 
dy       dy  sin  a? 

dx 

^u  -  d*y 

again,  --t  =  —  o  sin  a?  and  — -t  =a  cosiT; 
dti?  dor 

d^w       —  (osina?)*  —  a  (1  4"  coso?)  oco8«r  1  +  coso? 

dy*  o^(sina?)'  a(sina?)'' 

and  so  on :  and  it  may  here  be  observed  that  it  would  have  been 
impossible  first  to  eliminate  x  and  its  trigonometrical  functions 
and  then  to  have  differentiated  immediately  with  respect  to  y. 


85.    In  the  equation  of  TayUyia  Theorem  found  in  (74), 

duh£u  J^      £u      h^ 
d^  T      d^  1  .  2       d^  rrj .  3 

O 
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if  we  suppose  a?  =  0^  it  is  evident  that  u  then  becomes  the 
sam6  function  of  A,  that  t^  is  of  ^ ;  and  therefore,  representing 
the  corresponding  values  of 

du    dPu    ^u 
^'  d^ '  'do?^'d?^^^^^^  ^°'  ^^'  ^*'  ^*'  *^^'  ^^^^^^^^^y' 

we  shall  have 

h  A*  A' 

•'  ®  M  *1  .2  ^1.2.3 

whence  by  changing  A  into  «r  in  both  members,  we  get 

which  is  MttclaurirCa  Theorem  investigated  in  article  (69). 

86.  In  the  investigations  of  all  the  rules  and  formulas 
contained  and  applied  in  the  preceding  Chapters,  the  ratios  of 
the  increments  or  finite  differences  of  functions,  and  of  the 
variable  quantities  on  which  they  depend,  have  been  expressed 
in  terms  of  their  original  values  and  indeterminate  increments, 
and  thence  the  ultimate  values  of  these  ratios  have  been  deduced 
by  the  method  of  Limits^  exactly  in  the  same  manner  as  Newton 
has  done  in  the  different  sections  of  the  Princifda. 

This  method  of  proceeding  does  not  essentially  differ  from 
that  of  D'Alemberti  in  which  if 

w  =  f{ai)  and  u'  =  /(a?  +  A), 

he  proposes  to  determine  the  value  of  the  fraction  -— —  when 

A 

the  quantity  A  becomes  evanescent. 

It  is  manifest  that  the  sole  difficulty  in  the  method  here 
pursued,  is  the  determining  of  the  value  of  a  ratio,  when 
the  terms,   which  express  it,  tend  continually  to   a  state   of 


107 

evanescence;  but  it  is  also  obvious  that  this  difficulty  will 
in  a  great  degree  disappear,  when  it  is  considered  that  the 
magnitude  of  a  ratio  depends  not  upon  the  absolute,  but  relative 
magnitudes  of  its  terms,  and  that  this  ratio  has  in  all  cases 
been  exhibited  by  means  of  finite  and  determinate  quantities. 

Thus  have  we  been  brought  to  the  conclusion,  that,  if  u 
be  a  function  of  w^  and  u'  the  same  function  of  ^  +  ^9  the 
general  relation  subsisting  among  the  quantities  Uy  vly  w  and  h 
will  be  expressed  by  the  equation 

""         dw  \      dx^    1  . 2      d^  1.2.3 

^  ,  du  h  ,  dl'u     K"        ^u      h^ 

and  .*.  u  -^t*  = A y h  — v  — —  -f  &c. 

dw  1       dor  I  .9,       dar  1.2.3 

h       A*  h^ 

in   which   the    coefficients  of  - ,   ,   ,  &c.   are  the 

1      1.2      1.2.3 

difPerential  coefficients  of  Uj  whose  orders  are  the  corres- 
ponding indices  of  A. 

The  conclusions,  at  which  this  Calculus  enables  us  to 
arrive,  are  however  deducible  from  several  other  views  of  the 
subject,  which  shall  now  be  briefly  explained. 

I.    FLUXIONS. 

87.  In  Sir  Isaac  Newton*8  method  of  FluaAons^  all 
quantities  whatever  are  supposed  to  be  generated  by  continuous 
motion :  as  for  instance,  lines  by  the  motions  of  points,  surfaces 
by  the  motions  of  lines,  solids  by  the  motions  of  surfaces,  &c. 

The  relative  rates  or  velocities,  wherewith  dependent 
magnitudes  or  functions,  and  the  principal  variables  on  which 
they  depend,  are  increasing  at  any  instant,  are  termed  their 
FhmonSy  and  the  whole  quantities  generated  in  consequence 
of  such  velocities  of  increase,  the  Fluents. 
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These  velocities  or  Fluxions  are  represented  by  the  same 
letters  as  the  quantities  themselves  with  points  or  dots  placed 
over  them :  thus,  if  u  and  w  represent  two  connected  quan- 
tities generated  by  continuous  motion,  u  and  x  are  taken  to 
denote  the  ra/ies  of  their  increase  at  any  time,  and  therefore 

• 

-r  will  express  the  f elation  between  the  rates  at  which  their 
increments  are  generated. 

Also,  since  the  numerical  magnitudes  of  all  quantities 
whatever  may  be  represented  by  straight  lines,  the  Momenta 
or  indefinitely  small  portions  of  the  quantities  generated  will 
be  equal  to  the  products  of  their  velocities  and  the  indefi- 
nitely small  portion  of  time  during  which  these  velocities  are 
continued,  so  that,  if  r  denote  this  indefinitely  small  pcotion 
of  time,  the  moments  of  u  and  x  will  be  represented  by  tu 
and  Tx  respectively. 

What  has  been  here  said,  will  become  more  intelligible  by 
the  perusal  of  the  following  examples. 

Ex.  1.  Let  u  =  aa^f  then  since  u  and  i  represent  the 
velocities  with  which  u  and  a?  are  respectively  increasing,  their 
moments  will  be  tu  and  ri : 

now  the  proposed  equation  u^ao^  being  true  in  all  its  states, 
we  shall  consequently  have 

=  aoT  +  maof'^rx  +  — ^ aaf^'^r^x^  +  &c. : 

1.2 

hence  T^  =  ma^^"Vir-h^  ^  ax""^T^x^+  &c. 

1 .2 

and  .-.  w  =  maa?"*~*i'H ^ -^aa^^^ri^-V  &c. 

1.2 
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rszmaw'^'^Xs  since  r  is  of  evanescent  magnitude: 

alsOj  because  the  binomial  Theorem  is  general,  this  will  be  true 
whether  m  is  positive  or  negative,  integral  or  fractional. 

Ex.  2.     Let  u  =  sin^r,  then  u  +  tu  =  sin  (a?  +  ri), 

Ism — ; 

whence  we  have  ti  =  co8i(2a?  +  Ti) — ^ — =:cosj;/r, 

since  t  is  indefinitely  small,  and  therefore  sin  —  s= 

Ex.  3.  Let  u  ss  wy,  then  Uy  x  and  y  denote  the  velocities 
with  which  u^  x  and  y  are  respectively  increasing,  and  their 
moments  will  therefore  be  tu^  tx  and  ry : 

hence  w  +  Tii=:  (a?  +  Ti?)  (y  +  Ty) 

and  .'.  Tti=yTi  +  arTy +  T*iy5 
whence  we  have  u^yx'\-xyy  since  r  is  indefinitely  small. 
Here  we  may  observe  that  x  and  y  are  any  quantities  whatever* 

Ex.  4.    Let  u  =  xyzy  then,  as  in  the  preceding  examples, 
w  +  Tw  =  (-a?  +  T/r)  (y  +  ry)  («  +  ri:) 

^xy%+T(^%X'^xxy'\-xyz)'\-T^{xyz'^yxz-^xxy)'\'T^gDyz\ 
whence  is  obtained  u=^yxx-\-x%y  -{-xyz,  as  before: 

and  similarly  if  there  be  more  factors. 

Ex.  5.     Let  8  be  the  arc  of  a  curve  whose  rectangular 
co-ordinates  are  x  and  y;  then  if  its  equation  be  y=f(x)y 
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the  velocities  of  the  generating  point  in  the  directions  of  x  and  y 
may  at  any  time  be  represented  by  x  and  y^  and  consequently 
the  corresponding  velocity  in  the  direction  of  the  curve  will  be 
that  which  is  compoimded  of  these  two,  that  is 

i  =  tj  X   +  i^* 

Hence,  taking,  as  an  instance,  a  circle  whose  equation  is 
y  =  i^2ax  —  x^,  we  have  by  the  first  example, 

la^x)x  y  a  — J7 

y  =     ;        ^      .  or  ^=r 


j^Zax-^x^  ^      ij'iax—cf' 

and  therefore 

ax  s  a 

9  =  —  : ,  or  «  = 


t,j9,dx^(}f'  X      tsJSLax^x 

Ot  ^^  X 

that  is,  the  velocity  in  y  is     .  times  as  great,  and  the 

^^ax'^a^ 

velocity  in  «  is      .  times  as  great  as  the  velocity  in  x ; 

tsJ^ax-'X^ 

also  at  any  point  (^,  y)  these  velocities  are  to  one  another 
respectively  as  the  quantities  a  —  x,  a  and  ^9.ax  —  ^*,  which, 
by  assigning  numerical  values  to  ^,  will  give  their  corres- 
ponding numerical  relations. 

Since,  by  Lemma  7,  NewtovCs  Principia,  the  directions  of 
the  arc  and  tangent  are  ultimately  coincident,  if 


ST 


at  the  point  P  a  tangent  of  any  length  be  supposed  to  be 
drawn,  and  the  triangle  PTR  be  completed, 


Ill 

the  sides  PR^  RT  and  PT  o{  the  triangle 

will  be  respectively  proportional  to  the  fluxions  of  the  lines 
ANf  NP  and  APj  denoted  by  co,  y  and  «,  and  may  conse- 
quently represent  the  finite  velocities  designated  by  x,  y 
and  i:   and  PTR  is  therefore  called  a  Flummal  triangle. 

Ex.  6.  Let  2  be  the  surface  of  a  solid  S3rmmetrical  with 
respect  to  its  axis,  and  generated  by  the  motion  of  a  variable 
circle  always  parallel  to  itself;  then  if  x  and  y  be  the  abscissa 
and  ordinate  corresponding  to  the  arc  «  of  a  section  made  by 
a  plane  drawn  through  the  axis,  it  is  evident  that  the  moment 
of  the  surface  of  the  solid :  the  moment  of  the  surface  of  a 
cylinder  having  the  same  axis  and  the  radius  of  whose  base  is  y 

::   the  velocity  in  %  :  the  velocity  in  w  ::  i  '-  i; 
whence  we  shall  have  2  sz^iryi  r  =  ^iryi* 

X 

88.  With  respect  to  these  examples,  we  observe  that  the 
results  are  the  same  as  have  already  been  obtained  by  the 
rules  of  the  Differential  Calculus  laid  down  in  the  preceding 
Chapters ;  and  it  is  not  difficult  to  prove  generally,  that  the 
limits  of  the  ratios  of  the  increments  of  the  quantities  there 
used  are  precisely  the  same  as  the  ratios  of  the  Fluxions 
above  defined. 

For,  let  AB  and  CD  be  two  straight  lines  described  with 


E    e,     e 

_j — I — I- 


41-t 


J) 


continually  accelerated  velocities,  Ee^  Ff  being  simultaneous 
increments :  let  jBe,  F(j>  be  the  increments  which  would  have 
been  generated  in  the  same  time  with  the  velocities  at  E  and  F 
continued  constant :  suppose  also  v  to  be  the  uniform  velocity 
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with  which  Ee  is  described,  v  +  w  the  velocity  acquired  at  e, 
and  «+«  the  uniform  velocity  with  which  Ee  would  have  been 
described  in  the  same  time:  then,  it  is  manifest  that  tj-f*^  is 
less  than  v+w  and  greater  than  t?,  and  therefore  that  z  is 
less  than  w,  and  greater  than  zero;  likewise  when  the  incre- 
ments are  diminished  sine  Umite,  w  and  therefore  x  is  also 
diminished  sine  limite ;  hence  the  limit  of  Ee  :  Ee  =  1:1  = 
the  limit  of  F(f}  :  Ff;  and 

.-.  the  limit  of  £c  :  Ff=Ee  :  F<f>: 

but  Ee^  F(j>  are  the  increments  generated  uniformly  and  may 
therefore  be  taken  to  represent  the  velocities  or  Fluxions : 

whence  the  limit  of  Ee:Ff=-  Fluxion  of  JE :  Fluxion  of  CF. 

Therefore,  the  rules  previously  investigated  for  finding  the 
Differentials  of  quantities,  will  also  be  sufficient  for  determining 
their  FluMons. 


Ex.  1.     Let  w  =  oa?*+fea?+c,  ih&i  ii  ^^awx  +  hxy  and 


u 


-  =  2aa?  +  5,  which  shews  that  at  any  time  the  function  u  is 


X 


increasing  2aa?-f-  6  times  as  fast  as  the  principal  variable  w. 

Ex.  2.     Let  u  =  a*,  then  by  article  (34)  we  have 

u 


u 


'I'ss.ka  x^  and  thence  -  =  ka  % 


X 


that  is,  the  ratio  of  the  rates  of  increase  of  a  simple  exponential 
function  and  its  index,  is  measured  by  the  function  multiplied 
by  a  constant  quantity ;  and  also,  if  x  increase  in  Arithmetical 
progression,  it  appears  that  this  ratio  increases  in  Geometrical. 

Ex.  3.     Let  u  =  logo?,  then,  in  the  Napierian  System  we 
have  by  (41) 

ti  =  - ,  and  therefore  -  =  -  ; 

X  X  X 
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or  the  ratio  of  the  rates  of  increase  of  the  Napierian  Logarithm 
of  any  quantity  and  of  the  quantity  itself,  is  measured  by  the 
reciprocal  of  that  quantity ;  and  consequently  is  the  less  as  the 
quantity  is  the  greater. 

Heilce  if  the  difference  of  two  quantities  be  given,  the 
difference  of  their  logarithms  will  decrease  as  the  quantities 
themselves  increase. 

]fix.  4.     Let  tl  =  tan~*a?,  then  by  (52),  we  have 

X  J         6  1 

u  =  — : — 5 ,  and  /.    —  =  — ; — ; , 

which  expresses  the  ratio  of  the  rates  at  which  the  circular  arc 
and  its  Trigonometrical  tangent  are  increasing. 

u        i        i 

Also,   if  w=:45®,  we  have  j?=l,  and  .-.  -7  = 


w       1  +  1      2' 

which  proves  that  the  tangent  of  an  arc  of  45®  is  increasing 
twice  as  fast  as  the  arc  itself. 

89*  In  the  application  of  this  Calculus,  the  Fluxion  of 
the  principal  variable  or  x  is  generally  taken  of  a  constant  but 
indeterminate  magnitude,  in  the  saine  manner  as  dx  was  assumed 

to  be  in  the  preceding  pages ;  a(nd  if  the  value  of  7  be  also 

X 

variable,  the  rate  of  its  variation  compared  with  that  of  ^, 
might  in  a  similar  manner  be  determined :  this  ratio  would  be 

••  •  «• 

represented  by -7^;  and  similarly,  the  expressions -75, -75,  &c. 

X  XX 

r:^   which  are  termed  the  Fluxional  Coefficients,  correspond  to 

X 

-T-Zi  T-Ai  &c.    —-r  in    the    Differential    Calculus,   so  that 
dx^     dx*  daf^ 

Taylor^s  Theorem  is  written 

P 
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X  I      X    1.9       i-*   1.9.3 


90.  From  the  short  sketch  of  the  principles  of  Fluxions 
just  given,  it  is  manifest  that  they  are  very  easily  reducible  to 
the  method  of  Limits,  and  that  the  rules  and  formulae  may 
be  investigated  and  applied  precisely  in  the  same  manner  as 
those  of  the  Differential  Calculus  have  been. 

It  is  objected  to  this  mode  of  treating  the  subject,  that 
recourse  is  had  to  the  use  of  Mechanical  considerations  and 
terms  in  quantities  which  are  entirely  Analytical ;  but  by  the 
immediate  transition  proved  in  article  (88)  from  this  method 
to  that  of  Limits  which  the  Inventor  of  Fluxions  has  so  copi- 
ously applied  in  his  Principia,  it  cannot  fail  to  be  apparent, 
that  had  the  objects  of  his  enquiries  been  of  an  abstract  ana* 
lytical  character  and  not  mechanical  or  philosophical,  the 
modifications  of  velocity  and  time,  which  he  has  introduced, 
would  have  been  omitted,  without  in  any  degree  aSecting  the 
nature  ai\d  principles  of  the  Calculus,  as  is  sufficiently  evident 
from  the  mode  he  has  adopted  in  some  of  the  Lemmas  of  the 
first  section  of  the  said  work. 

With  respect  to  its  notation,  which  is  in  many  cases  pre- 
carious, inconvenient  and  defective,  the  Fluxional  Calculus  is 
certainly  inferior  to  the  Differential. 

II.    INDIVISIBLES. 

91.  In  the  method  of  Indivisibles  introduced  by  Bona- 
VENTURA  Cavalieri  commonly  called  Cavalerivs^  an  Italian 
Mathematician  who  flourished  near  the  beginning  of  the  seven- 
teenth century,  all  quantities  are  supposed  to  be  made  up  of 
equal  indivisible  elementary  portions:  a  line  is  considered  to 
be  made  up  of  certain  equal  elements  whose  number  is  propor- 
tional to  its  length,  a  surface  of  a  number  of  such  lines,  and 
a  solid  of  a  number  of  such  surfaces:  from  which  it  follows 
that  the  magnitudes  of  all  lines,  surfaces  and  solids  will  be 
proportional  to  the  number  of  elementary  portions  they   re- 
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spectively  contain :  and  the  only  difficulty  in  comparing  mag- 
nitudes by  this  method  is  therefore  the  division  of  them  into 
those  elements,  and  in  finding  the  relative  numbers  into  which 
they  can  be  divided. 

This  principle  will  be  sufficiently  illustrated  by  the  fol- 
lowing example,  in  which  the  content  of  a  conical  paraboloid  is 
compared  with  that  of  its  circumscribed  cylinder. 

Ex.  Let  CAD  be  a  paraboloid,  and  CcdD  its  circum- 
scribed cylinder,  having  the  same  axis  and  altitude  AB,  and  let 


A 

\ 

^ 

:^^ 

V 

iir 

1 

/I 

I 

< 

r                   J 

^ 

them  both  be  cut  by  a  plane  perpendicular  to  the  common  axis, 
and  passing  through  Q,  P  and  N;  then  il  is  manifest,  that  the 
sections  of  the  paraboloid  and  cylinder  will  be  circles  whose 
radii  are  NP  and  NQ  respectively: 

now,    QTBd^NP:  QTadr^NQ'.iirNP^iitNQ' 

NP^  :  B(? 

AN  :  AB,  by  the  parabola, 

NE  :  BCj  by  similar  triangles, 

NE  :  NQ: 

and  the  same  may  be  proved  of  all  other  sections  made  in  the 
same  manner;  .*.  the  sum  of  all  the  circles  whose  radii  are 
NP  :  the  sum  of  all  the  circles  whose  radii  are  NQ  ::  the  sum 
of  all  the  lines  NH  :  the  sum  of  all  the  lines  NQ ;  but,  by  the 
principles  of  the  method,  the  sum  of  all  the  circles  whose  radii 
are  ATP  =  the  paraboloid  CAD;  the  sum  of  all  the  circles 
whose  radii  are  NQ  =  the  cylinder  CcdD;  the  sum  of  all 
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the  lines  NE  s  the  triangle  ABC ;  and  the  sum  of  all  the 
lines  NQ  =s  the  parallelogram  JC; 

therefore  the  paraboloid  :  its  circumscribed  cylinder 

::  triangle  ABC  :  parallelogram  AC  ::  1  :  2, 

and  .*.  the  paraboloid  =  ^  its  circumscribed  cylinder 

^\irB0.AB. 

It  does  not  follow  howev^  in  the  same  manner,  that  the 
conyex  surface  of  the  paraboloid  :  the  convex  surface  of  the 
cylinder  ::  the  sum  of  the  circumferences  of  all  the  circles  whose 
radii  are  NP  :  the  sum  of  the  circumferences  of  all  the  circles 
whose  radii  are  NQ ;  because  the  perpendicular  sections  which 
divide  the  convex  surface  of  the  cylinder  into  parts  of  the 
same  thickness,  divide  that  of  the  paraboloid  into  portions 
whose  relative  thicknesses  depend  upon  their  positions;  and 
hence  it  is  evident,  even  from  this  instance,  that  gre^t  caution 
is  requisite  in  the  application  of  the  method. 

III.    INFINITESIMALS. 

92.  The  method  of  Infinitesimals  adopted  by  Leibnitz 
as  the  foundation  of  his  Differential  Calculus,  differs  from  the 
preceding  in  supposing  all  magnitudes  to  be  composed  of 
indefinitely  small  portions,  admitting  of  all  possible  degrees 
of  relative  magnitude :  such  portions  as  are  indefinitely  small 
compared  to  any  finite  magnitude,  are  styled  infinitesimals  of 
the  first  order;  such  as  are  indefinitely  small  compared  to 
these  are  called  infinitesimals  of  the  second  order,  and  so  on ; 
and  thence  it  follows,  that  infinitesimals  of  the  n^  order  are 
indefinitely  less  than  those  of  the  (n^i)^  and  indefinitely 
greater  than  those  of  the  (n  + 1)*^  order :  hence  also,  if  A  be 
an  infinitesimal  of  the  first  order,  since 


1       A       A*  A»-i' 

it  is  manifest  that  h%  A',  &c.  A"  will  be  infinitesimals  of  the 
S°^  3"*,  &c.  n*  orders. 
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In  this  point  of  view,  areas  are  supposed  to  be  made  up  of 
parallelograms  having  one  side  finite,  and  another  indefinitely 
small ;  solids  of  pardlelopipeds  of  finite  bases  but  indefinitely 
small  altitudes,  &c.  and  they  are  compared  with  each  other  by 
fincfing  the  sums  of  such  indefinitely  small  rectangles,  parallelo- 
pipeds,  &c.  by  methods  which  the  Calculus  itself  suggests. 

Ex.  1.  Let  w  =  oa?^,  and  suppose  u  and  w  to  receive  the 
infinitesimal  increments  denoted  by  du  and  dw;  then 

u  +  du=ia(/ff-\-dai)"^f 

/.  du  =  a(a;  +  dai)"'-'aaf*=ima3r~^dW'] — ^ -aai^'^da^ 

^  ^  1.2 

.m(m— l)(m  — 2)      ^    «,  ,      „ 

+  — i^ ^— ^  ac^'^da?  +  &c. 

1.2.8  - 

now,  since  das  is  an  infinitesimal  of  the  first  order,  it  follows 
that  da?*,  da?',  &c.  do?"  are  infinitesimals  of  the  2°**,  3'*,  &c. 
^  orders  respectively,  and  consequently  that  their  sum  may  be 
rejected  as  an  infinitesimal  of  an  order  superior  to  that  of  dao ; 
whence  we  have  * 

.   du^=maar''^dwy  and  .•.  --- =f»oa?*""\ 

do? 

Ex.  2.     Let  z^  =  tana?,  then  on  the  supposition  above  made, 

tana? -|- tan  da? 

du  =  tan  (a?  +  daf)  —  tana?  = ; tana? 

1  -  tana?  tanda? 

^  ta.n/p  +  tandar— -  tana?  +  (tan a^)^ tan  da? 

1  — tana?  tanda? 

{l  +  (tana?)'|  tanda? 
1  — tana?tanda? 

but  tandarsda?  is  an  infinitesimal  of  the  first  order,  and  there-* 
fpre  tana?  tanda?  is  indefinitely  less  than  1,. whence 

du 
dw=  {l  +  (tana?)^?  da?  =  (seca?)^da7,  and  .-.  -—  =  (seca?)^ 
^  '  ^  dx  ' 
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Ex.  3.     Ij,et  u=:a^,  then  as  before, 

du^(w  +  dai)  (y  +  dy)  —  cey^ydx  -f  xdy  +  dxdy ; 

but  since  1  \  dx  i:  dy  i  dxdy, 

it  follows  that  dxdy  is  aa  infinitesimal  of  the  second  order; 
whence  there  remains  only 

du  dy 

du  =  ydx+xdyf  and  .•.  -|--=y -fa?-— . 

dx  dx 

The  result  of  this  example  may  easily  be  exhibited  geo- 
metrically, for  if 

Y 


we  suppose  AN=x^  NPszJM^y,  JVn  =  da?  and  if m  =  dy, 
it  is  manifest  that  Pn^ydx^  Pm^xdy^  and  Ppss^dxdy^ 
of  which  Pp  having  no  finite  dimension  may  be  neglected 
when  compared  to  the  two  others  which  have  each  one. 

Ex.  4.  Retaining  the  figure  and  notation  of  the  last 
example,  if  S  be  the  area  of  the  mixtilinear  figure  ANPy  since 
the  arc  and  its  chord  are  ultimately  coincident,  we  have 

dS=n3Pn  +  A  Prp^PN.  Nn-^-^Pr.  rp^ydx  +  \dxdy^ 

and  the  latter  part  being  an  infinitesimal  of  the  second  order, 
and  therefore  indefinitely  less  than  the  former,  there  remains 

dS  =  ydx: 
also,  if  8  represent  the  arc  JP,  we  get 

d« = Pp = ,yp7T5y  =  ^/d^Tdy^ 

The  figut'es  Pn  and  Ppr  are  called  respectively  ah  in- 
finitesimal, and  sometimes  an  elementary,  parallelogram  and 
triangle. 
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93.  The  method  of  reasoning  used  in  these  examples  is 
applicable  to  all  other  functions ;  and  by  a  repetition  of  similar 
operations,  if  we  have  u  =^  /a?,  we  shall  arrive  successively  at 
du^f^wdx^  d?u=^f^wdw^^  d?u=f^xda^^  &c.  d^u^f^wdw% 
which  are  infinitesimals  of  the  l"*,  2°*,  3"*,  &c.  w***  orders 
respectively,  and  in  form  are  precisely  the  same  as  have  been 
obtained  by  the  rules  previously  given. 

Indeed  the  method  of  Infinitesimals  manifestly  amounts 
to  the  same  thing  as  that  of  Limits,  since  the  first  term  in  any 
series  involving  ascending  positive  powers  of  do?,  being  inde- 
finitely greater  than  the  sum  of  all  the  rest,  becomes  the 
limit  of  the  sum. 

Also,  the  coefficients 

du    cPu    d^u  d^u 

do?'  do?*  '  dw^  '  do?"  ' 

being  each  eicpressed  by  the  quotient  of  one  infinitesimal 
divided  by  another  of  the  same  order,  are  finite  and  deter-, 
minate  functions  of  w :  and  hence  as  before,  we  obtain  the 
general  developement 

,  du  h      6?u    h^        d'w      h^ 

tA  ssfA-f-  -—  -^  +  g- 1- 4-  05C. 

dw   1       do?'  1 . 2       doo^  1.2,3 


94*.  Even  from  the  few  examples  above  given,  it  is 
evident  that  this  method  is  exceedingly  simple  in  its  appli- 
cations; but  by  the  introduction  of  indefinitely  small  quan* 
titles  of  succeeding  orders,  of  which  we  can  have  nothing 
more  than  a  mathematical  idea,  the  first  principles  become 
much  less  distinct  and  clear  than  either  those  of  the  method 
which  has  here  been  adopted,  or  of  the  method  of  Fluxions 
above  explained,  with  the  latter  of  which  they  have  little 
or  nothing  in  common,  thou^  they  lead  to  the  same  results, 
and  their  Author  for  some  time  disputed  with  Newton  the 
credit  of  the  invention. 
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IV.    DERIVED  FUNCTIONS. 

95.  In  all  the  views  of  the  subject  hitherto  discussed 
there  is  involved  a  degree  of  metaphysical  difficulty  which  the 
mind  does  not  at  once  thoroughly  comprehend,  and  they  re- 
quire to  have  introduced  into  them  other  considerations,  besides 
those  which  ordinary  analysis  suggests,  before  the  required 
conclusions  can  be  obtained.  M.  Lagranqe9  who  was  duly 
sensible  of  these  apparent  difRculties  and  with  a  view  of  ob- 
viating them,  presented  his  Calculus  of  Derived  Functions 
upon  grounds  purely  algebraical  and  entirely  divested  of  all 
such  perplexity  whatever. 

In  this  system,  u  being,  as  before,  supposed  to  represent 
any  function  whatever  of  Wj  and  u  the  same  function  of  a?  +  A, 
it  is  demonstrated  from  the  principles  of  common  Algebra, 
that  the  relation  subsisting  among  the  quantities  t^,  u'j  w  and  h 
is  comprised  in  the  equation 

1^         1.2  ^  1.2.3 

wherein  p,  g,  r,  &c.  are  derived  from  the  original  function,  and 
from  each  other  in  succession,  according  to  fixed  laws,  by  means 
of  general  rules  depending  upon  the  nature  of  the  function 
under  consideration ;  and  if,  for  the  sake  of  uniformity  of  nota- 
tion, doQ  be  put  in  the  place  of  A,  or 

u'^U'\"'pdcB'\ qdw^A rdx^  +  &c. 

1^  1.2^  1.2.3 

the  quantities  pdw^  qdw^^  rdaP^  &c.  are  defined  to  be  the  first, 
second,  third,  &c.  Differentials  of  ^*,  and  the  coefiicients  p,  g,  r, 
&c.  which  are  all  functions  of  a?,  and  here  usually  written 
/'a?,  f'os^  f"^t  &c.  are  styled  the  first,  second,  third,  &c. 
derived  functions  of  the  original. 

It  is  manifest  that  this  system  assumes  for  its  basis  the 
expansion  of  Taylor's  Theorem,  which  it  establishes  by  means 
of  common  Algebra. 
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Ex.  1.     Let  u  =  ax^^  then  by  the  binomial  theorem, 

u'  =  aa^  +  maaf^''^h  H- 1»  (f»—  1)  aoT"^^  — 

^  '  1.2 

+  »(„-l)(»-,),^-51-+8.c, 

^  ^  ^  ^  1.2.3 

or  putting  dw  in  the  place  of  A,  for  the  reason  above  assigned, 

u'  =  a/r""  +  mac^^dco  •\ w»  (w—  1)  a(j^''^dcB^ 

1.2      ^  ^ 

4- m  (m  —  1)  (m  -  2)  aoT^da^  +  &c. 

now,  according  to  the  notation  adopted  before,  we  have 

-I         '^^ 

du^maaf^    dwy  -z-  ^rnaai^  *; 


d' 


u 


d^t^  =  m  (w— 1)  (w -2)  oa?'*""'^^?', --7  =m  (m— 1 )  (m -  2) oa?"*"* ; 

&c.  =  &c. 

also,  a^  is  the  original  function  fjp ; 

maaf^~^  is  the  first  derived  function  fw ; 

w  (m  —  1)  aa?*""* second ./"«^; 

w(iw  — 1)  (w-2)a^~"^...third ./"a?; 

&c 

Ex.  2.     Let  w  =  a*,  then  by  the  exponential  theorem  we 
have 

w^=  «'-*■*=:  a' 0^^  =  a*  {1+  —  + -f- +  &C.J 

^  1  1.2        1.2.3  ^ 

Q 
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1  1.2  1.2.3 

by  putting  dof  in  the  place  of  h :  therefore,  as  before^ 

du 
du  =  kt^dWf    --  =  Apa'; 

dor 

d^u  =  ^a'lid?^  1^  =  A;^a'; 

dor 

&c 

and    a'  is  the  original  function  fx ; 

kof  is  the  first  derived  function  f  x ; 

Ap'o* second f*^\ 

li?a' third  /"^; 

&c 

Ex.  S.     Let  u  =  Na/pierian  log  or,   then   by  algebraical 
principles  we  can  prove 

»'  =  log  (ar  +  da>)  =  log ar  +  —  -  r-j  +  T-g-^c- 

and  u  =  log  <r ; 

,         dx     du       1 
da  =  — ,   — -=  -; 
X       ax       X 

^  dx^      d^u  1 


d^«*  = 


20?*'    dx'  2x^" 

dx^      d^u         1 


3x^^    dx^       3x^' 

&c 
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where  log  x  is  the  original  function  /a? ; 
-  is  the  first  derived  function  foe ; 


1 


„ second f  ^\ 

2w^ 


third  /"^; 


3  a?' 

&c. 


Ex.  4.    Let  u  =  sin  a?,  then  by  using  the  algebraical  values 
of  sin  h  and  cos  h  found  in  plane  Trigonometry,  we  have 

«*'=  sin  (a?  +  ^)  =  sin  x  cos  h  +  cos  ^  sin  A 

.          h             h  «     1 

=  sin  ^  i  1  —  H —  &c. } 

*  1.2        1.2-3.4  ' 

+  COStT  \h 1- &c.{ 

*  1.2.3        1.2.3.4.5  * 

■ 

s=  sin47  +  coS(i?d<r sinj7d.i?^ —  cosxdx^  -h  &c. 

1.2  1.2.3 

and  tt  =  sin  <v ; 

du  =  cos  j?o^,    -r-  =  COS.J?; 

dm 

dru  =  —  sma?a/p%  ---^  =  —  smo?; 
d^u  =  —  cos  xdar^  — -  =  —  cos  a?; 

d(Xr 
&c 

where  sin  x  is  the  original  function  fx ; 
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cos  w  is  the  first  derived  function  fa ; 

—  sin  w second ^'^; 

—  cos^ third  , -Z"'^; 

&c 

96.  The  instances  just  given  have  shewn  us  the  pos- 
sibility of  deducing  from  the  functions  proposed,  a  series  of 
new  functions  called  Differential  CoefScients,  and  we  will  now 
demonstrate  how  this  Theory  may  be  extended  to  any  function 
whatever. 

Assuming,  as  in  (74),  the  indeterminate  form, 

and  supposing  that  when  h  is  changed  into  h-^k^u'  is  changed 
into  u'\  we  shall  have 

w"  =  w  +  P(A  +  A?)«4-Q(A  +  A)^  +  jR(A  +  A;)y  +  &c.         (l): 

again,  it  is  obvious  that  u'  will  be  changed  into  u'  if  o^  be 

changed  into  a^  +  k;  and  on  this  hypothesis  let 

. 

u  become  u  +  Pk*  +  &c. 
P  become  P  +  P^k^  +  &c. 
Q  become  Q  -f  Q'A;«"  +  &c. 

R  become  iZ  +  jR'A;«'"+  &c. 
&c 

whence  by  substitution,  we  immediately  obtain 

^^"  =  ^*  +  PA«  +  &c. 

4- PA«  +  P' *«&«'+ &c. 

(2) 
+  Qhfi      +Q'A^A«"-f-&c. 

+  Rky       +R'hyk^'"  +  kc: 

making  therefore  k=i  h  in  the  equations  marked  (l)  and  (2)9 
we  shall  have 
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d*  =  t*  +  P2«  A«  +  Q2^  A^  +  R^yhy  +  &c. 
and  w"  =  tt  +  PA*+  &c. 

+  PA«+  P'A«+«'+  &c. 

+  Qh^      +Q'A^+«"+  &c. 

+  «Av        +fi'Av+«'"-f  &c. 

whence,  equating  the  corresponding  terms  in  these  two  results, 
we  have 

P2« A«  =  2  P A«,  and  .  •.  a  =  1 :  similarly  a  =  a"  =  o'"  =  &c.  =  1  : 

and  this  gives 

w'  =  w  +  PA  +  QA^  +  UAv  +  &c. 

=:w  +  A{P+QA^-*  +  JBAv-*  +  &c.}; 

but  since  P  is  the  value  of  the  expression  between  the  brackets 
when  A  =  0,  the  same  process  which  proved  a  =  1,  will  also  shew 
that /3  — 1  =  1,  and  .-.  /3  =  2:  wherefore 

t*'  =  w  +  PA  +  QA^ +  i?Ay  +  &c. 

=  w+PA  +  A^{Q  +  i?Av-«  +  &c.}  , 

from  which  it  may  similarly  be  demonstrated  that  ♦y  — 2  =  1, 
and  .".  'y  =  3 ;  and  so  on :  and  thus  we  have 

w'  =  t*  +  PA  + QA^  +  i?A^  +  &c. : 

whence  the  expressions  denominated  (l)  and  (2),  now  become 

z^"  =  t^  +  P(A  +  A;)  +  Q(A  +  A;)*  +  i?(A  +  A)'  +  &c. 

and  w"  =  «^  +  PA  +  8cc. 

+  PA  +  P'A  A  +  &c. 

•'.  equating  the  coefficients  of  corresponding  terms,  we  get 

Q=|P',  R=\(i,  &c.  =  &c. 
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but  by  the  definition  it  is  assumed  that 

ax 

.      dP      ^u 
whence  F^  -—  =  j-j, 

and  therefore  Q  = — — - : 

1.2    dx^ 

dQ         1      iPu 
similarly,  Q'=_  =  —.^, 

1       cPw 

and  therefore  R  =  —- r ;  and  so  on : 

1.2.3  dx^ 

wherefore,  we  have  at  length  obtained 

,  du^       d^u    A*        €pu      h^ 

dx         dx^   1 . 2       dor   1 . 2  .  S 

and  consequently,  if  the  developement  of  a  proposed  function 
of  x  +  hy  can  by  any  means  be  expressed  in  a  series  ascending 
by  integral  and  positive  powers  of  A,  the  coefficients  of 


h^  h 


3 


,    &C. 


1  '    1.2'    1.2.3'       *  1.2.3.&C.  n' 

will  be  so  many  Derived  Functions  equivalent  to  the  corres- 
ponding Differential  Coeffidenta^  denoted  by 

du     d^u     d^u      „       d^u 

gjc.  — — . 

dx  '    dx^ '   dx^ '        *  da^ 

Ex.     Let  u=^y%y  where  y  and  «  are  both  functions  of  the 
same  principal  variable  x ;  then  will 

u  =  [y+ph-\- qh^-^kc]  {z+p'h-^-  gh^  +  kc] 
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h  A' 

^zy  +  {%p  +  yp')  -  +  («^  +  2pp  +  yq*)  -—  +  &c. 

1  1.2 

whence  we  have  the  first  derived  function 

=  «p  +  yp  ; 

dy  ,     d)ir 

but  p  =  -r-  and  p  =  -r-  >  by  definition ; 
ax  aw      '' 

du      zdy     ydz 

.',  —  =  -; h  -z — 5  axkd  du=^zdy+ydz : 

dx       dx        dx 

again,  the  second  derived  function  will  be 

,         ,        d^y        dy  dz        d^z 

dPu      zd^y  +  ^dydz  +  yd^z 
dx^  dx^ 

and  (Pu=izd!^y  +  2dydz  -^ycPz;  and  so  on. 

Similar  modes  of  proceeding  may  be  adopted  for  functions  of 
other  forms. 

97-     This  method,  like  those  which  precede  it,  is  easily 
reducible  to  the  method  of  Limits ;  for  since 


h  A*  A' 

•^       1        "^        1.2''  1.2.3 


we  have 


— - — =/a?  +/'a7 \-f  X -f  &c. 

A  "^  '^       1.2     -^        1.2.3 


du       ^ 
the  limit  of  which  being  taken,  we  manifestly  have  -~  zszf  x; 

dx 

and  we  observe  that  the  results  of  all  the  examples  are  pre* 
cisely  the  same  as  have  been  found  by  the  other  methods  in 
the  preceding  pages. 


1 
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V.    RESIDUAL  ANALYSIS. 

98.  The  notion  of  establishing  this  kind  of  Calculus 
upon  principles  purely  algebraical,  seems  however  to  have 
originated  with  Mr.  John  Landen  a  celebrated  English  Mar 
thematician  who  flourished  about  the  middle  of  the  18th  cen- 
tury. In  what  is  termed  his  Residual  Analysisj  the  first  object 
is  to  exhibit  the  algebraical  developement  of  the  diflerence  of 
the  same  functions  of  the  quantities  x  and  a/  divided  by  the 
difference  of  the  quantities  themselves,  or  the  developement 
of  the  expression 

a!  —  X 

and  afterwards  to  find  what  is  called  the  Special  Value  of  the 
result  when  x  is  made  =  a?  and  when  therefore  all  trace  of 
the  divisor  w  ^x  has  disappeared :  this  has  in  fact  been  done 
in  the  examples  of  article  (18),  and  the  possibility  of  obtaining 
generally  this  special  value  depends  entirely  upon  that  of  the 
developement  proved  in  (96), 

tt'  =  «  +  Ph  4-  QK"  -h  RK"  +  &c. 

Hence  if 

a?'  =  ^  +  Aand/(<»')=/Ci?)  +  PA  +  QA'H-i?A»  +  &c. 
we  shall  have 

f(x')'-f(x)       Ph  +  Qh^  +  Rh^  4-  Sac. 


\x)        jrn  -^  \^n~  -t-  J\i( 

X  —  X  h 

-  P  +  Qh  -^  Rh^  +  &c. : 


and  this,  on  the  supposition  that  A  =  0  or  a?'  =  a?,  becomes  =  P : 
in  other  words,  the  Special  Value  which  it  is  the  object  of 
La/nAevC%  Calculus  to  ascertain,  is  identical  with  the  Fluxional 
and  Differential  Coefficient  above  considered. 

99.  In  point  of  metaphysical  simplicity,  Lagrange's  sys- 
tem has  undoubtedly  great  advantages  over  all  the  others; 
but  it  may  be  remarked,  that  it  implies  a  previous  knowledge 
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of  the  methods  of  developing  all  kinds  of  functions  o{  w  +  h 
in  integral  ascending  positive  powers  of  h,  which  in  many 
cases  cannot  be  effected  without  great  prolixity  of  operation. 
This  difSculty  of  effecting  the  developement  in  such  terms 
has  generally  been  found  in  practice  by  the  younger  students 
greatly  to  exceed  that  met  with  in  determining  the  value  of 
a  ratio  whose  terms  are  evanescent;  in  addition  to  which, 
MaclaufirCs  and  Taylor's  Theorems,  when  once  established 
by  means  of  the  method  of  limits,  enable  us,  as  has  been  already 
seen,  to  determine,  with  great  ease,  the  developements  of  many 
functions,  whose  expansion  by  common  Algebra  would  be 
exceedingly  tedious.  On  these  accounts  it  is  that  a  preference 
has  been  given  to  the  method  of  Limits  adopted  as  the  basis 
of  the  present  performance. 

To  the  mathematical  student  when  further  advanced,  the 
short  and  imperfect  sketches  just  given  of  the  different  views 
which  have  been  taken  of  the  subject,  will  naturally  suggest 
the  necessity  of  having  recourse  to  the  original  works  of  their 
respective  authors,  from  wliich  all  here  said  respecting  them 
has  been  extracted,  but  slightly  modified  and  altered  with  the 
view  of  being  better  adapted  to  the  reading  of  junior  mathema- 
ticians. 


R 


CHAP.  VI. 

On  the  Values  of  Functions  involving  Multipliers  and 
IHvisors  which  in  particular  cases  become  evanescent 
or  infinite. 


100.  The  value  of  a  ratio,  or  of  a  fraction  which  is 
/^  equivalent  to  it,  as  has  been  before  observed,  does  not  depend 
upon  the  absolute  magnitudes  of  its  terms;  and  it  has  been 
seen  in  some  of  the  preceding  pages,  that  the  real  value  of 
a  fraction  whose  numerator  and  denominator  are  evanescent, 
or  of  what  is  usually  termed  a  Vanishing  Fractiony  may  be 
obtained  by  dividing  each  of  them  by  the  factor  or  factors 
which  cause  them  to  assume  this  particular  form. 

■ 

This  is  exemplified  in  the  Geometrical  Series 

1  +^*  +  d?*  +  &c.  continued  to  n  terms, 

whose  sum  according  to  the  common  rule,  would  be  -^ — ^; 

but  in  the  particular  case  of  a?=l,  this  becomes  -,   which 
affords  no  means  of  obtaining  the  real  value. 

If  however,  we  divide  both  the  numerator  and  denominator 

^n 2 

of  the  fraction  — r by  a?—  1,  we  hkve  the  sum  of  the  series 

a?***"^  H-a?'""^  +  &c.  to  2«  terms 

""  w  -f  1  * 

which,  when  w  is  made  =  1,  becomes 

1  +  1  +  &c.  to  2w  terms  ^^n  ^ 

^  1  + 1  i""" 
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P 

Further,  let  w  =  -- ,  where  P  and  Q  are  respectively  equal 

to  X{a)^ay  and  X'  (a?  —  o)*^;  then  it  is  evident  that  if  x  take 
the  particular  value  a,  we  shall  have  corresponding  thereto, 


u  = 


X'{a^ay       0 


but  though  it  assume  this  indeterminate  form,  the  value  of 
the  fraction  may  be  an  evanescent,  finite  or  infinite  quantity, 
depending  upon  the  relative  values  of  the  indices  m  and  m:  for 

if  m  be  greater  than  m ,  then  u  = ~f^ =  0 ; 

if  m  be  equal  to  m,  then  u  = — ^ ~'t??' 


if  «»  be  less  than  wt',  then  u  =  rj^T-^ xw,/_m  =  «> : 


the  functions  X  and  Jf  being  supposed  now  to  involve  a  in 
the  place  of  a?,  and  not  to  contain  any  factor,  which,  on  this 
hypothesis,  renders  them  either  evanescent  or  infinite. 

Whenever,  therefore,  an  expression  presents  itself  under 

the  form  -  ,   we   are   not  to  conclude  that  its  actual   value 
0 

=  0 ;  but  it  must  manifestly  be  our  object  to  disengage  from 
the  numerator  and  denominator,  those  factors  which  in  the 
particular  case  become  evanescent. 

101. '   CoE.  1.     If  when  a  particular  value  is  assigned  to 

P 

the   principal  variable,   the   function   w  =  —   become  of  the 

Q 

form  —  ,  we  may  without  altering  the  value  of  the  fraction, 

00 

divide  both  the  numerator  and  denominator  of  it  by  PQ,  so  that 
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Q  Q 


_P  _  \PQ/       \Q 

which  in  the  particular  case  proposed  will  become 

(-) 

Voo  /       0 

u  = =  -, 

and  may  therefore  be  evanescent,  finite  or  infinite  as  before : 

also,  on  the  same  hypothesis,  we  shall  have 

110-0        0 
w  =  jP—  Q  =  00  —  C0= =  =  -  ; 

0        0  0  0 

and  in  the  same  manner,  if  u^PQ  where  P  and  Q  are  such 
functions  of  w  that  a  particular  value  of  it  renders  P  evanescent 
and  Q  infinite,  we  shall  have 

Vq;       P  0        0 

u  =  PQ  = = = =  -  ,  as  before. 

(i)  Q  (^)  ° 

102.    CoE.  2.    It  follows  therefore,  that  when  functions  in 
particular  cases  assume  any  of  the  forms 

00 

U  r=  — ,   w=co--oo,ort^  =  0.oo, 

00 

they  must  first  be  reduced  to  fractions,  whose  numerators  and 

denominators  become  each    =  0,  or  to  the  form  z^  =  --  ,   and 

0 

then  be  divested  of  the  factors  which  are  the  cause  of  this 
peculiarity  aflecting  them. 
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When  these  factors  are  explicitly  exhibited,  as  in  the 
latter  example  of  the  preceding  article,  we  have  merely  to 
proceed  by  the  method  there  pointed  out;  but  as  it  seldom 
happens  that  this  is  the  case,  recourse  must  generally  be  had 
to  other  expedients  which  shall  now  be  explained. 

103.  To  find  the  true  valttes  of  Functions  which  for  par- 
ticular values  of  the  principal  variable  assume  the  form  - . 

P 

Let  t*  =  —  ,  where  P  and  Q  are  two  functions  of  the  same 
Q 

principal  variable  <r,  such  that,  if  w  have  the  particular  value  a, 
they  both  become  =  0; 

then  retaining  the  notation  of  the  last  Chapter,  we  have  by 
Taylor'*s  Theorem, 

^      dP  h      d'P    h^        „  d'^P  A~ 

P  +  'i +  -T-T +  &c.    +  — — -f  &c. 

,  dw  1       dor  1.2  da?*  1.2.3. &c.n 

""^  ^dQh  ^d^Q    h'   ^  _        .   d^Q         h- 

Q  -j 1 ~ 1-  &c.   H h  &c. 

dw   1        dor  1.2  d^l.2.3.&c.n 

which  is  true,  independently  of  the  values  assigned  to  w  and  h : 
now  if  <2?  =  a,  P  and  Q  become  each  =  0,  and  therefore  in  this 
case 

dP  h       d'P    h^        „  d^P        A~ 

H 3 h  &c.   + . — ^ -h  &c. 

,       dw   1        dor  1.2  da?"  1.2.3.  Sec.  r^ 

^  r"  dQ  h       dl'Q,    h*  d^        J^ 

-— h  — r h  &c.  H h  &c. 

dof    1        dor  1.2  da?"  1.2.3. &c.n 

dP      dl'P    h        „  d«P        A—* 

1 r- h    &C.     H h    &C. 

d(C        dor  1.2  da^  1.2.3.  &c.^ 

-7—    +   T-T H    «C.    +  ■--- h   &C. 

da?        dor  1.2  da?"  1.2.3.  &c.^ 
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wherein  a  is  to  be  substituted  in  the  place  of  x  in  the  differ- 
ential coefficients  of  P  and  Q :  hence  if  A  be  made  s  0,  and 
therefore  u'  become  w,  we  have  on  the  given  hypothesis 

dP 

d^       dP 
u  =  -rr  =  -rr  >  for  the  particular  value : 
dQ       dQ'  ^ 

dx 

but  if  -— -  =  - ,  we  shall  have,  from  the  same  expression,  after 
dQ      0 

dividing  by  A, 

u  -=--  =  -^TTT ,  for  the  particular  value : 

P      dP      d!^P  d^'^P      0 

and  generaUy,  if -=-  =  —=  &c.  =  ^;,^  = -, 

the  actual  value  of  the  function  for  the  proposed  case  will  be 
obtained  from  the  equation 

d^P 
^~d^       d^'P 

daf" 

which  will  be  finite  or  not,  according  as  the  numerator  and 
denominator  in  the  particular  case  are  both  finite^  or  one  finite 
and  the  other  evanescent  or  infinite. 

Ex.  1.     Let  t*= ;  then  will  ^— a'^ssP,  ani 

0 
;xf^  _  a"  =  Q,  and  if  <r  be  assumed  =  a,  t^  becomes  of  the  form  -- ; 

hence  the  actual  value  of  the  function  in  this  case 

dP      d{ar  —  d^)       mx"^'^       md!^''^       m 


dQ       d(a?''  — a")         naf'^         na^"^        n 


—  —«"•-». 
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Here  it  is  easily  discovered  that  the  factor,  which  is  common 
to  the  numerator  and  denominator  and  causes  their  evanescence, 
kw-^a;  and  hence,  by  common  algebraical  division,  we  have 

^••-i  -f  aw^"^  +  &c.  to  m  terms       ma^"^       m 

ai^~^  4-  aaf""^  -f  &c.  to  n  terms        w  a""^        n        ' 
when  J?  is  made  equal  to  a. 

^  ^  wa?'"+^-(w  + 1)0^  +  1      ,       _     , 

E'X.  2.    Let  t*  = T-^ :^ ;  then  if  a?  be  sup- 

or  —  2a?  4- 1 

0 
posed  =1,  this  assumes  the  form  -:  hence  the  corresponding 

value  of  u  will  be 

dP      w(w+l)a?^  — w(wH-l)ar^^       0 

=  — --  = ' =  -,  when  ar  =  l: 

dQ  2a?  — 2  0 

therefore  on  the  same  principles,  the  particular  value  of  u 

'^Wq'^  2 

m*(m  +  l)  — w(w*— 1)       m(m  +  l)  t 

2  2  ^  * 

w  (w  + 1) 


1.2 


,  when  a?  is  supposed  =  1. 


The  factor  (a?—  l)'  is  contained  in  both  the  numerator  and 
denominator  of  the  fraction  here  proposed,  though,  from  the 
manner  in  which  the  terms  ai^e  combined,  it  is  not  explicitly 
apparent  in  the  former:  after  one  differentiation  however  of 
each  we  have 

dP  _  w  (w  +  1)  a?"*"*  (a?— 1) 
dQ  ""^^  2(a?-l)  ' 

which  exhibits  the  common  evanescing  factor  a?—  1,  and  hence^ 

when  this  is  discarded  and  a?  is  made  ss  l,  we  have  the  particular 

,        _         mCm  +  l)         .   ^ 

value  of  u  ^ ,  as  before. 

1.2 
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a'-6'  0 

Ex.  3,  Let  u=z ,  which,  if  a?  be  supposedssO,  becomes  - : 

hence  we  have  -^  =  -^ ^  =  log  aa'  -  log  ftft* 

dQ,  dw 

=  log  a  —  log  6,  if  ^  be  made  s=  o, 

a 
=  log  ^ ,  the  corresponding  value  of  u. 

Here,  though  we  do  not,  as  the  quantities  stand,  immediately 
discover  the  existence  of  a  vanishing  factor  in  the  numerator, 
a  little  consideration  will  bring  it  to  our  view. 

For,  if  A;  =  log  a  and  k'  =  log  6,  we  know  from  the  prin- 
ciples of  algebra  that 

a'=l+A;^+ h +&c.;  6'=l+A/a?+ -f +&c.; 

1.2        1.2.3  1.2        1.2.3 

(Ar-A;')<2?+  (A;'-A;'^)—  +  (A;'-*'^-^  +  &c. 
^    '       ^          ^              ^1.2       ^              ^1.2.3 
/.  u  = , 

which  explicitly  exhibits  the  evanescing  factor  x  in  both  nume- 
rator and  denominator ;  and  by  the  rejection  of  this,  the  true 

value  of  t^  is  found  =  A;  — Ar'=  log  a  — log  6  =  log  j-. 

d?*  — 2a^^  +  2a*<r— a* 
Ex.  4.     Let  u  = = 3 3 — T—  ,  which,  x  beinir 

x^^ax^  —  arx-^-u^  ^ 

made  =  a,  becomes  - :  hence  in  this  instance 

0 

dP       d(a?*  — 2aa?'+ 2a'a?-a*)       4^^— 6aa?*-h2a'       0 

dQ         d(a?*  — aa?*  — a*a?  +  a^)  3a^  -Zax^a^         0 

if  0?  =  a : 

:   ,     d*P       d(4ar*— 6oa?*-|-2a^)        12a?*— 12aa?         0 

also  -r—  =  — ^ = ' =  =  —  =  0, 

drQ        d(3ar^^ax-'a^)  6x^Qa  4fa 

on  the  same  supposition,  which  is  therefore  the  required  value 
of  w. 
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In  this  example,  the  particular  value  of  the  function  is 
evanescent,  as  will  also  appear  by  dividing  both  the  numerator 
and  denominator  by  the  vanishing  quadratic  factor  (w—ay;  for 
then 

w^  —  a*' 
u  = =  0?  —  0  =  0. 

a«-a?^  0 

Ex.  5.    Let  u  =— T T ;~r T-r . V  =  - , 

when  a?  =  a ;  therefore 

dP  —2a?  2a 

-rx  = 4 5 ^  o  2 — : — 5 4  =  —  =  00  ,  the  value 

dQ        —  o*  — 4o'a'-f-6aV  +  4aa?^  — 5a?*         0 

of  w,  when  the  magnitude  a  is  assigned  to  a?. 

Here  it  is  not  difficult  to  perceive  that  a  —  «2?  is  the  factor 
which  causes  u  to  assume  the  form  - ,  and  by  expunging  this, 
the  true  value  of  w,  which  is  infinite,  may  be  obtained. 


cos  w  —  sin  X  -\-  \  .  0    . 

Ex.  6.     Let  u  = : ,  which  =  - ,  if  «r  =  Att; 

cos  J?  4-  sm  a?  —  1  0  ^ 

dP       d  (cos  a?  —  sin  a?  +  1)       —  sin  a?  —  cos  a? 

then  --r  =  -7- : 7-  = : — , 

dQ       d  (cos  a?  +  sm  a?  —  1)       —  sm  a?  +  cos  x 

which,  by  making  a?  =  ^tt,  renders  the  particular  value  of  «^  =  1. 

By  a  little  reduction,  the  factor,  common  to  the  numerator 
and  denominator  of  this  fraction,  may  be  made  to  disappear ; 
for,  by  plane  Trigonometry, 


u  = 


(1  +  cos  0?)  —  sin  a?    .2  (cos  -^  xY  —  2  sin  ^  a?  cos  ^  x 
sin  <2?  —  (1  —  cos  x)       2  sin  ^  x  cos  ^  a?  —  2  (sin  ^  xy 


cos  ^  X  (cos  ^  ti?  —  sin  ^  x)       cos  ^  a? 

sin  -^  a?  (cos  ^  ^r  —  sin  ^  ,t?)       sin  ^  tt?       ^"*^  ^ 


=  cot  i  a?, 
a?^       sm  ^  ti? 

S 
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which,  when  d?  =  ^  tt,  and  therefore  ^oif  =^  4«5",  becomes  =  1 : 
and  it  is  evident,  since  then  cos  ^  ^  =  co8  45*^  =  sin  ^  a?,  that  we 
have  cos  ^  a?  —  sin  ^  a-'  for  the  vanishing  factor.  ' 

tan  (2  w*  —  l)  07  ,  , 

Ex.  7.     Let  u  =  ^—  ,  which,  when  a?  =  A  ir, 

tankw 

becomes  of  the  form  +  ^  :  then  by  reduction  to  a  proper  form, 

we  have 

sin  (2  m  —  1)  a?  cos  w       0 

u  := : —  =  -  ? 

cos  (2  f»  —  1)  0?  sino?       0 

,       ^      dP       d  {sin  (2m— l)  07 cos d? J 

therefore  -~-  =  — | ) { : f 

dQ       d  {cos  (2w— 1)  07smo7j 

(2  m  — 1)  cos  (2  m-  l)  w  cos  j?— sin  (2  m  —  1)  o?  sin  o? 
—  (2  m  —  1)  sin  (2  m— 1)  «r  sin  o?  +  cos  (2  m—  1)  w  cos  o? 

whence  u  = ,  when  w  is  made  =  i  tt. 


1  07 

Ex.  8.     Let  u  =  r _— ^ —  ,  which,  if  07  =  1,  becomes 

log  07        log  w 

=   00    —   00  * 

but  by  reduction,  u  = =  - ,    on  the   same   supposition ; 

log  0?       0 

dP      d(l-af)  .  ,. 

therefore  --—  =  -rrz =  —  o?  =  —  1  =  the  corresponding 

dQ        a  log  07 

value  of  u. 


Since  log  o?  =  (o7  —  i)  —  i  (o7  —  l)^  +  ^  (^  —  1)^  -  &c.  it  is 

(1-07) 


manifest  that  u  == 


1 
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which,  when  a?  =  1,  becomes  =  -  1,   1  —  a?  being  the  common 

factor  which  renders  it  of  the  form  - . 

0 

Ex.  9.     Let  u  =  (l  —  aj)  tan  ^tto?,  which  is  of  the  form 
0 .  00  ,  when  a?  is  made  =  1 ; 

therefore,  reducing  the  expression  to  a  proper  form,  we  have 

(1  —  <»)  sin  i  7r<a?       0 

=  -^ ^ — 2 =  - ,  if  0?  =  1 : 

cos  4  ttop  0 


1  1  .11/.  d  Ul— A')  smi-n-crl 

hence,  the  particular  value  of  u  =  — ^ — , — ^ 

^  a  cos  -^  7ra? 

_    —  sin  ^  TT^  4-   (1  —  ^)  cos  ^  TTO?   ^  TT  _^  —  sin  ^  TT         ^2 

•—  sin  ^  Tra?  ^  TT  —  sin  ^  TT  ^  TT       ir 

by  assigning  to  <r  the  proposed  value  1. 

/^  104.     In  article  (l03)  the  numerator  and  denominator  of 

'  the  function  u'  have  been  supposed  capable  of  developement 
by  means  of  Taylors  Theorem,  for  the  particular  value  of  the 
principal  variable  which  occasions  the  singularity  in  its  form ; 
and  therefore,  whenever  this  theorem  fails  to  effect  these  par- 
ticular devielopements  as  in  (77)?  recourse  must  be  had  to  the 
common  algebraical  methods  of  obtaining  their  expansions. 

P 

Thus,  if  t^  =  -r ,  where  P  and  Q  become  each  =  0,  by 

assigning  to  a?,  of  which  they  are  functions,  the  particular  value 
o,  let  a  +  h  be  substituted  for  a?,  and  suppose  that,  by  the 
operations  of  Algebra,  we  have  obtained 

,_     Ah^'  +  Bh^  +  Chy  +  kc. 
then  if  a  be  greater  than  o',  by  dividing  both  terms  by  ^*',  we  have 
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7/  SSI  -  —  • 

whence,  if  A  =  0,  or  ar  =  a,  we  get  the  value  of  «  =  ——  =  0 

again,  if  a  be  equal  to  a ,  we  obtain  by  dividing  by  A", 

A  +  Bh^"*  +  CAy-«  +  &c. 


u  = 


J'  +  5'A^-«  +  CA^-*  +  &c/ 


which,  if  A  =  0,  or  ^  =  a,  gives  the  particular  value  of  w=  —pi 

A 

also,  if  a  be  less  than  a',  by  division  by  A*,  we  obtain 

^  +  JBA^-«  +  CA>'-«-f  &c. 


t^  = 


J'A«'-«  +  5'A^-«  +  C'A/-«  +  &c.' 


which,  on  the  supposition  that  <2^  =  a,  or  A  s  o,  gives  the  corres- 
ponding value  of  w  =  —7 —  =  00  : 

and  hence  the  particular  value  of  the  function  when  reduced 
to  a  fractional  form,  will  be  evanescent,  finite,  or  infinite,  ac- 
cording as  the  least  index  of  the  developement  of  the  numerator 
is  greater  than,  equal  to,  or  less  than  that  of  the  denominator. 

Ex.  1.    Let  u  =  -; -r  ,  which  becomes  - ,  when  a?  =  a ; 

(po-^ay  0 

then  putting  a  +  A  for  «r,  we  have  by  common  algebra 


u  = 


(a  +  A  —  a)*  -        fi^ 

=  — :^ J ^  =  (i^j«  +  3aA  -h  k% 

and  if  A  =  0,  or  <t  =  a,  we  get  the  particular  value  of 
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u 


=  (3a-)*=:  ±a^S. 


Ex.2.     Let«=^"-'^"+-^"-°; 

therefore  when  a?  =  a,  «  =  -  : 

'  0 

I 

hence  for  x  put  a  +  ^,  and  by  the  binomial  Theorem,  we  shall 
have 


and,  ,v/^^-«*  =  v^2aA  +  A'  =  ,v/iaA+ jf==  —  &c.  ; 

^  ^  ^  9.^9,ah 

whence  we  obtain 

w  =  ^ ~ = , 

. h"  . —  ^  o 

and  if  ^  be  supposed  =  0,  or  a?  =  a,  the  particular  value  of 

1 
u  ^  — =  : 

^2a 
and  in  this  example,  it  is  not  difficult  to  discover  that 

is  the  factor  which  produces  the  peculiarity  in  its  form. 

lOS.  It  may  however  be  shewn  independently  of  Tayhr^s 
Theorem,  that  the  true  value  of  a  fraction,  which,  in  a  particu- 
lar case,  assumes  the  form  - ,  may  be  obtained  by  the  differen- 
tiation of  the  numerator  and  denominator,  but  that  this  method 
fails  in  the  cases  alluded  to  in  the  last  article. 
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Since  the  fraction,  when  a:  z=.  a.  takes  the  form   -,  it  is 

0 

manifest  that  we  may  assume  it  to  be  of  the  form 

_  X^  (a?  ~  ay 

in  which  X^  and  X^  do  not  involve  the  factor  x  —  o : 

hence,  calKng  the  numerator  and  denominator  P  and  Q  re- 

spectively,  it  is  evident  that  -— -  will  be  of  the  form 

X^  {po-aT  +  X^_^  (a?-a)"*"^  +  &c.  ^-m^m--  1).  &c.  JTj  (4?~o)'"''* 
^U'^-^)"^ +-^m/-i(<»-«)*^"'  +  &c-  +  w  (w'- 1) .  &c.X/(a?-.a) 


m/— n* 


now,  if  w  and  m  be  both  whole  numbers,  and  m  greater  thati 
w',  it  is  evident  that  m  —  n  will  remain  finite  when  m  ^  n 
becomes  =  0 ;  and  therefore  when  w  =  a^  we  have 

0 

u  =      ,  .    , ;^ —7-  =  0: 

m  {m  —  1)  •  &c.  X 1 

if  m  be  equal  to  m',  m  —  w  and  m  —n  will  become  0  at  the 
same  time ;  and  thence,  when  w^^a^  we  obtain 

m(w— 1).  &c.  A^i        X, 
m{m~-\)  .  &c.  JTj       -Y'l 

if  m  be  less  than  m\  m  —  n  will  become  =  0,  whilst  m  —n 
remains  finite,  and  therefore  if  a?  =  a,  we  find 

7»(m  —  1).  &c.  X. 

u  =  — ^^ =  CO: 

0 

but,  if  m  and  m  be  fractions,  it  is  manifest  that  neither  m-n 
nor  m' ^n  can  ever  become  =0;  and  consequently  that  the 
vanishing  factor  w  —  a  cannot  be  disengaged  from  the  nume- 
rator and  denominator  by  the  process  of  diflFerentiation. 
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106.  Although  the  method  pointed  out  in  article  (103) 
fails  to  give  the  particular  value  of  the  function,  when  the 
index  of  the  evanescing  factor  is  fractional,  it  frequently  hap- 
pens that  the  one  explained  in  article  (104)  may  be  used 
with  advantage  when  the  other  does  not  fail,  and  differentia- 
tion would  be  tedious. 


Ex.  1.     Let  w  = 


a?'  — 4a^*-f  7a*^— 2a^  —2a'^2aa7  — a* 


Or 


-iax-a'  +  iajias-a^ 


9 


which  becomes    =  - ,  when  a?  is  made  s=  o : 

0 

suppose  now  a?  =  a  +  ^,  then  by  substitution  we  shall  have 


2a^  +  2a"A  -  a  A*  +  A'  --^a^^a*  +  2ah 

=  ■  ^       ; 

—  2a*  +  A*  +  2a^a^--h^ 


J A«  h^         5h^ 

but  ^ a* -^Qahssa  -f  A +  — : 1  +  &c., 

^  2a       2a*       8a' 

and  ^a*  —  A*  =  a—  —. ;—  Sec; 

^  2  a       8a' 

wherefore  these  series  being  substituted  in  the  expression  for 
u',  and  h  being  made  =  0,  the  value  required  is  —5  a,  which 
could  not  have  been  obtained  by  the  other  method,  without 
four  successive  differentiations  of  both  the  numerator  and 
denominator. 

Ex.  2.     Let«*  =  ; ,  which  becomes    ,  whena?=l; 

log^— d7+l  0 

then  proceeding  as  before,  we  have 

rM-u*     .    .  rx      A'  +  —  (1+A)AH&c. 
,     (l+A)^+*-(l+A)  1.2^         ^ 


2  3 
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l  +  — (l+A)A  +  &c. 

J.  •  S! 

1     T 

2       3 


and  if  h  be  made  =  0,  the  corresponding  value  of  «  =  —  2. 

This  example  would  have  required  the  numerator  and 
denominator  each  to  be  difiPerentiated  twice  before  obtaining 
the  real  value  of  the  fraction. 

107-  It  sometimes  happens  that  the  differential  coefficients 
of  implicit  functions,  in  consequence  of  assigning  particular 
values  to  the  independent  variable,  are  made  to  assume  the 
indeterminate  form,  and  their  true  values  must  then  be  found 
upon  the  same  principles.  This  will  appear  in  the  following 
examples. 

Ex.  1.  Let  (.«?*  +  /)*  =  2  a- (a?^  —  y^),  y  being  the  depen- 
dent and  m  the  independent  variable;  then,  by  the  ordinary 
process,  we  find 


dy       SB  Ca   —  a?    —  y 

dw       y  \c^  +  «2?^  -h  y^ 


\- 


now  if  0?  =  0  and  y  =  0,  the  former  factor  of  this  expression 

assumes  the  form  - ,  whilst  the  latter  becomes  =  1 ;  whence 

0 

in  this  case  we  shall  have 

dy       dx        •         dy^ 

_i  ^  .  ar\{\      •  ^      ==    1  • 

dof       dy  dor 


dy 
wherefore  the  corresponding  values  of  —   are  1  and  —  1. 

Ex.  2.     Let  there  be  given  the  equation 

y^  —  Saxy  +  a?^  =  0 ; 
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then  will  -^  =  — — ; 

ax       if  —  aw 

but  since  when  w  is  made  =0,  y  also  becomes  =0,  we  have 

dy       ay — x^       0       d{ay —w^)  dw 

dx      v*  —  ^^      0      ^W"  —  «^)  ^y 

dx 

dy 
and  for  the  sake  of  conciseness  putting  -^  =  p,  we  shall  have 

dx 

p  —  _£ J  or  2yp   —  ap  ^iop-^^x; 

Mr  ^ 

from  which  the  values  of  p  are  found  by  the  solution  of  a 
quadratic  equation  to  be 

^xy       24?V       „     ^ 

n^  n^^ — r;:;;    «±(a-— ^-— r--&c.) 

a  ±  fsj  a   —  4ia?y  a  o 


2y  2y 


and  these  expressions,  when  ^  =  0  and  ^  s  0,  become  infinity 
and  zero. 

Ex.  3.     Let  the  equation  proposed  be  ay' +  ^*  =  6d?*y  • 
ihGa  Say'^dy'\-^a?dx:^%bxydx-\'hx^dy\ 

dy       ^bxy  —  4tr' 

whence  we  find  -r-  = r —-a ,  which  assumes  the  indeter- 

dx       Say^  —  ox 

minate  form  -  when  a?  =  0  and  y  =  0 : 

hence,  using  a  notation  similar^  to  that  of  the  last  example,  we 
have 

d(2bxy  —  4iX^)       bxp  +  6y  —  12^7* 

""  d(3oy*  —  6a?*)  Sayp  —  6« 

T 
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0       d(bwp  +  by  —  12a?^) Zbp 


.-.  we 


0  d(3ayp  —  bw)  Bap^  —  6' 

when  d?  =  0.and  y  =  0; 

have  p' p  =  0,  or  (  p^ )  p  =  0, 

a  \  a/ 

from  which  we  obtain  immediately, 

p  =  0,   and  p' =0,  or  p  =  ±  y/  ^ : 

in  other  words,  the  differential  coefficient  has  three  different 

values  0,  V/  ^  and    —  \/  - ,  corresponding  to   the  value  0 

a  a 

of  the  independent  variable. 

P    dP    «PP 
108.     Cob.    The  expressions  -~ ,  -— - ,  — ;— ,    &c.  cannot 

Q    dQ    drQ 

in  any  case  assume  th^  form  - ,  in  infinitum ;  for,  since 

^      dP  h      d^P    h^ 
,  dcV   1        dw   1 . 2 

^  ^T      dQH      cPQ    hr        ~' 

if  w  were  made  =  a,  we  should  have  the  numerator  and  deno- 
minator each  s=  0  whatever  be  the  value  of  A,  which  obvi- 
ouslv  cannot  be  the  case. 

00 

These  expressions  may  however  assume  the  form  —  in 

00 

infinittmij  whenever  the  particular  value  of  the  principal  vari- 
able is  such  as  to  cause  the  failure  of  Tayhr^s  Theorem,  as 
may  be  seen  in  the  examples  of  (103). 


CHAP.  VII. 

On  the  greatest  and  least  Values  which  Functions 
admit  of,  hy  assigning  different  Magnitudes  to  the 
principal  Variable. 


109.  Def.  In  the  equation  u  =  /a?,  or  /(w,  a?)  =  0, 
either  of  which  expresses  the  relation  subsisting,  between  the 
function  u  and  the  principal  variable  w  upon  which  it  depends, 
if  different  values  be  given  to  a?,  it  is  evident  that  different 
values  will  in  generalhe  thus  assigned  to  u;  and  if,  by  making 
a?  to  pass  successively  through  different  degrees  of  magnitude, 
it  be  found  that  the  corresponding  values  of  u  first  increase 
and  then  decrease,  it  is  evident  that  one  of  these  values  must 
be  greater  than  either  of  those  immediately  preceding  and 
following  it :  such  a  value  of  u  is  therefore  called  a  maadmum. 

On  the  same  hypothesis  respecting  a?,  if  it  appear  that 
the  values  of  u  first  decrease  and  afterwards  increase,  it  follows 
in  the  same  manner  that  one  of  them  must  be  less  than  either 
of  those  immediately  preceding  and  following  it,  and  this 
value  of  t^  is  styled  a  minimum. 

Similarly,  if,  by  continuing  to  assign  other  successive 
values  to  a?,  the  same  circumstances  be  observed  to  recur, 
the  function  is  said  to  admit  of  so  many  mcucima  or  minima^ 
according  as  it  ceases  to  increase  and  begins  to  decrease,  or 
ceases  to  decrease  and  begins  to  increase. 

In  other  cases  when  the  function  u  increases  or  decreases 
continually,  in  consequence  of  the  continual  increase  of  <»,  it 
is  manifest  that  its  value  admits  neither  of  a  mammum  nor 
a  minimum  in  the  sense  above  explained,  because  each  value 
is  always  either  greater  or  less  than  that  which  immediately 
precedes  it. 


h 
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Since,  therefore,  according  to  the  definitions  just  given, 
a  function  may  admit  of  several  maxima  and  minima,  it 
follows  that  the  distinguishing  character  of  a  mawimum  con- 
sists in  its  being  greater^  and  that  of  a  minimum  in  its 
being  less,  than  either  of  the  values  immediately  preceding 
and  following  it. 

Ex.  1.     Let  there  be  proposed  the  equation 

u  ^  c  ±  A^a*  —  (a?  —  6)*; 

then  if  the  upper  sign  be  used,  and  of  increase  continually 
from  0  till  it  becomes  =  6,  it  is  manifest  that  (a^  —  by  con- 
tinually decreases  till  it  becomes  ==  0,  and  consequently  that 
the  value  of  u  increases  till  it  becomes  :=  c  +  a: 

also,  if  w  be  still  further  increased,  (a?  —  6)'  is  likewise  in- 
creased, and  therefore  the  value  of  u  will  be  diminished : 

that  is,  u  increases  whilst  w  increases  up  to  &,  and  afterwards 
decreases ;  or  when  os  ^^h^  the  corresponding  value  of  u  is 
a  m^ianm/um  whose  magnitude  =  c  -|-  a. 

If  the  lower  sign  be  used,  it  is  evident  that,  whilst  x 
increases  up  to  ft,  the  value  of  u  continually  decreases  till  it 
becomes  =  c  —  iz,  and  afterwards  increases  by  assigning  to  x 
successive  values  greater  than  ft;  that  is,  u  decreases  whilst 
w  increases  up  to  ft,  and  afterwards  increases,  or  ^^  is  a  minimum 
whose  magnitude  is  e  —  a,  when  <a?  is  made  =  ft. 

These  results  may  be  verified  by  substituting  for  a?  the 
values  ft  +  ^  and  ft  —  A ; 

for,  in  the  former  case,  the  corresponding  values  of  u  are  ea^h 
=  c -h  /^  a*  —  A*,  which  is  less  than  c+a;  and  in  the  latter,  the 
values  of  w  =  c  —  /^a'  —  A^,  which  is  greater  than  c  -  «: 

These  circumstances  admit  also  of  being  exhibited  geo- 
metrically; for,  in  fact,  the  equation 

?^  =  c  +  sf  (T  —  (t  —  ft)- 
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is  that  of  a  circle  whose  radius  is  a,   and  the  co-ordinates 
of  whose  centre  are  b  and  c:  hence 


if  AB  =  b  and  BC  =  Cy  C  will  be  the  centre  of  the  circle 
whose  radius  CE  =  CD  =  a :  therefore 

is  evidently  the  greatest  value  of  Uy 

and  BE  =  BC  —  CE  ^  c  ^  a^  is  the  least ; 

also,  if  BB'  and  BB^  be  taken  to  represent  h  and  —  h  respec- 
tively, and  the  corresponding  ordinates  B'  E  Uf  and  B^  E^  D^ 
be  drawn,  it  is  clear  that  BD  is  greater  than  either  B^D'  or 
Bp^y  and  BE  less  than  either  BE  or  Bfi^, 

Ex.  2.  Let  u^oe^ ^SaaP  +  22a* a?-  —  24 a^w  +  12o* ;  then 
as  o}  increases  from  0,  u  decreases  from  12  a^,  so  that  when  a? 
becomes  =  a,  the  corresponding  value  of  w  =  3a*. 

As  w  continues  to  increase  from  a,  it  also  appears  that 
the  value  of  u  continues  to  increase  from  3  a*,  until  w  be-r 
comes  =  2  a,  when  the  corresponding  value  of  u  becomes  4  a*. 

Afterwards,  as  x  continues  to  increase  from  2  a,  the  value 
of  w  decreases  from  4  a*,  till  x  become  =  3  a,  which  renders 
the  corresponding  value  of  w  =  Sa^, 

After  this,  by  continuing  to  assign  to  od  successive  values 
greater  than  Sa^  it  is  found  that  the  values  of  u  become  con- 
tinually greater  and  greater  without  ever  again  beginning  to 
decrease. 
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Hence  therefore  it  follows,  that  when  the  principal  variable 
OD  has  the  values  a  and  Sa^  the  corresponding  values  of  the 
function  u  are  minima^  whose  magnitudes  are  each  =  3a^; 
and  that  when  w  becomes  =20,  the  value  of  u  corresponding 
to  it  is  a  maximwm  which  =  4o*. 

In  this  example  we  may  find,  by  substituting  for  x  the 
values  4a^  5  a,  &c.  that  the  corresponding  values  oiu  will  be 
12 o^,  67«*>  &c.  which  are  greater  than  the  mcLCDvnvwm  ^a^  \  but 
if  A  be  a  small  quantity  less  than  a,  it  will  appear  that  of  the 
pairs  of  quantities  4a-fA,  4«  — A;  5aH-A,  5a  — h^  &c.  one 
renders  the  corresponding  value  of  u  greater,  and  the  other 
less  than  12 a^,  &la^9  &c. ;  whereas  2a  +  A  and  2a— A  make 
the  values  of  u  corresponding  to  them  both  less  than  4a^: 
this  mode  of  reasoning  proves  the  necessity  of  taking  the 
values  immediately  preceding  and  following,  in  the  definitions 
which  have  been  given  of  a  maximum  and  a  minimum. 

We  might  have  arrived  at  the  same  conclusions  by  con- 
structing the  curve  whose  equation  is 

t^  =  07*  -  Sax^  -f  22a*j?*  — 24a^^p  +  12a^ ; 

which  would  shew  that,  according  to  the  definition,  the  values 
a  and  Sa  oi  the  abscissa  x  render  the  ordinate  u  a  minimum, 
and  that  the  value  2  a  renders  it  a  maximum. 

Although  similar  expedients  might  be  had  recourse  to  in 
other  cases,  it  is  manifest  that  such  a  mode  of  proceeding  would 
be  both  precarious  and  exceedingly  tedious,  particularly  where 
surd  quantities  are  concerned,  and  this  the  Differential  Calculus 
furnishes  the  means  of  avoiding. 

110.  To  determine  when  a  Function  of  one  independent 
variable  is  a  maximum  or  a  minimum^  and  to  investigate  a 
criterion  for  distinguishing  the  one  from  the  other. 

Let  u  representing  any  function  of  x^  be  the  quantity 
whose  maximum  or  minimum  is  required,  and  suppose  u^  xt 
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and  u^  to  be  the  same  functions  of  a?,  a?  +  A  and  x  —  h  re- 
spectively:  then  by  Taylor's  Theorem,  we  have 

•^  del?    1  <ia?*  1.2  dw^  1.2.3 
and 

_.  ^.                du  h  d^u  h^  d^u     A* 

'      ■'  ^  ^                 dw    1  dw^  1.2  da?3  1.2.3 

now,  according  as  t^  is  a  maximum  or  a  minimum,  it  is  evident 
from  what  has  been  said,  that  u  and  u^  must  be  both  less  or 
both  greater  than  u,  however  small  h  may  be  assumed ;  and  we 
have  seen  in  (76)  that  h  can  in  genersd  be  assumed  of  such 

a  magnitude  that  -r-h  may  be  greater  than  the  sum  of  all  the 

dof 

terms  which  follow  it ; 

whence,  if  -7-  be  either  positive  or  negative,  one  of  the  quan- 

tides  u\  u^  will  be  greater,  and  the  other  less,  than  u,  which 
cannot  be  the  case  if  t^  be  either  a  maximum  or  a  minimum ; 

and  hence  when  u  is  either  a  maximum  or  minimum,  it  remains 
only  that 

du 

We  have  therefore,  when  the  first  differential  coefficient 
vanishes, 

c?w    h^        d?u      h^ 

-u  =  t^  4- -j- -f  &c. 

dor  1.2        dar  1.2.3 

dl'u    A'        d^u     h? 

w  =  u  +  -j-z -T--Z h  &c. 

'  daf^  1.2       dai^  1.2.3 

which,  on  the  principle  that  h  can  be  assumed  of  such  a  mag* 

^u    A*  ^ 

nitude  that--=-^  —  may  be  greater  than /the  sum  of  all  the 
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< 


terms  which   follow  it,   are  both  less  than  «   when  — -,  is 


1? 
negative,  and  both  greater  than  u  when  — j  is  positive ; 

that  is,  u  will  be  a  maximum  or  a  minimum,  according  as  the 

du 
value  of  a?,    determined  from   the   equation  —  =  0,   renders 

dof 

the  second  differential  coefficient  -— ^  negative  or  positive. 

Ex.  1.     Let  it  be  required  to  find  the  value  of  d?  which  ren- 
ders the  function  u^aop  —  ar,  a  maximum  or  a  minimum. 

Since  u^ax-^x^^  we  have  immediately  by  differentiation 

du  .  d^u 

——  =  a  —  2  0?,   and  —— r  =  —  2 : 
dx  dx* 

now  because  u  is  to  be  a  maximum  or  a  minimum,  if -—be 

dx 

put  =  0,  we  shall  have  a  —  2a?  =  0,  and   .-.  a?  =2  ^a  : 
and  since  the  value  of  — — ^  is  negative,  we  conclude  that  \a 

CuX 

when    substituted    in    the    place  of  x  renders   the   function 
u:=zax  —  x^  a  maximum  J  whose  value  is  ^  a*. 

If  the  function  were  u  z=,  aF  —  ax^  we  should  have 

du  T 

=  ^x  -a  =  0,   or^  =  ^a; 


dx 

d^u 
and  the  value  of  — ^  =  2,  which  is  positive,  proves  that  ^  a 

renders  the  function  u  =^  x°  --  ax  a,  minimum^  whose  value 
is  -  Ja^. 

Ex.2.    Letw=sa?(a—  a?)^;  then  we  have 
du        .  ^  .         ^         _  d^u    ■  ^ 


dt-r  da?^  y,, 
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but,  K  uhe  a,  maximum  or  a  minimum,  we  must  put 

du  y  dfi 

— -  =  (a—  Sai)  (a  —  a?)  =  0 ;  and  the  equation  -—  =  0, 

aw  ax 

will  be  satisfied  either  by  making  a— 307  =  0,  ora  —  a?  =  0; 

du 
therefore  the  roots  of  the  equation  ~—  =  0,  are  4  a  and  a : 

dw  ^ 

•i.  1     1  A  d^^ 

now,  if  4  a  be  put  for  a?,  —— r  =  2a  —  4a=  — 2  a, 

dar  ^ 

and  if  a  be  put  for  a?,  -—5  =6a—  4ass2a; 

whence  it  follows  that  ^  a  and  a,  render  u  respectively  a  mojA- 
mtvm  and  a  minvmum  : 

a  ^a^      ^a^ 

also,  the  mawimam  value  of  t*  = = , 

3     9  27 

and  the  minimiim  value  of  ft  =  a  (a  ^  a)^  =  a .  0  =  0. 

Since  w=d?"— 2aa?*4-  a' or,  it  is  manifest  that  if  o^  be 
a  large  positive  or  negative  quantity,  the  values  of  u  will  be 
greater  or  less  than  those  already  found,  though  they  do  not 
possess  the  character  of  a  maximum  or  a  minimum,  as  defined 
in  (109). 

Ex.3-    Let  t«  =  j?*  — 8oa?*  +  22aV  — 24o'o?  +  12o*;  then 

du 

-—  =  407*  — 24oa?'-f-44a*a7  — 24a^ 

which  =  0,  when  u  is  either  a  maximum  or  a  minimum :  whence 
we  have 

07^—6  aa/^  H- 11  a* 07  —  6  o^  =  0, 
or  (0?  —  a)  (0?  —  2  a)  (0?  —  3  o)  =  0 : 

and  the  values  of  0?  which  satisfy  the  equation  -—  =  0,  are 

ao7 

therefore  a,  2 a  and  3a: 

U 
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again,  ---3  =  12^*—  48  aa?  -f  44  a% 
da?* 

in  which  if  a,  2  a  and  3  a  be  successively  subtituted  for  w^  the 
results  will  be 

8a^   —  4a*  and  80*; 

whence  each  of  the  quantities  a  and  S  a  when  substituted  for  ^, 
renders  the  function  a  minimum^  and  2  a  renders  it  a  maoAmum : 
that  is, 

if  ^  =  a,  tt  =  8  a^,  a  minimum: 
if  ^  =  2  a,  f^  =  4  a^,  a  meuvimum  : 
if  07  =  8  a,    f«  =  3  a^,    a  minimtMn, 

ft  V 

Ex.  4.     Let  u  =  -;; 5 ;  then  as  before,  we  have 

a^  +  ar 

d^"  (a*+a?«/  '  ^    d^^  (a*  +  ^)*      ' 

now,  when  t«  is  a  maximum  or  a  minimum,  we  must  make 

du       a  (a*  —  a?*) 

d^  "  (a«  +  ^0*   "^  ^  * 
whence  we  have  a  (a*  —  a?^)  =  0,  and  .*.  x  =•  +  ai 

also,  if  a?  =        a,  — J  =  -  —-j; 

da?*  2  a* 

dPu  _    1 
do?*  ""  2  a^ 

from  which  it  follows  that  when  07  =  a,  the  value  of  the  function 
t^  is  a  mcLoAm/um;  and  when  a;  =  —  a,  a  mimmt^m: 

also,  a  and  --  a  being  substituted  for  w  give  the  mammmn  and 
mininmm  values  of  the  function  =  ^  and  —  -^  respectively. 

Ex.  5.     Let  w  =  sin  «»  —  vers  w ;  then  by  differentiation, 

du  .  d*w 

— -  =  cos  07  —  sin  07,  and  --— r  =  —  sin  07  —  cos  0?: 

007  d07* 


and  if  07  ^  —  a,   -    ^  —  — j. 
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now,  when  t^  is  a  maximum  or  a  minimum,  we  have,  as  before, 

du 

-—  a=  cos  a?  —  sm  a?  =  0 ; 

a<r 

whence  sin  w  =  cos  a?  =  sin  (j^  tt  —  ^)  =  &c. 

and  .-.  a?  =  ^ir  —  a?  =  &c.,  or  a?  =  ^tt  =  45^  or  =  &c. : 

also,  for  a?  =  45^  -7-5  =  —  sin  45®  — cos  45®= 7=  =  —  . /g, 

da?-     '  V2  ^    ' 

which  proves  that  the  value  of  t«  thence  resulting  is  a  maa;imum. 

It  is  evident  that  the  number  of  values  of  a?,  which  in  this 

du 
instance  satisfy  the  equation  —  =  0,  is  indefinitely  great,  and 

ox 

the  value  of  u  will  be  a  maximum  or  a  minimum^  according  as 
the  value  of  sin  a?  +  cos  x  is  then  positive  or  negative. 

Ex.  6.     Let  w'  4-  ^  -^  3  a' a?  =  0  be  a  proposed   implicit 
function ;  then  the  operation  of  differentiation  gives 

3u^  -^   -f  3(a?*-o')  =  0: 
dx 

od^u  dvr 

and  u^  -r-^  +  Qu  ---7  -f  2  a?  =  0 : 
dar  dor 

du 
but  in  case  of  a  maximum  or  a  minimum,  we  have  --—  =  0 ; 

dof 

.-.  3  (a?*  —  a*)  =  0,  and  x  =  ±  a: 
whence  by  substitution  the  proposed  equation  becomes 

w'  +  2  a'  =  0, 

and  .•.  u  ^  t^  ±  2a^=:  -f  a„^/^: 

d^u  2  a?        _      2 

also,  in  this  case  we  have-7-r  = t  =^  -\ V7=» 

dx  u*  av4 
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whence  the  maaimtim  and  minimum  values  of  u  are  a  ,^ 
and  —  a  >^/i"  respectively,  correspondent  to  the  values  a  and 
—  a  of  the  independent  variable. 

Ex.  7.     Let  w'  —  2  mau  +  a?*  —  o*  =  0 ;  then,  as  before, 

du 

(w— m^)-- {mu  —  /r)  =  0, 

dw 

^  d^u  du       dfj^   . 

(w— m^)— -«  —  2W-; — h  — -J  +1=0: 
ad?  dw       dx 

from  the  former  of  which,  since  when  t«  is  a  maximum  or  a  mi- 

du  .  w 

nmium,  — -  =  0,  we  obtain  w  =  — : 
ax  m 

hence,  by  substitution  in  the  proposed  equation,  we  obtain 

^*  .         «         -  ma 


m? 


—  2  0?*  +  a?'  —  a*  =  0,  and  .-.  a?  =  ± 


x/l-^*' 


.  w  a 

whence  t^  =  —  =  +  — .  : 

m  ^  1  —  m* 

and  to  determine  which  of  these  values  of  «^  is  a  maximum  and 

ma 


which  a  minimum,  we  have,  when  ^  3=  + 

cfw       .     1  _  1 


A^l  -m*' 


da?'       mx'^u  a  ,J\  — w*' 

and  this  shews  that  1^  will  be  a  maximum  or  a  miniim^m,  accord- 

.  _        _  ,         ma  '—'ma 

mg  as  the  value  of  x  is  —  or 


In  the  last  two  examples,  in  which  t^  is  considered  as  an 
implicit  function  of  a?,  the  same  results  would  have  been 
obtained,  if  u  had  been  first  rendered  an  explicit  function  of 
its  principal  variable.  \ 
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111.  CoE.    If  the  characterising  equation 

du 
doi 

have  the  unequal  possible  roots  a,  6,  c,  &c. ;  and  these  be  sub- 
stituted successively  in  the  equation 

which  is  evidently  the  limiting  equation  of  the  former,  the 
results  will  be  alternately  positive  and  negative;  that  is,  the 
unequal  roots  of  the  equation 

du 
dw 

taken  in  the  order  of  their  magnitudes  render  the  function  a 
minimum  and  a  maximum  alternately. 

112.  To  determine  whether  aU  the  roots  of  the  equation 

--—  s=  0,  necessarily  render  the  function  u  eUher  a  mammum 
dx 

or  a  minimum. 

The  notation  of  the  preceding  articles  being  retained,  if  it 
appear  that  one  or  more  roots  of  the  equation 

du 
dx 

satisfy  also 

d^u  _  d^u 

—  ^  0.  but  not =  0, 

dw'        '  da?^         ' 

we  shall  evidently  have 

,  ^u     A*         d^u       A* 

U  s=  f^  4-   ■  A J-  4-  &c. 

daP   1.2.3       dor  1.2.3.4 
'  daP    1.2.3    '    dix/^  1.2.3.4 
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and  since  h  may  be  assumed  of  such  a  magnitude  that 

—     ** 
dar*  1.2.S 

shall  be  greater  than  the  sum  of  all  the  terms  which  succeed  it, 
it  follows  that  one  of  the  quantities  u  and  u^  will  be  greater, 

and  the  other  less,  than  w,  if  -r-r  be  any  finite  quantity,  which 

is  contrary  to  the  nature  of  a  maximum  or  a  minimum :  but  if 
at  the  same  time,  the  equation 

d'u 

be  satisfied  whilst  the  equation 

d*u 
aw 
is  not  fulfilled,  we  have  again 

dor    1.2.3.4       dx^    1.2.3.4.5 
d^u       A*  d^u         h^ 

U^=  U  -j-   -7-7 ;— s \-  &C., 

'  dx^    1.2.3.4        dar   1.2.3.4.5 

which,  when  h  is  assumed  of  the  proper  degree  of  magnitude, 
will  manifestly  be  both  greater,  or  both  less  than  u ; 

that  is,  u  will  be  a  nmadmum  or  a  minimum^  according  as  the 

d^u 
value  of  w  when  substituted  in  — ^  gives  a  negative  or  a  posi- 
tive result. 

Continuing  to  reason  in  the  same  manner,  we  conclude 
generally  that  a  value  of  the  principal  variable  can  cause 
a  function  to  be  a  maxinlum  or  a  minimum,  only  when  the 
differential  coefiicient,  which  it  first  renders  finite,  is  of  an 
even  order ;  and  that  the  function  itself  will  be  a  maximum  or 
a  minimum,  according  as  the  value  of  that  differential  coefficient 
becomes  then  negative  or  positive. 
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/         Ex.  1.     Let  w  =  6  +  (a?  — a)';  then  we  shall,  as  before, 


have 

du  ,         .^    d^u       ^  .         ^     ■       d?u 

-—  =  3  {x^iiy^  -p-y  =  6  (a?  — a),  and  --r  =  6: 

doB  dor  '^  da?' 

now,  since  from  the  nature  of  maxima  and  minima  we  must 
make 

du  -         ^, 

we  obtain  two  values  of  w  each  =  a ;  or  in  other  words,  if  u 
admit  of  a  maximum  or  a  minimum,  the  corresponding  value 
of  07  will  be  a ; 


mm.      mM£  mm       7* 

but  since  this  value  of  w  renders  -j— ^  =  0,   and  — 5  =  6, 


dl^u  ,  d?u 

-r-r:   z=  0,     and : 

dw^         '  dw' 

it  follows  that  6  the  corresponding  value  of  u  is  neither  a  maW" 
imum  nor  a  minimv/m. 


Ex.  2.     Let  tt  =  J7  (a— <r)^,  be  the  proposed  function :  then 

du  «  cPw 

_-  =  (a  — 45?)  (a  —  aiy,    and— -r  =  6  (2^?  — a)  (a  — a?) : 

du 
hence  the  determining  equation  -—  =  (a  — 4<r)  (a  —  wy  =  0, 

CvW 

will  be  satisfied  when  a  —  4  a?  =  0,   and  when  (a  —  a?)*  =  0 ; 

that  is,  when  a?  =  ^  a  and  ^  =  a : 


now,  when  a?  =  ^  a,  we  have 


daf"""        4   ' 


which  shews  that  4-  a  renders  w  a  mcuvimum,  which  =  —  a* : 

^  256 


c?w  _  d^u 

—-J  =0,  and— ^ 


but  when  a?  =  a,  we  have  -j-^  =0,  and  3-3  =  —60; 


therefore   a  being  substituted  in  the  place  of  x  renders  the 
function  u  which  then  =  0,  neither  a  maanmum  nor  a  minimum. 
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Ex.  3.     Let  u^w*;  then,  as  before,  we  have 

.-.  the  characteristic  equation  is  3-  =a'(l  +log  ai)  =0, 

which  will  be  satisfied,  both  when 

ar'=0,  and  H-log^p  =  0: 

from  the  latter  of  these  we  obtain  ^r  sr  - ,  which  renders 

e 


ix^^ 


a  positive  quantity ;  and  therefore,  the  corresponding  value  of 

1 


"=(^)'=%7^ 


18  a  mtnimum. 


If  the  equation  ^  =  0,  had  been  used,  it  is  manifest  that 

dru     ^u 
the  corresponding  values  of—-—,   3—^,    &c.  become  =  0,  apd 

dof      dor 

therefore  the  values  of  w  which  would  be  thus  found,  do  not 
render  the  function  either  a  mammtmi  or  a  minimtim. 

Ex.  4.     Let  usse'  cos2iv;  then  we  shall  have 

du  cPu 

--—  =c'(cos2a?  — 2  sin  2a?),  -— ^  =  —  ^^(4  8in2a7  +  3  cos2«r): 

dof  dx" 

therefore  from  the  equation  of  condition, 

du       ,,  .        . 

-—  =:^(cos2<r  — 2  sm2<r)  =  0, 
dw 

we  have  c*  =  0,  and  cos2a?  — 2  sin2a?  =  0; 
from  the  latter  of  which  we  obtain  tan  2a?=  - ;  and  this  gives 

2 
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1  ,  8 

sm  2a?=  +  — T=K  and  oos2a7=:  +  —7=  ; 

wherefore  if  the  upper  sign  be  used,  the  corresponding  value  of 
u  will  evidently  be  a  mammrnn^  and  if  the  lower,  it  will  be  a 

it  is  also  clear,  that  when  c^  =  0,  th^  values  of  ~— - ,    ,   , ,  8cc. 

dar     door 

all  vanish,  or  u  is  not  by  these  means  rendered  either  a  memmtim 
or  a  minimttm, 

113»    Co».  1.    In  some  of  the  eitamples  just  given,  it  has 
appeared  that  the  equation 

du 
dw 

contains  two  equal  roots  which  render  the  function  neither  a 
maximum  nor  a  minimum ;  but  it  must  be  observed  that  this 
is  not  the  case  whatever  may  be  the  number  of  roots  that  are 
equal. 

du      ^.         — 
—  =P(a?-orc=0; 

(?w  dP  ' 

then  we  have  -—5  =  (.r  —  a)**-r-  +  mP(af  —  o)"""  * ; 

dor  a^ 

diXr  uw  doB 


&c 
and  generally 
d'^u 


^^=(a^^arjr^+(^-«r-^^«.,+&c. 


( 
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-|-w(w— l).&c.  P(a?  — o)'"-"+\ 
where  X^y  ^m-v  8cc. 

represent  the  differential  coeiScients  of  P  combined  with  con- 
stant quantities  : 

now,  if  m  be  odd,  it  is  evident  that  the  first  differential  co- 
efficient of  u  which  does  not  vanish,  is  of  an  even  order;,  anid 
therefore,  a  being  substituted  for  w  will  render  the  function  a 
maximum  or  a  minimum,  according  as  P  then  gives  anegative 
or  a  positive  result ; 

but  if  9»  be  even,  the  first  differential  coefficient  which  does  not 
vanish,  is  manifestly  of  an  odd  order,  and  indicates  that  the 
function  does  not,  for  this  value  of  ^,  admit  of  either  a  maxi- 
mum or  a  minimum. 

Ex.  1.     Let  w  =  «(«»— 6)*;  then  we  have 


du  .       ,^-     d^u 

—  =4a(ar-6)%  — ^ 
dw  dor 


=24atiV'—- OK   — T  ^24o:. 

now,  -— -  =  4o(a?  —  6)'  =  0, 
d/v 

contains  three  roots  each  equal  to  b ; 

but  since  the  fourth  differential  coefficient   becomes  24  a,   it 
follows  that  b  renders  the  function  a  minimum  whose  value  is  0. 


Ex.  2.     Let  u=v^^5  aw*  +  5  a?' a?  -}-  c^ ;  then,  as  before, 

—  =  5a?*  -  20aa?^  -f  15a^a?^ 
doo 

d    Vr  -  ^  «  fl 

dx 
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d^ 


=  60w*  -  120aa?  +  30a% 


-—7  =  120 J?  -  120a,  -— -,  =  120: 

du 
but  frpm.--—  =  Sw^  —  20aaf^  +  IBa^ar^  =  0,  we  have 
dw 

a^  (ar^  —  4aa?  -|-  So*)  =  0 ; 

.-.  ai^  =  0,  and  a/^  —  4iaa  +  3a*  =  0, 

the  roots  of  which  are  0,  0,  a  and  3a : 


if  a?=rO,  we  have-^-^  =  0  and  ^p-^  =  SOa*,  therefore  this  value 


d^u  ,  €Pu 

— r  =  0  and  — ; 
dw^  dx' 

of  the  principal  variable  renders  the  function  neither  a  maaA- 
mv/m  nor  a  minimu/m: 


d^u  d^u 

if   w  =  a,  .then    -— r  =—  10a\    and   if  ^  =  3a,   then  — ^ 

dor  dx^ 

=  90  a';  which  shew  that  a  and  Sa  render  the  function 
a  mawifn/u/m  and  a  minvrmi/nhy  whose  respective  values  are 
2a^  and   -  26  a^ 

du 
114.  CoE.  2.     If  the  equation  -—  =  0,   contain  several 

dx 

sets -of  equal  roots,  such  that 

—  =  P{x  -  ay{x  -  hy^ {x  -  cy^ &c.  =  O; 
dx 

the  same  mode  of  reasoning  may  be  applied. to  shew  that  there 
will  be  one  maximum  or  one  minimum  value  of  u  belonging  to 
each  set  when  the  indices  m,  m^^  m^,  &c.  are  odd,  and  none 
when  they  ane  even. 
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115.  It  sometimes  happens  that  the  equation 

du 

contains  impossible  roots  whilst  its  terms  are  all  possible,  and 

these  roots  may  cause  -r-r  to  be  positive  or  negative  without 

dw . 

rendering  the  function  a  maximum  or  a  minimum. 

Ex.     If  we  have  «  =  «*  +  2^*  +  S ;  then  wfll 

du        '  ^  ,  ^u  - 

-^  =  ^ar  +  4^,  and  — r  =  12^  +  4 : 

dw  dar 

du 
now  from  the  equation  -j-  n  0, 

dw 

we  obtain  a?  =  0,  and  ,v  =  j;  ^  — »  l ; 

alsO)  if  ^  =  0,  —X  ac  4,  and  t«  ■=  d,  a  minimwm : 

M cPw 

if  a?  3=  i,y  —  1,  —-5  =  —  8,  and  »  »  2 ; 

/ cPt* 

if  a?  =  —  ^  —  1,  —  =  —  8,  and  w  =  2 ; 

and  the  last  two  values  of  u  lie  under  the  form  of  maxima ; 
but  they  cannot  be  said  to  be  either;  because,  in  the  inves- 
tigation of  the  general  principle,  h  was  supposed  to  be  assumed 
of  such  a  magnitude  that  any  one  term  of  the  values  of  u 
and  u^  might  be  greater  than  the  sum  of  all  that  follow  it, 
which  implies  that  all  the  diflt^rential  coefficients  are  possiUe. 

116.  Should  the  terms  of  the  developements  of  ti  and  »^, 
to  which  recourse  is  had  for  the  purpose  of  distinguishing  ^ 
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maximum  or  a  minimum,  become  infinite  by  substituting  for  of . 
its  value  found  from  the  equation 

du 
dx 

it  will  be  necessary  to  find  their  developements  by  other  means. 

4 

Ex.  1.     Let  w  =  6  i  («r  —  a)"^;  then  we  have 

du  4,  ,4-    d*w  4 

dx       ^S^  ^      da;'       -"9(^-a)^ 

and  .*.  from  ---  &  0^  We  have  w  ^  a^ 

dx 

which  manifestly  renders  -j-^  as  well  as  all  the  succeeding 

differential  coefficients  infinite,  and  therefore  u'  and  u^  do  not 
for  this  value  of  w  admit  of  being  developed  in  ascetiding  whole 
positive  powers  of  h :  but  w  being  =  a  renders 

4  4 

«'  =  6  ±  A^  and  «^^  as  6  +  A^, 

which  are  both  greater  or  both  less  than  ti,  and  therefore  6  the 
value  of  u  corresponding  will  be  a  minimum  or  a  mamimumy 
according  as  the  upper  or  lower  sign  is  used. 

Ex.  2.     Let  u  :=h  ±  {w  —  ay  ;  then,  as  before. 


du           5 ,          ^4-    d^u                  10 
—  =s  ±  -  (#  — a)  ,  — 7  =t  ± 

dx  3  dot  9(^_o)"3" 


1  ♦ 


du  5  4- 

and  putting  _  =  -j^  -  (a?  — -  a)     =  0,  we  get  w  —  a,  which 

raiders  all  the  sucoeeding  differential  coefficients  infinite ;  but 
on  this  hypothesis,  we  have 

u  ^  b  ±^fr   and  w^  =s  6  +  A"^, 
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which  proves  that  the  function  u  does  not  admit  of  either  a 
mawimum  or  a  minimum 

It   scarcely  need  be  observed  that,   when    — -^  becomes 

impossible,  and  therefore  cannot  be  considered  either  positive 
or  negative,  the  function  is  neither  a  maximum  nor  a  minimum. 

117.     Although  it  has  been  asserted  that  when  ^  =  0, 

the  function  u  may  be  a  maximum  or  a  minimum,  dependent 

upon  the  corresponding  values  of  the  succeeding  differential 

coefficients,  it  is  still  possible  that  the  particular  value  of 
the  principal  variable  which  renders  the  function  a  maximum 
or  a  minimum,  may  be  the  cause  of  the  failure  of  Taylor's 
Theorem  upon  which  the  preceding  articles  of  this  Chapter 
have  been  made  to  depend. 

.Ex.     Thus,  if  t*  =  6+  (a?  —  a)"^,  we  shall  have 
du  2  (Pu      _  2 

3  (a?  —  (Cy  9(^  —  0) 

which  all  become  infinite  when  <r  =  a,  and  render  article  (76) 
inapplicable  in  (l  10) : 

but  if  we  substitute  a  +  ^  and  a  —  A  in  the  place  of  a?  in  the 
original  function,  we  shall  readily  obtain 

w'  =  6  +  A^  and  t*^  =  6  +  hJ^ 

which  are  both  greater  or  both  less  than  the  corresponding 
value  oiu^  according  as  the  upper  or  lower  sign  is  made  use  of; 
and  therefore  if  x^^a^  the  function  will  be  a  minim/tim  in  the 
former  case,  and  a  m^ianmiim  in  the  latter. 

The  same  kind  of  reasoning  will  be  applicable  to   the 
function 


t^  =:  6  +  (<r  —  a) 


m 

m+i 
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in  which  m  is  an  even  number ;  and  it  may  be  observed  that 
when  the  function  is  of  this  particular  form,  the  readiest 
way  of  obtaining  the  value  of  the  principal  variable  which 
renders  it  a  maximum  or  a  minimum,  is  by  putting 

du 
dx 

the  values  of  w  obtained  from   which   will  cause  ---5  to  be 

dar 

infinite  and  positive  in  the  former  case,  and  infinite  and  nega- 
tive in  the  latter ;  and  the  whole  may  be  verified  by  the 
algebraical  substitution  of  a  +  ^  and  a  —  ^  in  the  place  of  x. 

118.  From  what  has  been  said  in  the  articles  and  ex- 
amples defining  and  explaining  a  maximum,  and  a  minimum, 
it  follows,  as  a  matter  of  course,  that  when  t«  is  a  maximum, 

-  is  a  minimum,  and  the  contrary :  these  considerations  how- 
u 

ever  frequently  lead  us  to  maximum  and  minimum  values  of 
the  function  which  the  preceding  views  of  the  subject  would 
not  have  enabled  us  to  discover,  though  in  many  cases  the 
additional  values  so  determined  are  the  results  of  expressions 
extended  beyond  what  they  are  generally  in  ordinary  enquiries 
designed  to  denote. 

^         _               (a?  +  o)*       1      -  i_  11  V 

Ex.     Let  u.  =  -3 TTT  =  -  ;  then,  we  shall  have 


du       (a?  — 2a +  36)  (a? -ho) 
doB^  (a?  +  hf 


d^u  ^  w  -^  a 


daP'        ^         ^  (a? +  6)*' 
dx  "  («r-i-a)* 
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now  if  1^  be  be  a  maximum  or  a  minimum,  we  have 

du       (a?  —  2a  H-  36)  {w  -f  a)* 

which  gives  a;ss2a— 36  and  a7s-'^a: 


also,  if  07=  2a—  36,  we  have 


dm^      8  (a  --  6) ' 


which  indicates  a  minimv/m  or  a  maoTimum,  according  as  a  is 
greater  or  less  than  6 ; 

but  if  ^=  —  o,  then  is  —-^  =0, 

dar 

or  —  a  renders  the  function  neither  a  inammv/m,  nor  a  minimvm* 

Again,  when  v  is  a  maximum  or  a  minimum,  we  have 

d«       (2a-^36  — 47)(/r  +  6)  __ 
d  J?  (or  -f  a) 

which  will  be  satisfied  when 

^  =  20  —  36  and  a?=s— 6: 

rf^©  2 

•       and  if  a?  =  2o  — 36,   we  have -—^  ■« z ttiij 

do^  81  (a- 6)^ 

which  points  out  a  macAmv/m,  or  a  mimmt^m,  according  as  a  is 
greater  or  less  than  6,  agreeably  to  what  is  proved  above ; 

butif.7=^6,weget— =  ^^_^, 

and  thence  conclude  that  —  6  renders  'o  a  mmimt^m  or  a  maaAr 
mum,  and  therefore  u  a  moa^inmm  or  a  minimum^  according 
as  a  is  greater  or  less  than  6. 
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In   cases  like  the   present,  it  is  obvious  that  the  results 
found  above  might  have  been  obtained  from  the  two  equations 

du  ,  du 

-—  =  0  and  — -  =  00 ; 
dw  dx 

and  by  these  means  much  trouble  would  have  been  avoided. 

119-     If  the  second  or  any  of  the  succeeding  differential 

coefficients  assume  the  indeterminate  form  -,  in  consequence 

of  assigning  to  x  the  particular  values  obtained  from  the 
equation 

du 
dx 

their  true  values  must  be  obtained  by  one  of  the  methods 
pointed  out  in  the  last  Chapter,  and  the  conclusions  must  be 
drawn  agreeably  to  the  principles  laid  down  in  the  preceding 
articles. 

120.  When  any  particular  value  of  x  renders  u  a  maximum 
or  a  minimum,  it  is  manifest  that  the  corresponding  value  of 
a'\-u  will  also  be  a  maximum  or  a  minimum,  and  that  of  a  —  t^, 
a  minimum  or  a  maximum* 

c,.    .,    y      .jf         au  dv       a  du 

Similarly,  u  v=  -—  and  .*.  —  =  — . —  > 

0  dx       b   dx 

m 

the  same  values  of  x  which  satisfy  the  equation  ---  =0,  will 

^  dx 

dv 
also  satisfy  the  equation  —  =  o ;  that  is,  «  is  a  maximum  or 

(tx 

a  minimum  at  the  same  time  as  u. 

Again,  if  «  =  w*",  we  shall  have  -—  ^mu"^"^ — ; 

dx  dx 

1  V 

therefore,  when  t^  is  a  maximum  or  a  minimum,  and  conse- 
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du  .  df) 

quently  -—  =0,  it  follows  that  —-  =0,  and  therefore,  that« 
aw  dw 

is  also  a  maximum  or  a  minimum : 

dv 
but  since  •—  may  become  =0,  by  the  evanescence  of  mu^^\ 
.     dx 

it  is  not  necessary  that  all  the  values  of  <r  which  satisfy  the 

equation  ^^  =0,  should  likewise  fulfil  the  conditions  of  the 
dx 

equation  —  =0:  or,  in  other  words,  values  may  be  assigned 

to  Wj  which  will  render  v  a  maximum  or  a  minimum,  at  the  same 
time  that  u  becomes  the  contrary  or  neither. 

It  is  moreover  possible  that  a  value  of  w  which  makes 

du  dv 

-7—  =0,  may  render  m^*"•"^  =  00  ,  so  that  ---  assumes  the  form 

dcB  aw 

0  . 

—  ,  which  does  not  necessarily  =  0 ;  and  in  such  a  case,  though 

u  may  be  a  maximum  or  a  minimum,  v  inay  be  neither. 

Ex.  Let  t«  =  af  —  a?i  (a  —  w) ;  then  iS  uhes.  maximum  or 
a  minimum,  it  is  manifest  that  w^a-^wy  will  in  general  he  a 
minimum  or  a  maximum,  and  that  the  values  of  w,  which  answer 
the  conditions  of  the  former,  will  be  included  amongst  those 
which  belong  to  the  latter : 

suppose  t?  =  a?(a  —  <r)*; 

dv  d^v 

then  -—  =z{a  —  Sw){a  —  w)  and  --— 5  =6a?— 4a: 
dw  dw 

therefore  from  *-t-  =  0,  we  get  a?  =  -  and  iT  =t  a ; 

dw        '         ^  S 

a     d^v  .  .  J  .   . 

it  ,j?  z=  - ,  --— -  =  r-  2a ;  .-.  «  IS  a  mawvmum,  and  u  a  rmmmum  : 
3     dor 


d^v 
d? 


if  a7  =  a,  3— J  =2a ;  .'.  t?  is  a  minimtmif  and  u  a  mawimtm' : 
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again,  we  have 


whence  from  ——  =  0,  we  nnd  a?  =  -  , 

da?  3 


which  makes 


dar«  ""  i  V  -  » 


and  therefore  t«  a  minimum ; 

but  the  additional  value  a  oi  w  which  renders  v  a  minimmn, 

gfi  MM  1 

makes  — -^  =  —7=  ,  and  indicates  that  the  corresponding  value 
doD        ^  a 

du 

of  u  would  also  be  a  minimwrn^  of  which  the  equation  — -  =  0, 

dcB 

gives  no  account. 

121.  From  the  equations  «  =  a**,  and  t>  =  logt«,  we  have 

dv      _  du       _  d«        du 

—  s=:  loff  a  or  —  and  —  =s  — ; 
aa?  a<r  oar       t«a<r 

and  therefore   the  values    of  a  which    satisfy   the   equation 

du 

-r—  =0,   or  render  u  a  maximum   or  a  minimum,   will  also 

dv 
fulfil  the  conditions  of  the  equation  -—•  =s  0,  except  the  functions 

dw 

u^  and  •-  ,  at  the  same  time,  become  indefinitely  great,  in  which 

dv  0 

case  -—  becomes  of  the  form  00  . 0,  or  -  ,  and  may  be  evanes- 
dw  0  ^ 

cent,  finite  or  infinite;  and  it  is  needless  to  observe  that,  except 

on  the  first  supposition,  a  maximum  or  a  minimum  cannot  thus 

be  determined. 

122.  The  preceding  articles  will,  in  many  cases,  greatly 
facilitate  the  discovery  of  ordinary  maxima  and  minima,  par- 
ticularly when  the  functions  are  of  a  fractional,  surd,  or  other 
complicated  form. 
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Ex.  1 .     Let  u  = ;  then  taking  logarithms,  we  have 

(   a?i    )       1 
V  =  log  < >  =  ;:  logo?  —  log  {x  +  o), 

dt?        1            1 
and  therefore  -r-  = =  0 ; 

whence  a?  =  a,  which,  as  may  be  easily  proved,  renders  the  pro- 
posed function  u  a  maoAmv/m  whose  value  =  — t=^  . 

Ex.  2.     Let  u  =  (sin  c»)~  { sin  (a  —  a?)  }  * ;  then  will 
t?  =  logw  =  mlogsina7  +  nlogsin  (a  — a?),  and 

dv  cos  0?         cos  la  —  a?) 

-_  =m-r ^-r-? T=^' 

ax         sm  a?         sm  (a  —  w) 

whence  w  tan  a?  =  w  tan  (a  —  ^) ?  from  which  x  may  be  found 
by  the  solution  of  a  quadratic : 

or,  since  tana?  :  tan(a  — ^)  ::  m  :  n,  we  have 
tan  07  + tan  (a  — a?)  :  tan  a?  — tan  (a  — a?)  ::  m+n  :  w-w, 
or  sin  a  :  sin(2^  — o)  ::  m  +  n  :  w  — w; 

whence  sm(2a?  — a)  = sm  a, 

m-\-n 

or  2a?  — a  =  sm    M smol; 

\m  +  7^  / 

and  therefore  a?  =  — h  -  sm""  ^  I sm  a), 

2       2  \w  +  w  / 

the  value  of  u  corresponding  to  which  is  easily  proved  to  be  a 
maonimum. 
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123.  In  order  to  decide  whether  a  value  of  the  principal 
variable  )*enders  the  function  a  maximum  or  a  minimum,  we 
have  to  ascertain  whether  this  value  makes  the  second  differen- 
tial coefficient  negative  or  positive;  and  the  determination  of 
the  value  of  this  coefficient,  which,  by  the  ordinary  method, 
might  be  laborious,  will  be  much  facilitated  by  means  of  the 
following  considerations. 

du 
Suppose  the  first  difierential  coefiicient  -—  to  be  of  the 

form  PQ^  where  P  and  Q  are  functions  of  a?;  then  we  have 
immediately 

cPw  dP  dd 

dat^  d  X  dx^ 

du 
but  since,   7-  =0,  we  have  P=0  and  Q  =  0; 
doc 

,\  when  jr  =  0,  the  values  of  a?  give  — s  =  Q  — , 

dar  dx 

and  when  Q  =  0,  the  values  of  a  give  — ^  ^P-r—j 

dx  dx 


in  which  we  have  merely  to  substitute  in  P  and  Q  and  their 

difi^erential  coefficients  the  values  of  <r,  and  thus  the  magnitude 
^u 

I? 


and  sign  of  35—5  will  be  determined. 


Here  it  may  be  observed  however  that  the  values  of  x  are 

dP        dQ 
not  supposed  to  render  either  of  the  coefiicients  — -  or  -— - 

dx        dx 

infinite. 

.       Again,  let  ^  be  of  the  fonn  J;  then,  as  before,  dnce 

dx  Q 

du 

dx 


we  have 
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(Pu       I    dP       P  dQ     ^1   dP 


dor       Q  dx        Q*  dai        Q  dx 


dfu 
and  thus  the  value  of  -r—s  will  be  found  as  before,  the  same 

dx 

supposition  being  made  respecting  the  magnitudes  of  the  diffe- 

dP        '  dQ 

rential  coefficients  — -  and  — — . 

dx  dx 

Ex.  1.     Let  w  =  (^  —  1)  (2  —  xy ;  then  for  a  maximum  or 

du 
a  minimum  we  have  -—  =  (2  —  ^jp)  (4  —  3«r)  =  0, 

dx 

4 
whence  a?  =  2,  and  a?  =  - : 

3 

dP  dQ 

but  P  =  2-.a?,  -—  =  — 1,  Q=:4-S<r,  -—  =  —3; 

dx  dx 

therefore  when  a?  =  2,  -7--  =  Q— —  =  —(4  — 6)  =  2; 

dx^         dx 

that  is,  2  renders  the  function  a  minimum  =  0 ; 

4     (fu  do  /        4\ 

andwhen^=--,   -—5  =:P--— =  -  si  2 )=— 2; 

3'   dx*  dx  \        3/ 

4 
or  -  makes  the  corresponding  value  of  the  function  a  maxi- 
3 

4 

mum  =s  — . 

27 

x*  +  3       ^       du       <r*-f-2a7  — 3 

Ex.  2.     Let  w  = ;    then  -r-  =  — 7 r^—  =  0, 

a?  + 1  da?  (<!&'+ 1)^ 

from  which  i?'  -f  2  a?  —  3  =  0,   and  .*.  a?  =  1  and  ^p  =  —  3 : 
now,  P  =  a?'  +  2  a?  —  3,  ----  =  2  (a?  +  1)  and  Q  =  (a?  -h  1)S 
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.,      -         ,  '      d^u       I    dP      4 

therefore  when  ^  =  i,  ^  =  ^  _-:.=:  j^  and  the  function 

e^  is  a  minim/um  whose  value  =  2 : 

also,  when  .=  -  3.  ^  =  -_  =  __  =  _  1 ;    that  is, 
the  corresponding  value  of  t«  is  a  mawimum  =  —  6. 

If  we  had  made  a?  -fl  =  oo  ,  to  satisfy  the  equation  - —  =  0, 

dof 

it  is  manifest  that  -—^  would  have  become  =  0,  which  indicates 

aar 

neither  a  mammum  nor  a  minimu/m. 

Ex.  3.     Let  o«^  —  u^ai^  +  ^*  =  o ;  then  we  have 

y  O  o         dU 

{Sau*  —  2uar) (2i*^a?  — 4a?^  =  0; 

dof  ^ 

but  when  t^  is  a  maximum  or  a  minimum,  —  =  0,  and  therefore 

2  0?  (t*-  —  2  ao^)  =  0,  whence  w*  ==  2  o?^ ; 
therefore  by  substitution  we  have 

+  2  tjl,ax^  —  %x'^  +  0?*  =  0, 
which  gives  ^  =  +  2  ^^a^  and  therefore  w  =  4  a : 

,        .        du         2u^x  —  ^a}^        P  ,         ,        •. 

but  since  --—  = ^  =  ^,  we  get  the  value  of 

d^u  _  1    dP 
dw^       Q  dcB 

du 


Sau^-^^uw^ 


("      aU  \ 

4iUW h  2  w*  — 12  a;*  I 
dw  f 
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2  tt-  -  12  0?-         .        du 


Sau^  —  ^uw  dof 

_  1    /2w*—  12a?*\ 1^  /32a^-96a*\  _  4 

""  u  \3au  -  2a?V  "  4a  V12o*-  l6aV  ""  a' 

from  which  it  follows  that  when  a?  =  +  2  >^/2  a,  the  value  of  u 
is  a  mimmt^m  whose  magnitude  =  4  a. 

If  we  had  taken  ..  =  0  which  also  satisfies  ?  ^  0.  we 

should  have  found  w  =  0 ;  but  these  values  cause  3  at**  —  2  «*^* 

du 
to  vanish,  and  do  not  satisfy  the  equation  -—  =  0,  as  appears 

ClftV 

from  (107) ;  and  therefore  we  cannot  conclude  that  the  value 
of  the  function  is  either  a  maximum  or  a  minimum. 

124.     Although  the  determining  equation 

du 
dof 

be  not  satisfied,  and  consequently  u  admit  not  of  either  a  maxi- 
mum  or  a  minimum  in  the  sense  of  the  words  as  above  ex- 
plained; still,  in  some  functions  there  may  in  this  case  be 
maxima  and  minima  of  another  description,  the  existence  of 
which  is  distinguished  not  by  the  relative  magnitudes  of  pre- 
ceding and  suceeding  values,  because  either  of  them  may  be 
impossible,  but  by  those  of  two  different  preceding  or  two 
different  succeeding  values,  corresponding  to  the  same  value 
of  the  principal  variable. 

Ex.  1.     Let  u=iaaf^  +  b(a'-'wy^ ;  then  if  w  be  supposed 

5 
=  a,  the  two  values  of  u  coincide  and  become  =  a^ ;  also  if 

w  be  greater  than  o,  both  values  of  u  become  imaginary,  of 

whose  magnitude  we  can  therefore  form  no  judgment :  but  if  for 

w  we  substitute  a  —  A,  we  shall  have 


3  3  5  Q       3  3 


uzraia-^h)    +6A    =a a  h'\-bh    +  &c. 
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which  values  are  both  manifestly  less  than  a"^',  when  h  is  in- 
definitely diminished,  and  therefore,  the   double   value  of  u^ 

-5- 

which  =  a "^9  is  in  this  case  a  maximum. 

Ex.  2.     Let  us  take  t*^  — 2t^a?- 2a?'— 1 +3^  +  a?'  =  0, 
from  which,  by  the  nature  of  maxima  and  minima,  we  get 

du       2^^  — 3  +  40?- 3a?^ 


dw  2(«^  — J?) 


=  0, 


and  thence  tt  =  -  a?'  —  2a?  +  -  ; 

2  2 

this,  substituted  in  the  proposed  equation,  gives 

9a?*  — 32a?*  +  42a?*  — 24a? +  5  =  0,  or 

(a?-  -  2a?  +  1) {^oF  -  14*r  +  5)  =  0, 

5 
from  which  we  obtain  a?  =1,  a?=l;  a?  =  l,  and  a?=-: 

9 
but  when  a?  =  1,  we  manifestly  have  {u  —  1)*  =  0,  and  w  =  1 ; 

du 

,      du       2t*  — 3  +  4a?  — 3a7*       0       dx 

also  ;t-  = "7 r =  -  =  — 1 ,  from  (107); 

dx  2(tt  — a?)  0  du  ' 

dx 

and  this  gives  the  value  of  — -  =1,  which  indicates  neither  a 

dx 

maximum  nor  a  minimum  of  the  first  kind : 

5  23  .    .        ' 

also,  when  a?  =  -  ,  t*  =  — ,  which  is  a  minimum  of  the  first 

9  27 

du 
kind,  because  the  equation  -—  =0  is  in  this  case  satisfied,  and 

(tx 

the  second  differential  coefficient  is  then  positive. 

Again,  since  the  proposed  equation  is  equivalent  to 

(«_af)«-(l-jr)»  =  0, 
Z 
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3 

we  find  w  =  *x?  +  (1  —  a?)  ; 

which,  when  <r  =  1,  gives  i^  =  1,  a  mawimum  of  the  second  kind, 
because  if  a?  =  1  —  A,  the  values  of  u  are  1  —  A  +  At,  which  are 
both  less  than  1,  when  A  is  supposed  very  small. 

Ex.  3.     Let  u^  —  3auaf-\-w^  =  0;  then,  as  before,  we  have 

du       au  —  a/^  .  «       i  ^* 

— —  =  -;; =0;  whence  au^x^  and  w=  —; 

aw       w  —  ax  a 

therefore  by  substitution  we  obtain  a?^  —  2  a^a^  =  0, 

which  gives  a?  =  0,  and  «r  =  o  ^  2 : 

the  former  of  these  renders 

du 
du       au^ar       0  dot 

dLv  =  «^ -"^  =  5  =  —d^ —  ♦  ^y  ('^)' 

2W-; a 

from  which  we  may  have  —  =  0 ;  but  this  does  not  point  out 

that  t^  =  0,  is  either  a  mammum  or  a  minvmum  of  the  first 

kind,  because  -—^  cannot  be  shewn  to  be  either  positive  or 

dx 

negative :  and  the  latter  makes  u  —  a  >y/4,  a  mammum. 

Again,  let  .rrsO  +  AsA,  and  t^=0-f  A;  =  A;;  therefore  we 
have  A;'- 3aA;A  +  A^=  0,  from  which  it  follows  that  when 
these  quantities  are  very  small,  k  must  be  of  one  of  the  forms 

k^a^h  andA?  =  j3A^: 

if  k=-a^h^  we  get  w'=  ±  ^ Sah^  when<r  =  A, 

one  of  which  is  greater  and  the  other  less  than  0 ;  and  therefore, 
«« =  0,  is  not  a  mammum  or  a  minimum  of  the  second  kind : 

but  if  k=zRh^^  we  find  w'=  —  =«^  ; 
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therefore  both  u  and  u^  are  greater  than  0,  however  small  a  posi- 
tive or  negative  quantity  h  may  be  assumed,  and  consequently 
t«  =  0,  is  a  minimum  of  the  first  kind. 

125.  The  same  mode  of  reasoning  may  be  pursued  in  the 
equation 

2m+l 

wherein  fx  and  Fx  are  any  functions  of  x  not  involving  the 
factor  a  -  x-^  provided  2m  + 1  be  greater  than  2n ; 

and  it  may  be  observed  that,  when  x=.a^u  which  is  then  equal 

to  the  corresponding  value  of  fx^  will  be  a  maximum  or  mini- 

dfx 
mum   of  the   second   kind,    according   as   -j—   is  positive  or 

ax 

negative ;  for,  the  two  values  of  u  become  equal  to  each  other 

when  0?  c=  a,  and  afterwards  impossible : 

.    dfx 
but  if  -r —  =  0,  there  will  be  neither  a  maximum  nor  a  mini- 
dx 

mum,  unless  be  greater  than  2,  and  in  this  case  u  will 

be  a  maximum  or  a  minimum  according  as        g    is  negative 

CLX 

or  positive :  and  if  this  last  differential  coefficient  vanish,  similar 
conclusions  may  be  drawn  from  the  next,  and  so  on. 

All  this  will  appear  clear  from  finding  the  value  of  w, 
corresponding  to  a*  =  o  —  A,  in  a  series  by  means  of  Taylor* % 
Theorem. 


I 


CHAP.  VIII. 

On  the  Application  of  the  Differential  Calculus  to 
Plane  Curves  referred  to  rectangular  Co-ordinates. 


126.      J.  HE  general  equation  of  a  plane  curve  referred 
to  rectangular  co-ordinates  being 

y  =  f{^)^  or  /(^,  y)  =  0, 

it  is  manifest  that  the  values  of  the  successive  differential 
coefficients  of  3/,  deiioted  by 

dy    d^y     d^y  d'^y 

dx    dx^    dx^  dx^ 

may  be  obtained  in  the  same  manner  as  those  of  u  have  been 
found  in  the  preceding  pages : 

also  if  ^j,  3/2,  ^3,  &c.,  y^,  be  the  values  of  y  corresponding 
to  X  -{-  h^  d?  +  2^,  X  -^  3hy  &c.,  X  4-  mhy  we  shall  have  by 
Taylor's  Theorem, 

dy  h       d^y    h^        d^y      K" 
^^     •' ^  ^.     ^       dx  1       dx^  1,2       dx^  1.2.S 

dy  2h      cPy    4>h^       d^y    8h^ 

.,  ,.  dy  3h       d^y   gh^       d^y   27 h^       , 

^'     "^^  ^       ^      dx     1         dx^   1.2        dx^  1,2.3 

&c « 
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dy  mh      dry  m%'      d*«  m*A' 

and  in  the  same  manner,  if  the  ordinates  j/.^i,  y^o9  y^39  &c. 
y_^  correspond  to  the  abscissas  a?  — ^,  x^9.hy  x-^Sh^  &c., 
JD^mhy  we  have   

dy  h      <Py    K'       dPy     h^ 

^    *     •'^  ^      ^      do?    1        d^p2    1.2       da?M.2.3 

dy  Sh      d^y   gh^       d^y    9nh^ 
^    ^     -^  ^  ^      ^      da?    1        da?'   1.2      do?^  1.2.3 


&c. 


dy  mh      dPynt?h^     d^y    m^h^ 

also,  from  the  equations  above  exhibited,   we  obtain 

dy  h      d^y    h^        d^y      h^ 

^^"^'"d^T'^d^  iTi'^'d^iXi  ■*"  ^''•' 

_dy  /t      d^  3A2      d^y    7^' 

^*"^^^da?T"^d^«T2'^d^r:2i  ■^^''•' 

_dy  h      d^y  5h^      dr^y    igh^ 

^^■"^^"d^  T "*■  d7«  TTi "*■  d^^  TiiJ +  *'''• ' 


&c. 
and 


dy  h      d'y    A         d^y      h 


y-^-y-      dx  l^  dx^  1.2       dx^  1.2.3  ■*"^'''' 
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dy  h      d'y  sA*      d»«    7A* 
_      dy  h      dPy  Sk*      ^y    igh^ 


&c. 


which  axe  the  magnitudes  of  the  differences  of  the  successive 
ordinates  corresponding  to  the  given  difference  of  abscissas  h ; 
and  it  is  manifest  that  the  difference  of  any  other  two  values 
of  y  may  be  expressed  in  the  same  manner. 

127*    CoR.     Since  by  the  last  article  it  appears  that  when 
h  is  supposed  to  be  indefinitely  small,  the  differences 

dy 
are  all  equal  to  one  another,  and  to  —■  A,  it  follows  from  simi- 

dx 

lar  triangles,  that  an  indefinitely  small  portion  of  a  curve  may 

be  considered  to  possess  the  properties  of  a  right  line :  whence 

if  8  represent  the  arc  AP^  we  have 


2 


^  =  limit  of  v/^±?^ 
dw  V         pg^ 

=  limit  of  \/  1  +  (-J.  +  ^    —  +  fee") 
^  \dx      dw'  l.z  / 

=  V    1+  -j^,  and.-.  ds^zdwS/  1  +  --^; 
doD  dor 

as  has  been  already  proved  in  a  preceding  article. 


I.     TANGENTS. 

128.     To  find  the  angles  which  a  right  line^  cutting  a  curve 
in  two  points,  makes  with  the  coordinate  axes. 

Let  the  right  line  QPVS  cut  the  curve  APQ  in  the  points 
P  and  Q,  and  the  axes  of  w  and  ymS  and  V:  draw  the  ordinates 
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MP^  NQy  and  let  the  straight  line  LPR  be  drawn  parallel  to 


the  axis  of  «r,  meeting  the  axis  of  ^  in  L:  also  let 

AM=w,  MP=iy,  and  MN=:h; 
then  we  shall  have 

QR 


tan  PSX=  tan  QPR  = 


PR 


dyh^h^        (Py       A^ 
c?a7  1        dof^  1  . 2        c^a?^   1.2.3 


+  &C. 


dy       d^y    h        d^y      h^ 

=  -7^  +  -t4  —  +  x4    +  &c.  =  cot  PVY\ 

doff       dx^  1,2       da;^  1.2.3 

which,  by  assigning  given  values  to  Wy  y  and  A,  becomes  known* 

Ex.    Let  the  curve  be  of  the  parabolic  kind,  whose  equation 
is  ay  =  a?' :  then  we  have 


dy       2x      d^y 
dx 


d^y 


a       dos^       a      dx^ 


=  0,  &c. : 


whence  is  obtained 


«rvx^      2x       2     h 
tan  PaS-^  = h  -  ^ — 

a        a  1 .2 


2a? -f  A 


a 


=  cot  PrK: 


and  if  the  points  P  and  Q  of  the  curve  be  given,  or  w  and  A 
be  known,  these  angles  become  assignable. 

129.     To  find  the  angles  which  a  right  line^  touching  a 
cwn^e  at  any  pointy  makes  with  the  co-ordinate  awes. 
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Let  the  right  line  PT  touch  the  curve  APQ  at  the  point 
P,  and  cut  the  axes  of  x  and  y  in  the  points  T  and  Wi  then, 
in  the  last  article,  we  have  seen  that 

tan  PSX=  -r^  +  t4  —  +  t4  +  &c.  =  cot  PVY: 

dx       dar  1 . 2       dar  1.2.3 

1 

wherefore  if  h  be  diminished  sine  limite^  it  is  manifest  that  the 
secant  QPVS^  by  the  coincidence  of  Q  with  P,  then  comes  into 
the  position  of  the  tangent  PT,  and  that  the  angle  PSX  then 
coincides  with  the  angle  PTX,  and  PVY  with  PWY; 

.-.  tan  PTX  =  -/  =cot  PWY: 

dx 

whence,  if  y^f{po)j  be  the  equation  to  any  proposed  curve, 
the  inclinations  of  a  tangent,  at  a  point  whose  co-ordinates  are  x 
and  y,  to  the  co-ordinate  axes,  may  be  found  from  the  formula, 

tan  PTX  =  -^  =cot  PWY, 

dx 

Hence  also,  if  at  any  point  whose  co-ordinates  are  x  and  y,  we 

dy 
have  — -  =  0,  the  tangent  there  will  be  parallel  to  the  axis  of 
dx 

dy 
oi ;  and  if  -r-  =00,  it  will  be  perpendicular  to  it. 
dx 

Ex.  1.     If  the  curve  be  a  circle  whose  equation  from  the 
vertex  is 

. ^     dy  a  — a? 

t/  =  A./2a«a?  — a?S  then  will  3-  =  ■    »  ==\ 

^     ^  dx       ^^ax-^x^ 

whence  tan  PTX^      .^""'      .   =  cot  PWY\ 

i^^ax^ar 


a  —  X  ,  ,        a  —  J? 

or  zPTiy =tan--^     ,  .  and  PPrr=cot-^ 


-4' 


f^^ax-^x^  ^^ax  —  x 

which  therefore  become  known  at  any  point  where  the  value 
of  X  is  assigned. 
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be  the  general  equation  to  a  curve  of  m  dimensions ;  and  suppose 
all  the  values  of  y  to  be  possible,  and  to  be  represented  by  y^, 
Vv  Vz'i  Sec,  y^;  then,  from  the  nature  of  equations,  we  have 

whence  -^ — V  -5 h  -7—  +  &c.  H — -—  s=  a : 

007       ax       ax  ax 

that  is,  the  sum  of  the  trigonometrical  tangents  of  all  the 
angles  which  tangents  at  the  different  points  of  a  curve  in 
which  an  ordinate  meets  it,  make  with  the  axis  of  Xy  is  a 
constant  magnitude. 

130.  Cob.  1.  Since  an  arc  and  its  tangent  are  coincident 
at  the  point  of  concourse,  it  follows  that  the  inclinations  of  the 
curve  to  the  axes  at  any  point  are  the  same  as  those  of  the 
tangent  at  that  point ;  and  therefore,  if  X  and  Y  represent  the 
angles  of  inclination  of  the  curve  to  the  axes  of  x  and  y  respect- 
ively, we  shall  have 

dy  .  dx 

tan  X=^  -r-  =cot  F,  and  tan  F=  --—  scot  X 

dx  dy 

Exs     Let  y=  -^2a<a?  — <r*,  which  is  the  equation  to  an 


ay       n         a  — a? 
ellipse;  then  tan  ^=  -p-  =  -      s    -  '    '• 
*^  dx      a  ^2aa?— 


dy       h         o  — a?  _ 

^  ==  =cot  F: 

X 


a  .      , 

whence,  if  we  assume  0?=  ^  ,  or  equal  half  the  semi'-axis  majdr^ 


we  find  tan  Jr= 7=  =cot  F, 

or  jtl^tan"  7=,  and  F=cof^ 7=; 

Aa 


N 
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which  give  the  inclinatiDns  of  the  elliptic  arc,  or  of  its  tangent, 
to  the  co-ordinate  axes  at  a  point  whose  ordinate  bisects  the 
semi-axis  major ;  also,  if  6  a  a,  or  the  ellipse  become  a  circle, 
we  have 

tan  X^  -*7«  =tan30P,  or  X^SO^  and  .-.  F=60*': 

again,  if  <v  =  a  the  semi-axis  major,  we  shall  have 

tan  jr=0,  or^ssO; 

which  proves  that  the  tangent  at  the  extremity  of  the  axis  minor 
makes  no  finite  angle  with  the  axis  of  Xj  and  therefore,  that  the 
curve  is  there  parallel  to  it. 

131.  Cob.  2.     Conversely,  if  the  angles  of  inclination  be 
given,  the  corresponding  points  in  the  curve  may  be  found. 

For,  if  a  denote  the  angle  of  inclination  to  the  axis  of  ^, 
we  must  obviously  have 

and  by  the  solution  of  this  equation,  the  values  of  ^,  and 
therefore  the  positions  of  the  required  points  will  be  foimd. 

132.  Cob.  5.     Hence  also,  if  the  equations  to  any  two 
curves,  having  the  same  or  parallel  axes,  be 

and  X  and  X'  denote  their  inclinations  to  the  axis  of  <r  at  any 
points,  the  trigonometrical  tangent  of  the  inclination  of  their 
tangents  at  the  points  (a?,  y),  (a?',  y*)  to  each  other  is  obviously 

dy       dy' 

♦««/v      v'\        tanJT'^tanJT'  dw      daf 

=  tani^'^^)  = — -7  =  ; — -->. 

^       1  +  tan  JT  tail  A^  dy  dy 

dx  dx 
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133.     To  find  the  angles  in  which  a  curve  intersects  the 
co-ordinate  €uves» 

Since  the  curve  and  its  tangent  at  any  point  are  coincident,  m 

it  follows  that  the  angles  in  which  the  curve  cuts  its  axes,  are  '' 

the  same  as  those  formed  by  the  tangents  with  the  axes  at  the  ^ 
points  of  intersection : 

hence,  therefore,  if  y=/(^),  be  the  equation  of  the  curve,  and 
f(ai)  be  assumed  =  0,  the  roots  of  the  equation  so  formed  will 
determine  the  points  in  the  axis  of  w  where  the  curve  meets  it ; 

dy 

and  these  quantities  being  substituted  in  the  expression  for  -r- , 

will  manifestly  give  the  trigonometrical  tangents  of  the  required 
angles.     Similarly  for  the  axis  of  y. 

Ex.  1.     Let  y^  =  maf  +  niv^,  which  is  the  equation  of  the 
conic  sections ;  then  assuming 

y^  =s  mx  +  nw*  =  0, 

_  m 

we  get  a?  =  0  and  5?=:  —  — : 

n 

dy       I      m  +  2nw 


also,  ^  =  3 


from  which,  if  0  be  put  for  w,  we  find  corresponding  thereto 

tan  ^=00  =  tan  90°; 

therefore  Jr=  90%  which  is  the  angle  of  intersection  with  the  axis 
of  Of  at  the  origin  of  the  co-ordinates : 

again,  if  a?  = ,  we  shall  obviously  have 

tan  Xz=  —  OD  =  —tan 90%  .-.  X=.  —90**: 

and  thence  we  conclude  that  the  conic  sections,  when  the  rela- 
tions between  their  co-ordinates  is  expressed  by  the  equation 
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above  given,  cut  the  axis  of  w  at  right  angles,  and  are  therefore 
at  the  points  of  intersection  parallel  to  the  axis  of  y. 

In  the  parabola,  n^o,  and  therefore  when 

m  .         dy 

^= =s  —  00,  we  have  -^  =  0 ; 

n  ax 

or  the  curve  at  an  infinite  distance  becomes  parallel  to  the 
axis  of  <r. 

Ex.  2.     Let    the    proposed   curve  be  expressed  bj  the 
equation 

j^  =  a  sin  07  +  6  cos  x : 
then,  at  the  points  where  it  meets  the  axis  of  07,  we  must  have 

a  sin  07  -f  6  cos  o?  =  0 : 

from  which  o?  =  sin"M   +  — ..  |  =cos~^(  +  — /  •): 

also,  corresponding  to  these  values  of  07,  we  have 

dy 

—-  =a  cos  07— Asm  0? 
dx 


=  + 


^        a^ 


V^^Tfc"       J^^^' 


or,  the  trigonometrical  tangents  of  the  angles  in  which  this 
curve  intersects  the  axis  of  x  are  ^<j?  +  6^  and  —  ^a^  +  b^- 

Also,  to  find  the  angles  in  which  it  meets  the  axis  of  y,  we 
must  have  o?  =  0,  and  therefore 

* 

y  =  o  sin  0  +  6  cos  0  =  6: 
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and  the  tangent  of  the  required  angle 


1 


dy      a  cos  0  —  6  sin  0 
dof 


1 
a 


134.     To  find  the  rectilineal  angle  in  which  two  given 
curves  intersect  ea>ch  other. 

Let  yssf(ai)  and  y  zsF(w'),  be  the  equations  to  any  two 

Y 


curves  PQ  and  PQ^  referred  to  the  same  rectangular  axes ;  then, 
at  points  of  intersection,  we  must  have  a/  zsw  and  y'  =  y;  whence 
is  obtained  the  equation 

the  roots  of  which  will  manifestly  determine  the  co-ordinates  of 
the  points  of  intersection :  ^ 

•also,  if  PT  Mid  P7"  be  tangents  to  the  curves  at  P,  we  have 

tan  TPT'  =  tan  (PT'X-PTX) 
tan  PT'X- tan  PTX 


1  +  tan  PT'X  tan  PTX 


dy'  ^  dy 
dx       dot 
^      dy   dy 
dm   diV 
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wherein  the  differential  coefficients  ^  and  --— ^  must  be  re- 

dof  dx 

placed  by  their  values  derived  from  the  equ^ions  of  the  pro- 
posed curves,  and  corresponding  to  the  values  of  w  determined 
by  the  equation 

f{ai)^F(ai)^0. 

Ex.  1.  Let  the  parabola,  whose  equation  is  y^^=4iaw,  be 
intersected  by  the  straight  line  determined  by  the  equation  if=a/\ 
then,  if  a/  =  w  and  y  ==  y,  we  shall  have 

^ax=^w^  and  .*.  ^  =  0  and  ^  =  4a; 

and  thus  the  co-ordinates  of  the  points  of  concourse  are  found  : 

^^»  IZ  ==  V   ^  a^d  ^  =1 ; 
am        ^    oj  dm 


.-.  tan  TPT^ 


dy       dy^ 

dx        dx        \/x-'  ,^  a 


dx    dx 


which  is  —  1  when  a?  =  0,  and  ^  when  a?  =  4a : 

that  is,  the  straight  line  cuts  the  parabola  at  angles  whose 
trigonometrical  tangents  are  —  1  and  ^. 

Ex.  52.     Let  the  curves  be  an  ellipse  and  a  circle  whose 
equations  are 

y^= -^(^a^p  — iT^)  and  y*  =  26a7'  — a?'*; 

then,  at  the  points  where  they  meet  each  other,  we  have  sl^x 
and  y'  ^=^y\  whence 


^  ^J^ax^o?^:^a  t,J%hx^u^y 

which  gives  ^r  =  0  and  x  = ; 

^  a  +  6 
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and  thus  we  find  the  co-ordinates  of  the  points  of  concourse : 

dy       dy 


also,  tan  TPT  = 


daf       dx 


1  + 


dy   dy^ 
dw   d(c 


a(b^ a?)^2aa?  — ar*  —  6  (a  —  ^)  ^26af  — a?*  ^ 

hence,  when  a?=iO,  tan  TPT ^Oy  or  TPT'  =  0;  and  therefore 
at  the  origin,  the  curves  having  a  comtnon  tangent,  form  no 
angle  with  e^h  other ; 

and  when  w=i r,  by  substitution  in  the  same  expression. 


a  +  6 


we  find 


tan 


2(a  — 6)  ^  /a 


the  negative  sign  shewing  that  the  two  tangents  PT  and  PT' 
are  situated  with  respect  to  each  other  on  sides  contrary  to  what 
they  possess  in  the  diagram. 

135.     To  determine  the  points  in  which  the  tangent  to  a 
curve  intersects  the  co-ordinate  awes. 

Let  PWT  be  a  tangent  to  the  curve  AP  at  the  point  P 

Y 


whose  co-ordinates  are  w  and  y^  meeting  the  axes  of  w  and  y  in 
T  and  W  respectively : 
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then  AT=^  TM^AM^MP  cot  PTM^JM=^  ^—  -a?: 


and  Jfr=  Ji- frL  =  JlfP- JJIf  cot  P»7:  =  y- 


dy 
xdy 


dw 


and  thus  the  distances  of  the  points  of  intersection  from  the 
origin  are  found. 

Also,  the  magnitudes  of  the  lines  MT  and  LWj  which 
are  called  the  Stibtangents  on  the  axes  of  x  and  y  respectively, 
have  been  found  above ; 

dy  dof 

136.  Cor.  l.  Hence,  the  position  of  the  point  P  being 
given,  and  that  of  T  or  W  being  found  from  one  of  the 
expressions  above  investigated,  the  rectilineal  tangent  may  be 
constructed  by  joining  the  points  P  and  T,  or  P  and  W. 

ydx 
If   —-  =  00  ,   the  corresponding  subtangent  is  infinite, 

and  the  tangent  becomes  parallel  to  the  axis  of  x\  but  if 

ydoB  .  !• 

-^|—  =  0,  the  tangent  is  paridlel  to  the  axis  of  y,  and  the  ordi- 
nate becomes  a  tangent  to  the  curve. 

137.  CoE.  2.    The  magnitude  of  the  part  PT  of  the  tangent 

=MPcosecPTM=:yJi-^cot^PTM=:y  v/l  +  ^  =  ?^; 

dy^        dy 

similarly,  we  shall  have  PFr=a?  \/7-f^  =  —  : 

dx^'       dx 

and  if  AK  be  drawn  from  the  origin  perpendicular  to  the  tan- 
gent PT  we  have 

PT  :  PM  ::  AT  :  AK,  whence 
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ydw^xdy        ydw-^xdy 


^dx*+dy*  ds 

138*     If  the  ordinates  be  inclined  to  the  axis  of  x  at  any 


T     AM     JV^ 


given  angle,  the  expressions  for  the  subtangents  will  remain 
precisely  the  same.     For,  we  have,  as  above 

MP      y    .,    ,QR      r    .,    ,(^A+^i! 
j^  =hmit  of  jg  =  limit  of  Idx         dw^  1.2 


=  limitof(^%^A+&e.)=^; 
\dx       dx^  1.9,  J       dx 

ydx 
and  .*.  the  subtangent  MT^  -z — ,  as  before. 

dy 

Also,  the  values  of  PT  and  AK  must  then  be  found  by 
the  solutions  of  oblique-angled  triangles. 

Ex.  1.     In  an  ellipse  when  the  origin  of  co-ordinates  is  at 
the  vertex,  we  have 

*     / i 

y=  -  tj9,aX''X^'' 

a  ^ 
,\  log  y  =  logfe  — loga  +  ^log(2aa?  — ^*)  : 

whence  ^  =  ^"-^>»-*       ^"'"^ 


dx       2007— a?*       a  ^9,aX'-sfi 
A^      ydx  ^ax^x^  ax 


dy  a  —  X  a^x 

Bb 


194 

ofdy  b     (a-^)a?  /     ^ 

JW=y --^  =y .  :  =6  V  ; 

da  a  ^200?  — a?*  2a— a? 

and  thus  the  points  in  which  the  tangent  cuts  the  co-ordinate 
axes  are  found. 

Also,  the  subtanfi^ent  on  the  axis  of  j?  =  — - —  = ; 

ay  a-^x 

xdy         biax'^ai^) 
and  the  subtangent  on  the  axis  of  y=  -3 —  =  — . 

ax        a  ^2ax-x* 

Here  it  may  be  observed  that  the  value  of  the  subtangent 
on  the  axis  of  x,  not  involving  b,  will  be  the  same  whatever  be 
the  magnitude  of  the  minor  axis ;  and  therefore  if  a  circle,  or 
any  other  ellipse  be  described  upon  the  same  axis  major,  the 
tangent  at  the  point,  in  which  the  ordinate  MP  meets  it,  will 
cut  the  axis  major  produced  in  the  point  T. 

The  same  may  be  proved  of  any  two  curves  having  com- 
mon axes,  and  their  ordinates  in  a  given  ratio. 

Ex.  2.  Find  where  the  tangent  to  the  parabolic  cunre 
whose  equation  is  y"*  =  oj?*""*,  meets  the  co-ordinate  axes,  and 
determine  the  magnitudes  of  the  subtangents. 

Here  we  have  m  log  y  =  log  a  +  (m  —  1)  log  x : 

mdy  ^  (m  — l)d^  dy  ^  (m—  l)y 

•'.  '  ■"—  '  ano.  — - —  — I 

y  X  dx  mx 

whence  AT^=^—-—  —  a?= a?  = 


dy  m—  I  m  —  1 ' 

and  AW^y-^  --—  =y y=  -; 

ax  m  m 

or,  the  tangent  cuts  off,  from  the  co-ordinate  axes,  lines  equal  to 

th  and  — th  parts  of  the  abscissa  and  ordinate  respectively : 

fu  — 1  m 
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ydx         vn 

also,  the  subtangent  MT^=  — - —  = a?, 

ay        w—  1 

xdy       m  —  1 

and  the  subtangent  LW^  -^ —  = y : 

doe  fn 

and  by  means  of  any  of  these  lines  thus  found,  the  rectilineal 
tangent  to  the  curve  may  be  constructed. 

If  m  =  2,  we  have 

MT:=2x  and  LW^^y, 
for  the  Conical  parabola. 

If  m  =  3,  we  find 

MT  =  lw  and  LW=z^y, 
for  the  Cubical  parabola. 

If  m  =  I,  we  obtain 

MT—SCB  and  LW^\yy 
for  the  Semircubical  parabola :  and  so  on. 

Ex.  3.     From  the  equation  to  hyperbolic  curves 

we  have  m  log  y  =  (m  +  1)  log  a  —  log  a? : 

mdy  ^       dx       i  ^^  _      ''^V 
y  X  dx  X   * 

_             ._      ydx                  X  '                m  + 1 
whence  AT^  —i x=.  — ,i?= a?, 

xdy 

and  JW^=y —  =zy^my  =  (m+  1)  y: 

dx 

also  MT=^  —mx  and  LW^=  —my^ 

which  are  the  respective  subtangents  on  the  axes  of  x  and  y. 
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Whence  if  m  3==  1,  we  have  in  the  conical  hyperbola  between 
the  asymptotes 


and  therefore  area  of  the 

a  constant  magnitude  entirely  independent  of  the  position  of 
the  point  P. 


Ex.  4.     In  the  cissoid  of  Dioclea^  y  = 


td 


s. ;  whence 


*og  y  =  S  log^-  i  log  (2a  -  ai),  and  — -  =  -— -; 

2  2  ydoB       W{2a^iv) 


therefore  the  subtangent  MT=: 


dy(2o  — a?) 
3a— ^ 


and  thus,  to  any  point  whose  co-ordinates  are  assigned,  the  recti- 
lineal tangent  may  be  drawn. 

dp 
If  J?  =  0,  we  have  y  =  0,  and  therefore  3—  =  0  and  the  sub- 

tangent  =  0 :  therefore  the  axis  of  <r  is  a  tangent  at  the  origin : 

dy 
if  a?=2a,  we  have  y=oo  ,  .'.  —  =  00   and  the  subtangent  =0: 

that  is,  the  infinite  ordinate  is  a  tangent  to  the  curve  at  an 
infinite  distance. 
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Conversely,  if  the  magnitude  of  the  subtangent  be  given 
an(l=  •-,  for  instance,  we  shall  have 

— ^^ '  =  -;  or  2j?^— 5aa?  +  3a-  =  0, 

Sa-^w  2 

from  which,  we  find  <r  =  a  and  cT  =  •-  a ;  whence  the  two  points 

to  which  this  value  of  the  subtangent  belongs  are  determined, 
the  ordinate  of  the  former  bisecting  the  diameter  of  the  gene- 
rating circle,  and  the  latter  the  further  radius. 

Ex.  5.     In  the  common  cycloid  whose  equation  is 


y  =  sj9,aiV  —  a?'  -f  a  vers ~ ^  --  , 


CD 

a 


•^/^     y^^  ^y 

,\  the  subtanffent  MT  =  ^-r—  =  — .  ; 

dy      .ygaa?—^ 

whence,  if  ^Q  the  corresponding  chord  of  the  generating  circle 
be  drawn,  we  have 

»^^      AM.  MP       MT      AM 

.'.  PT  is  parallel  to  -4Q,   or  the  tangent  of  the  cycloid  is 
parallel  to  the  corresponding  chord  of  the  generating  circle. 

Ex.6.     Let   j^'  — Sa«ry  +  a?^  =  0,   be  the  equation  of  the 
curve  proposed ;  then,  we  have 

y^dy  —  aoedy  —  aydw+oj^dw  =  0, 

H '  ^  ^y      oiy  —  x^ 

from  which  we  get  ---  =  -o — :—  ; 

dx      y  —  nx 
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whence  the  subtangent  Jf  7"=  ^--^  =  ^  ""^^^  _    awy—w  ^ 

which  involves  both  w  and  j^ ;  and  therefore,  if  any  value  be  as- 
signed  to  w,  the  corresponding  value  of  y  must  be  determined 
before  the  tangent  can  be  drawn. 

Ex.  7.     Let  it  be  required  to  draw  a  tangent  to  the  cate- 
nary whose  differential  equation  is  sdyz=adaf. 

Here,  AT  = x  ^si- a?  = , 

ay  a  a 

and  AW—y -^  =  y =  ^ : 

ax  8  8 

also,  we  have  seen  that  for  the  subtangents,    ^ 

fi8       ^  ax 

MT  :=^  and  LW^  — ; 
a  8 

and  by  means  of,  any  one  of  these  expressions,  a  tangent  may 
be  drawn  to  any  assigned  point  of  the  proposed  curve. 

Ex.8.  Lety»»— (a<a?+6)y'»-*  +  &c.4-(&a?*"+/<r~~^H-&c.)=0; 
then  if  y^,  y^,  y^y  &c.,  y^,  be  the  values  of  the  different  ordi- 
nates  corresponding  to  the  same  abscissa  x^  we  have,  by  the 
nature  of  equations, 

yx-y^^y^.hQ.y^^ikaf^  +  lar'^  +  hc.i 

•  •  log  yj  +  log  y^  +  log  y^  +  &c.  -h  log  y, 
=  log  {kaf^  +  Z<r*""^  +  &c.) ; 

whence  we  obtain  immediately, 


'm 


H ; — I ; — h  &c.  + 


y^dx      y^dx      y^dx  y^dx 

_  mA:a?^~^  +  (m-  l)/a?*""-^  -|-  &c. 

which  is  therefore  the  sum  of  the  reciprocals  of  the  subtan- 
gents on  the  axis  of  x : 
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also,  if  X  be  given,  the  last  term  k  x^  +  laf^  "  *  +  &c.  of  the  pro- 
posed equation  remains  the  same,  at  whatever  angle  the  ordi- 
nate is  inclined  to  the  line  of  abscissae,  and  therefore  the  sum 
of  the  reciprocals  of  the  subtangents  at  the  points  of  intersec- 
tion by  any  ordinate  corresponding  to  a  given  abscissa  is  a  con- 
stant quantity  independent  of  the  inclination  of  the  co-ordinate 
axes,  as  appears  from  the  last  article. 

139.  If  in  any  mixtilinear  figure  ABC  contained  by  two 
given  co-ordinates  AB^  BC^  and  the  curve  AC  concave  or 
convex  to  the  axis,  there  be   inscribed    a  rectangle  MPNB, 


and -4 J?  =  a,  AM  =  x,  MP^y^  then  will  its  area  =  y  (o  — a?): 
now,   this  will  be  a  maximum  when  u  being  equal  to  y  (a  —  x). 


ydx 
dy 


du  dy 

we  have  — —  ^ia  —  x)  -—-— 4/  =  0; 
dx      ^  ^  dx      ^ 


=  a  — <a?,  or  MT=: MB;  and  similarly  JVF=jVjB 


that  is,  the  sides  of  the  greatest  rectangle  are  equal  to  the  car- 
responding  subtangents  belonging  to  the  point  P. 

Hence  also,  the  area  of  the  triangle  cut  off  by  the  tangent 
TPV  to  the  same  point  P  which  therefore  bisects  it,  is  a  m>ini- 
mum  and  equal  to  twice  that  of  the  rectangle. 

After  a  similar  manner  it  may  be  proved  that  the  content 
of  the  cylinder  generated  by  the  revolution  of  an  inscribed 
rectangle  about  the  axis  of  x  will  be  the  greatest  possible, 
when  the  altitude  of  the  cylinder  is  equal  to  half  the  corres- 
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ponding  subtangent ;  that  the  content  of  the  cone  generated  by 
the  corresponding  triangle  will  be  the  least  posfflble ;  and  that 
the  cylinder  will  be  to  the  cone  as  4  :  9. 

140.     To  find  the  equation  to  the  tangent  at  any  point  of 
a  proposed  curve. 

Let  AP  be  the  curve,  whose  co-ordinates  at  the  point  P  ' 
are  AM^.w^  MP=iy;  QPT  a  tangent  at  P.  whose  co-ordinates 


T      A.    JC  M        N       Q      X 


at  the  point  Q  are  AN^afy  NQrsy  ;  then,  we  shall  have 

^=tanQPJ2  =  tanPTJf=^,  or  QR^^  PR; 
PR  aw  dw 

dv 
wherefore  y  -~y=  —-  {x  ^  a?),  is  the  equation  required. 

dx 

Hence,  if  known  values  be  assigned  to  x  and  y,  or  the  posi- 
tion of  the  point  P  be  given,  the  relation  between  w  and  y 
will  be  expressed  by  a  simple  equation ;  and  if  the  line  to  which 
this  equation  belongs  be  drawn,  it  will  be  a  tangent  to  the 
curve  at  the  point  proposed. 


IS 


141.    Cob.  l.    Since  the  equation  to  the  tangent  line  QPT 


if  we  suppose  ^  =  0,  or  the  tangent  cut  the  axis  of  /r,  we  shall 
have 


SOI 

wdy  ,  -  cody 

y  — 1/= : — ,  and  .*.  y  or  AV=^y ; — ; 

^      ^  dw  '  ^  ^       dx 

but  if  we  make  9=0,  or  the  tangent  intersect  the  axis  of  <v, 

dy  M  ydw  - 

then  will  — y=  -~  (w'  -^w),  and  .-.  —a?  or  AT^  ^ wi 

dw  dy 

hence  also,  since  y  =  -r-  (w  —  a/)^  we  have  in  this  case, 

dw 

ydw 

— -  ^W'-'W  ^AM+  AT^MTj  the  subtangent,  as  before. 

dy 

da 
142.    Cob,  2.     If  we  assume  j?=0  and  y==0^  and  —  -—-be 

^  dy 

Substituted  in  the  place  of  -^  in  the  equation  to  the  tangent, 

dw 

ve  shall  readily  find  the  equation  to  the  perpendicular  upon  the 

dw    , 
tangent  from  the  origin  of  the  co-ordinates  to  be  y' =  —  —  ^> 

otf/-^  +w=0. 
dw 

Ex.  1.     Let  y^^^nw  ;  then  y=:2a*zr*  and  -—  =   \   -^  > 

vLW  W 

.'.  the  equation  to  the  tangent  of  a  common  parabola  is 

y'-y=  V -(*'-^). 

W 

and.*.  y'=s:2o*^*-f-  Y/«  (^  — ^p) 

w 

2aiir-f-o*^'  — «^^       ,         ,    .  /a 
= 7= =(a?  +  <r)  W  ^  : 

aJw  ^    w 

and  to  construct  the  line  expressed  by  this  equation,  let  o/^O, 
whence  we  obtain  y'  =  a^ow =-i  y  • 

that  is,  take  AV=s^  MP,  and  T  is  a  point  in  the  tangent,  join 
PV^  and  this  line  produced  will  be  the  tangent  required. 

If  J7  =s  a,  we  find  the  equation  to  the  tangent  of  a  common 
parabola  at  the  extremity  of  the  laiua  rectum  to  be  j^  =  a  +  ^'. 

Cc 


Ex.  2.     Let  y  =  -- ;  then  y^  =i 5  ,  and  the  equation 
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Since  PM^^AV  by  construction,  we  have  MT^StAT 
^2  AM,  as  already  proved  in  the  second  example  of  article 
(138). 

o*      ,       dy  a* 

— ;  then  —  =  —  — 
X  aw  or 

to  the  tangent  of  a  common  hyperbola  between  the  asymptotes. 

is 

or 

,      a^       a^w        a^      r  /x  ®*       j       /  y         « 

.-.  y  ss 4-  —  =(207  —  ^)  —  and  yx  +d?y  =«a': 

X         X  X  or 

whence  to  construct  it,  let  x'^0,  .*.  y,  =2y;  that  is,  if  JFbe 
taken  =^2  MP,  the  line  VP  produced  is  the  tangent  to  the  curve. 

143.     To  find  the  equation  to  the  tangent  of  a  proposed 
curve,  which  ihall  make  given  angles  with  the  axes. 

Let  the  required  equation  be  y'  —  y  =  ■—  (a?'  —  ^),  and  the 

dx 

tangent  of  the  given  angle  made  with  the  axis  of  <v  be  c ;  then 

we, must  have 

g  =/■(.)=. 

from  which  the  values  of  x,  and  therefore  of  y  may  be  found ; 
whence,  the  relation  between  the  co-ordinates  of  the  required 
tangent  becomes  known,  and  it  may  therefore  be  constructed. 

This  is  manifestly  the  same  as  to  draw  a  tangent  to  a 
curve,  which  shall  be  parallel  to  a  given  straight  line. 

X 

Ex.     Let  the  equation  y  =  --  ^a^-^x^,  represent  a  curve, 

to  which  it  is  required  to  find  the  equation  of  a  tangent  making 
an  angle  of  45^  with  the  axis  of  x ;  then  we  have 

dy         a*  — 2^* 

=  tan  45^  =  1, 


^^      m^^Ja^'^x^ 


^03 

whence  are  obtained  a?= 0  and  ^  =  ±  ^  a  \Js : 

in  the  fonner  case  y  =  0,  and  therefore  the  equation  to  the  tan- 
gent is  y  ^a/:  and  in  the  latter  we  shall  find  y  =  ±  ^  a  >/3, 
and  the  equation  becomes 

and  hence  these  tangents  may  be  constructed  as  before. 

144«     To  find  the  equation  to  the  tangent  of  a  proposed 
curve,  which  shall  pass  through  a  given  point* 

Let  y  ^y^-—  (a?'  — <r),  be  the  required  equation,  a  and 

dx 

^  the  co-ordinates  of  the  given  point ;  then  since  the  tangent 

passes  through  this  point,  we  must  have 

dy 
which,  since  y  and  — —  are  both  functions  of  w,  involves  only 

dx 

one  unknown  quantity  x :  this  equation  being  solved  gives  the 

values  of  w  corresponding  to  the  points  of  contact,  and  there- 

d  f/ 
fore  of  y  and  --- ;  and  thence  the  relation  between  of  and  y[  in 

doD 

the  equation 

becomes  known. 

Ex.     Let   the  curve  be  a   parabola  whose  equation  is 

then  since  --^  =  V/  -  ,  we  have  )3  =  (/r  +  a)  v   -  ; 

dx  CD  '  X 

whence  ^^wzsa  (<t?  +  a)^  =  aa?*  +  2aa^4-«a': 
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and  by  the  solution  of  this  quadratic  equation,  we  find 


a?  = 


2a 


therefore  y=^^^aw   and  ^ 


both  become  known 


by  substitution^  and  consequently  the  equation  to  the  tangent 

eniiibits  the  relation  between  y'  and  x'  and  constant  quantities: 
and  since  w  has  two  unequal  Talues,  two  rectilineal  tangents  to 
the  parabola  may  be  drawn  through  the  same  given  point. 

If  /3^=:4aa,  the  two  values  of  w  become  equal  to  one 
another  and  to  a,  and  the  equation  is  then 

y  =(^'  +  «)  V  ^, 

a 

which  is  that  of  a  tangent  to  the  parabola  at  a  point  whose 

abscissa  is  a,  as  before  shown  in  the  first  example  of  (142). 

ir.    NORMALS. 

145.     To  find  the  points  in  which  the  normal  to  a  pn- 
posed  curve  intersects  the  co-ordinate  aofes. 

Let  PT  be  a  tangent  to  the  curve  AP  at  the  point  P; 


Git 


draw  HPG  perpendicular  to  it  meeting  the  axes  of  w  and  y  in 
G  and  H  respectively  :  then  is  HPG  called  a  normal  line,  and 
we  have 
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AG=JM+MGr^AM+MPUAMPG 

=  x +  y  tan  PTM 

and  AH=  AL  +  LH^AL  +  PL  tan  £P^ 

^y  +  Of  cot  PTM 
wdx 

wherefore  the  points  G  and  J?  are  ascertained'  corresponding 
to  any  assigned  values  of  x  and  y. 

ydy 

Also,  the  Subnormal  on  the  axis  of  a,  or  MG  =b  -7—  : 

aw 

iBaJf 
and  the  Subnormal  oH  the  axis  of  v,  or  LH^  — r — ; 

dy 

and  therefore  if  the  point  P  be  given,  or  the  values  of  w  and  y 
be  assigned,  and  jif  G  or  LH  be  made  equal  to  its  value  thus 
deduced,  the  line  PG  or  PH  which  wiU  be  a  normal  to  the 
curve  at  P  may  be  constructed. 

Conversely,  if  either  of  the  subnormals  be  given,  the  point 
in  the  curve  may  be  determined. 

146.  Cob.  1.  Hence,  the  lengths  of  the  lines  PG  and 
PH  which  are  called  the  normals  belonging  to  the  axes  of  x 
and  y  respectively,  may  be  ascertained. 

For,  PG  =  PM  sec  MPG 

BSiAPH^PL^LPH 

^  PL  ^/l+co^PTM  :=:  w  y  14.—-  =  -—. 

dy"^        dy 
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Also,  the  angles  of  inclination  of  the  nonnal  line  HPG  to 
the  co-ordinate  axes  may  easily  be  found. 

For,  tan  PGX^  -  tan  PGM^  -  cot  PTM^  -  — ; 

dy 

and  tan  PHY^  -tan PHL^  --tmPTM^  -  ^: 

dx 

from  which  the  angles  themselves  may  be  determined. 

If  the  ordinates  be  inclined  to  the  axes,  expressions  for 
determining  the  values  of  the  subnormal  MG,  the  normal  PG 
and  the  tangent  of  the  angle  PGX  in  the  diagram  of  (138), 
must  be  found  by  the  solutions-  of  oblique-angled  triangles. 

147.  Cob.  2.  The  normal  is  in  general  the  shortest  or 
longest  straight  line  that  can^  be  drawn  from  a  given  point  to 
a  curve. 

For,  let  a,  /3  be  the  co-ordinates  of  the  given  point,  a?,  y 
those  of  any  point  in  the  curve:  then,  \{  u  he  the  distance 
between  these  points,  it  is  manifest  that  we  shall  have 


u 


=  0, 


by  the  nature  of  maxima  and  minima,  as  appears  from  (llO): 

whence  we  have  (a  —  a?)  4-  /3-~-  =  — — ;  and  therefore  the  least 

or  greatest  straight  line  is  a  normal  to  the  curve,  because  the 

ydy 
subnormal  -- — -is  of  the  proper  magnitude,  as  will  readily  ap- 
dof 

pear  upon  examination  of  the  circumstances*  of  the  point  L  in 

the  diagram  of  (140). 

Ex.  1.     The  general  equation  to  the  conic  sections  referred 
to  their  principal  axes  being 
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we  shall  have  for  them, 

AH:=y+  -T-  =y+ 2—  =  ^   v; 

ay  m  +  2naf  m-\-%nx 

whence  the  positions  of  the  points  G  and  H  are  determined 
also,  ilfG=ij-^=^m  +  wa?,  and  Zjff-  -  ^ 


which  are  expressions  for  the  subnormals  on  the  axes  of  <r  and 
y  respectively. 

If  n  S3  0,  we  shall  have  in  the  common  parabola, 

AG=sw  +  ^m  and  JH= y: 

^  m 

also,  the  subnormal  on  the  axis  of  Wy  or  MG^^m  a  constant 
magnitude,  aild  that  on  the  axis  of  y,  or 


w»        ^f  m 


If  n  be  negative,   the  corresponding  conic  section  is  an 
ellipse ; 

,-.  ^C?=im-(n-l)a?,  AH^^ i i-y: 

2<ry 
MG^-^m-^nw    and  LjETss 


m  — 2na? 
If  n  be  positive,  the  corresponding  curve  is  an  hyperbola. 

•    Ex.  2.    Lety'*-(a^+6)y'"-^+(ca?*+cd?+/)y"-*— &c.=0; 
then,  if  y^,  y^^  y,,  &c.  y^,  bq  the  different  values  of  the  or- 


ao8 


dinates  belonging  to  the  same  abscissa  a?,  we  shall  have,  by  the 
nature  of  equations. 


Vidy^    ,  Vidy^   ,   y»^y»  +&c.+  ^'"*'^ 


dw 


-  + 


dw 


+ 


m 


do? 


dof 


=  (a*  — 2c)  a?+a6  —  c ; 

which  is  the  sum  of  the  subnormals  on  the  axis  of  a?  of  a  curve 
of  m  dimensions  corresponding  to  the  points  of  mtersection 
made  by  an  ordinate  whose  abscissa  is  ^;  and  if  a*==2c,  this 
sum  will  be  of  the  same  magnitude  whatever  be  the  value  of  w. 

148.     To  find  the  equation  to  the  wmaal  at  amy  point  of 
a  proposed  curve. 

Let  PG  be  a  normal  to  the  curve  AP  at  P;  AM^iS^ 
MP:=p,   the  co-ordinates  of  the  point  P  of  the  curve,  and 


\l 
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AK^x^  KL^y,  those  of  the  point  L  of  the  normal ;  draw  PS 
parallel  to  AG  i  then,  we  have 


PS      cobSPL 
'SL  ■"  sin  SPL 


=  tan  PTM=: 


dy 
dx 


X  dw  dx ,         . 

whence  we  obtain  *SL=  —  SP^  ory,-y=  -  dv^^'""^^' 

which  is  the  equktion  to  the  normal  Mhe  UPG. 
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By  assigning  to  «  and  y  given  values,  the  relation  between 
w  and  y  becomes  known,  and  the  normal  may  be  constructed 
by  drawing  the  line  to  which  this  equation  belongs. 

dy  a^of 

Ex.  1.    Let  y  =  j^2aaf^ai^;  then  t~  =  — j====; 

whence  y^  —  y  =  —  -^ (a?^  —  a?) 

a  —  w 


05  i^^aw  —  c?'       oo^mJ^cloo  —  oi?^ 
a-^OD  a— 00 

and  .-.  y^^t^Stax-^oo  '\ ^ 


x^ 


a-^x 


^J^ax^ 


x^: 


which  is  the  equation  to  the  normal  of  a  circle:  and  if  y^  =  0, 
we  have  a— ^p^s=0,  or  a?^=sa,  whatever  be  the  value  of  x; 
and  therefore  the  radius  of  the  circle  is  always  a  normal  to  it. 

„  ^  x^  ^       dy       x^(3a^x) 

Ex.  2.     Let  y=      .  ;  then  -^  =  -rf -/; 

Hj%a^x  dx        (2a  — a?)* 

(2a  — /i?)i  ^(2a  — a?)'  — a?  (2a  — ^)* 

a?*(3a  — ^)  +  a?(2a  — a?V-'a7  (2a  — ^V 
and  .*.  «/  =  — ^ ======r ^ 

(3a-a?)^2a^«a?« 
ao? (4a  —  a?)  —  a?  (2a  —  a?)* 

■^M      I  ,±  —      J  _■ ■■-■II  • 

(3a  — a?)^2aa?  — a?"^ 

the  equation  to  the  normal  of  the  cissoid  of  Diocles,  which  is 
therefore  easily  constructed. 

If  a?  =  a,  and  therefore  2^  =  a,  the  equation  to  the  normal  of 
this  curve  at  the  point  where  it  cuts  the  generating  circle,  will  be 

Dn 
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also  if  ^^.be  made  =0,  we  find  x^^Sa;  and  consequently  the 
line  intercepted  between  the  vertex  of  the  curve  and  this  normal 
is  trisected  by  the  centre  and  by  the  further  extremity  of  the 
diameter,  of  the  generating  circle. 

149.    CoE.     In  the  equation  to  the  normal  just  found, 


dw 


dy  . 


if  we  make  a?  =  0  and  y  =  0,  and  substitute  —  —-  in  the  place  of 

dw 


dw 
dy 


,  we  shall  find  the. equation  to  the  straight  line  drawn  from 


the  origin  perpendicular  to  the  normal  to  be 

wdy  dy 

y  =  -^ —  or  y, w^  =  0. 

^'        dw^        ^*      dw    ' 

150.  The  methods  pursued  in  articles  (143)  and  (144) 
will  enable  us  to  find  the  equations  to  normals  making  given 
angles  with  the  axes  or  passing  through  given  points,  and  con- 
sequently to  draw  them. 


III.    ASYMPTOTES. 

151.     To  find  whether  a  proposed  curve  admits  of  a 
rectilineal  asymptote,  and  to  determine  its  position. 

Let  AP  be  any  curve  whereof  the  co-ordinates  to  the  point 
P  are  AM  =  a?,  MP  =  y ;  and  let  PT  be  a  tangent  at  the 


IT     T 


point  P  meeting  the  axes  of  w  and  y  in  T  and  F;  then  we  have 
seen  in  (135)  that 
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ay  doB 

now  if  both  of  the  lines  AT  and  AV  Ao  jiot  become  infinite 
when  one  or  both  of  the  co-ordinates  w  and  y  are  indefinitely 
increased,  the  tangent  PT  is  said  to  become  a  rectilineal  asymp- 
tote to  the  curve : 

also,  i£  AW  and  AZ  he  the  ultimate  values  of  the  lines  AT 
and  A  F,  when  one  or  both  of  the  co-ordinates  are  increased  sine 
UnAtey  two-  points  W  and  Z  are  found,  through  which  the 
asymptote  must  pass,  and  consequently  WZ  produced  will  be 
the  line  required. 

(a)    If  AW  he  finite,  and  AZ  infinite,  the  asymptote  will 
be  perpendicular  to  the  axis  of  oo. 

((i)    If  AW  he  infinite,  and  AZ  finite,  the  asymptote  is 
parallel  to  the  axis  of  x. 

(7)    If  AW  he  infinite  and  AZ  vanish,  the  axis  of  a?  is  an 
asymptote  to  the  curve. 

(S)    If  AW  and  AZ  both  vanish,  the  asymptote  passes 

through  the  origin  of  the  co-ordinates ;  and  since  only  one  point 

in  the  line  is  thus  determined,  its  direction  must  be  found  by 

dy 
seeking  the  value  of  tan  JC=  -—y  when  one  or  both  of  the 

co-ordinates  become  infinite. 

Ex.  1.     In  the  conic  sections  whose  latus  rectum  is  w, 
we  have  y*=wa?  +  7iti?*;  then  will 

.,«      ydof              ^mw  +  2nai^  mw  m 

AT=^. 0?= cr  = 


dy  m'\'9.nx  m-^9,nx       m 

xdy  mw  -  m 

and  AV^y-' 


v-.-'-V 


dx  »  *.  /  vnaB  4-  nx^  ^    /  m 

•^n 


X 
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hence,  if  ^  be  indefinitely  great,  we  have  —  =  0,  and  therefore 

w 

AW^—  and  JZ=— 7-; 

that  is,  M  AW  and  AZ  be  taken  equal  to  these  values  respec- 
tively, the  curve  being  an  hyperbola  admits  of  an  asymptote 
whose  position  is  determined  by  joining  the  points  W  and  Z. 

If  n=0,  the  curve  is  a  parabola,  AW=  a^  and  AZ^^co , 
and  there  can  be  no  asymptote  at  a  finite  distance. 

If  n  be  negative,  or  the  curve  be  an  ellipse,  the  value  of 
AZ  is  impossible,  and  therefore  it  does  not  admit  of  an  asymp- 
tote. 

^             ^                    aii             ^        ydw       wi^a^w) 
Ex.  2.     Let  «=      .  ;  then  ^-7-  =  ; 


whence 


ydw  x{^a^ai)         ^  aw 


dy  3a  — w  Sa^^w 

wdy  wi  wy(Sa  —  w)  (a  —  w)a}i 

dw        jsV^a'-'W        w(2a'^w)  (2a -d?)* 

now,  since  the  value  of  y  becomes  impossible  when  w  is  greater 
than  2  a,  if  this  curve  admit  of  an  asymptote,  we  must  have 
^  =  00  and  therefore  a?  =  2  a ;  whence 

2a-  ,    ^^      (2a-a)(2a)J 

AW=: =-2a  and  ^Z=  ^^7- T^=~» 

3a  — 2a  (2a  — 2a)t 

and  therefore  the  extreme  ordinate  is  an  asymptote  to  the 
cissoid,  as  appears  from  (a). 

^            ^                   ^           ,       .       ydw       a?(l-f-^ 
Ex.  3.     Let  y  = s ;  wherefore  --—  = 5" ' 

ydw  a?(l-fa?*)  2w^  2 


dy  1—0?*  1— i'       1        1 


W^         X 
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1    A^            ^^y           *^           a?(l  — or*)           aia?* 
and  AV=y 7—  = = 7 rrr-  =  7 5—: 

let  now  ^  be  indefinitdy  increased,  in  order  to  find  the  ulti- 
mate values  of  AT  and  AV;  then  AW  =i  co  and  AZ=^0  from 
which  we  conclude  by  (7)  that  the  axis  of  ^  indefinitely  ex- 
tended is  an  asymptote  to  the  curve. 

Ex.  4.     Let  y/y^  — j=^  -i-  V  ^ ;  then,  y  =  — h  2a  +  j?, 

dy           a*             a?*  —  o* 
and  —  == J  +  1  = g — ;  wherefore 

-^      ydof  (/v  +  a)af  2aw  2a 


dy  a?  —  a  a?  —  a  a 

1  —  — 

ofdv       a^  +  2aa?  +  a?*       ^®— a*       2a*  +  2aa7 

^'^=^--57^ ; ;^; v—-- 

first,  let  or  =  00,  then  j^  =  00  ,  AW=2a  and  AZss2az 
next,  let  j(  =  oo,  then  a?  =  0,  AW=0  and  ^Z=oo: 

hence  this  curve  admits  of  two  asymptotes,  one  making  an 
angle  of  45^  with  the  axis  of  J7,  and  the  other  perpendicular  to 
it  and  passing  through  the  origin  of  the  co-ordinates. 

_        do?       aa?  — y* 

Ex.5.     L,etfr'-3awy  +  ar  =  0;  then,  -7-  = -^ : 

^  ^  dy       a^  -ay 

whence 

yda?  awy  —  y^  Qaafy-^w^^y^  awy 

Aa^^  — - —  —  W  =. — o  ■  —  J?  =: 


dy  ar^ay  ar^ay  ar^ay 


xdy  •  x^  —  awy      2awy  -  a^-^y^  awy 


^r=y-— ^=y- 


dw  aw^y^  aw  —  y^  aw-^y 


♦ 
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and  to  obtain  the  values  of  these  expressions,  when  <v  is  made 
indefinitely  great,  assume  y=itafj  and  therefore 

rar^3atar  +  ar=i0,  or  af  = 


hence,  if  •»=»  ,  1+^=0,  or  ^=  —  i  and  therefore  y=  —a? 
whence  we  find 

^„,  ^^y  ^^  ® 

^  1+-  i 

I 

oa?y  oa?^  a 

and  ^Z  = 5  = 5  = =s  —  a, 

aj7  —  V        aw  —  x*      a 

^  1 

X 

and  consequently  the  required  asymptote  cuts  the  axes  of  x  and 
y  at  angles  equal  to  each  other. 

Ex.  6.     Let  aa?* -h  4cr*a?y-  6y*  =  0;  then  --  =  -^^ — r-: 

oy       ax^+cy 

.^     ydx             by^-^c^xy  2c^xy 

whence  J r^^r ar=-^-= =-^  — a?=  ^ 


,    ^-,  ^^y  ax^  +  c^xy         2c^xy 

anaAV=y — — —  =y— . 


d<r  6y^  —  c^x        by^  —  c'a? ' 

and  to  determine  the  limits  of  these  quantities,  let  y  =  tx,  and 
therefore 

ax^-\-4fcHx^-bt^x*=:0,   or  (a  — 6^*)a?^ +  4.c=*#  =  0, 

wherefore  x  =  v   --r ,  which  will  evidently  become  infinite 

^    6r  — a  -^ 

a^  .  .  a^ 

when  ^  =  -j;  whence  is  obtained  y  =  -jo?,  and  we  have 
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^W^=  T =0;    ^Z=— -^ =0: 

0*  b* 

that  is,  the  asymptote  passes  through  the  origin  of  the  co- 
ordinates: and  to  determine  its  position,  we  have 

3  .  ^*   ^ 

dy       ao^-\-i?y  ^  «*  «- 

T"  =  7~1 T"  =  "i =  --J  =  tan  X\ 

doc       h%f  —  (fai       o*,    ,        •         fe* 

7i  0<J7    —  c  a? 

and  hence  the  asymptote  may  be  drawn. 

152.     To  find  the  equation  to  the  rectilineal  asymptote 
of  a  curve. 

Since  the  equation  to  the  tangent  has  been  found  in  article 
(140)  to  be 

if  one  or  both  of  the  co-ordinates  a?  and  y  of  the  curve  be  made 
infinite,  the  equation  of  the  asymptote  will  be  determined :  and 
the  equation  of  the  asymptote  being  found,  the  line  itself  may 
be  drawn. 

Ex.     Let  y"*  =  oa?~**+ci?"*,  be  the  equation  of  the  pro- 
posed curve;  then 

dy       (m  — 1)  aa7"'"*  +  t»a?^~^  ,   . 

-7-  = —T ,  and  therefore 

dof  ^5zl       ' 

y:={aar'^  +  x'^y  +^ ^ _^(a?'-a?) 


mo?*"" 


'G-) 


m-1 

m 
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a! 
a  -h  (f»  —  1)  a  — h  muJ 

X 

ml-  +1"  "* 


G- 


which  is  the  equation  to  the  tangent: 

now,  if  ^  =  00,  j^ssoo,  and  the  equation  to  the  asymptote  is 

y  = ,  oTif^w  =  -. 

m  fn 

If  m  be  less  than  1,  when  <!p  =  0,  y  s=  oo  ,  and  the  equation 
to  the  asymptote  becomes  y'  =  oo  ,  or  another  asymptote  in  this 
case  passes  through  the  origin  of  the  co-ordinates,  and  is  per- 
pendicular to  the  axis  of  x. 


If  m  =s2,  we  have  y  =  <r'  -f  -  ,  which  is  the  equation  to 
the  asymptote  of  the  rectangular  hyperbola. 

153.  The  equations  to  the  asymptotes  of  curves  may  also 
be  determined  without  the  aid  of  the  Differential  Calculus,  as 
will  readily  be  seen  by  the  following  examples. 

b     , 

Ex.  1.    In  the  common  hyperbola  y=  -  ^a^+2ax:  whence 

expanding  „JcF^^^ax  by  the  binomial  theorem,  we  find 

y=^{^  +  a-         +-_.^&c.}, 

wherefore  if  07=  oo  ,  we  shall  have  y  =  -  (o?  +  a),  which  is  the 

a 

equation  to  the  infinite  part  of  the  curve,  and  therefore  to  the 

rectilineal  asymptote,  since  it  is  of  only  one  dimension. 
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Ex,  2.  Let  J?*— Sajfy  +  y'scO;  and  suppose  the  equation 
of  a  rectilineal  asymptote  to  be  y=a^  +  /3;  then,  by  substitu- 
tion, we  shall  have 

whence  a^+l=0,  or  a=— 1;  o/3— «  =  0,  or  j3=— o,  and 
the  required  asymptote  is  the  straight  line  whose  equation  is 

yzsz  -^/v  —  a: 

hence  also,  if  57  =  0,  y=  —a,  and  if  y  =  0,  a?=  — o,  agreeably 
to  what  is  proved  in  the  fifth  example  of  article  (150). 

Ex.3.  Let  aa?*  +  4c^ii?y  — 6y*  =  0;  then,  if  the  equation 
to  a  rectilineal  asymptote  be  y=^a/v+fi,  we  shall,  as  before, 
have 

(A 
from  which  we  must  have  6a*  —  a  =  0,  or  a=  tj  *"^<i  i3==0>  so 

that  the  equation  to  the  required  asymptote  is  y=  rr  a^,  as  in 
the  sixth  example  of  the  same  article. 

It  is  evident  that  in  order  to  determine  all  the  rectilineal 
asymptotes  by  this  method,  we  must  find  all  the  series  by  which 
y  can  be  expressed  in  descending  powers  of  of. 

154.  In  the  examples  of  the  last  article,  the  method  pur- 
sued has  enabled  us  to  determine  the  equation  of  the  rectilineal 
asymptote  of  a  curve ;  but  it  is  obvious  that  the  equations  to 
cuTviMneal  asymptotes  may  be  determined  in  the  same  manner. 

For,  if  by  solving  the  equation  of  the  curve  with  respect  to 
y,  "we  find 

-    k        I 

y  =  aa?"  -f  haf^-^  +  &c.  ^gaf^  ^  +  -  -f  -~  +  &c., 

Ee 
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and  then  suppose  a?  as  oo  ,   the  equation  to  the  curve  at  an 
infinite  distance  becomes 

y  =  oaf*+fca;»-*  +  &c.  +^a7  +  A, 

which  is  also  the  equation  to  an  asymptotic  curve  of  n  dimen- 
sions. 

If  n=  I,  y  =  ax  +  bj  which  is  the  equation  to  a  rectilineal 
asymptote  as  before. 

1{  n=2j  y^ax* -{-baf  +  Cy  which   is  the  equation  to  a 
common  parabolic  asymptote. 

If  n  be  greater  than  2,  the  asymptote  is  a  parabola  of  the 
n^  order. 

Also,  when  n  =  1,  the  infinite  arc,  whose  equation  is 

is  hyperbolic,  and  approaches  infinitely  nearer  to  the  proposed 
curve  than  the  rectilineal  asymptote  whose  equation  is 

Ex.     Let  the  equation  of  the  curve  proposed  be 

then,  by  Maclaurin's  Theorem,  we  have  as  in  article  (71), 

a^         w*  a?* 

a*      So'       na^" 

3  5 

y=±  T+ 2 +  —!  +  &'=•  = 
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the  first  of  these  equations  «hews  that  there  is  no  asymptote  of 
any  kind  cutting  the  axis  of  <r  at  a  finite  distance : 

from  the  second  we  determine  an  asymptote  parallel  to  the  axis 
of  a?,  whose  equation  is  y  =  —  a : 

and  the  third  discovers  the  existence  of  a  parabolic  asymptote 
whose  equation  is  2  a*y  =  +  2a?^  +  at. 

IV.    DIRECTION  OF  CURVATURE. 

155.     To  find  the  position  of  a  curve  at  any  point  with 
respect  to  its  tangent. 

Let  AP  be  any  curve  whose  co-ordinates  AM  and  MP  at 
the  point  P  are  d?  and  y  respectively:    take  MN=:Mn^hy 


draw  the  ordinates  NQ^  nq  and  produce  them,  if  necessary, 
to  meet  the  tangent  at  P  in  T  and  /;  also  through  P  draw 
rPR  parallel  to  the  axis  of  ai\  then  it  has  been  seen  that 

+  &C. ; 


*^^       .  ^y  *     ^y  ^      ^y 

NO  =  v  +  —  — — ^ 1 — ^  

^      d<»  1        d<r*  1 .  2       dcT?3  1 .2 .  3 


whence  we  have  immediately 


^3 


d jr  1        d^*  1 , 2       do^  \.9,,Z 
=  PR  tan  TPR  +  ^  —  +  "^^ 


+  &C. 


h^ 


dw^  1 .  2       da^  1.2*3 


-h&c. 


1 
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dj?«  1.2       dor^  1.2.3 

da?*  1 . 2       dor^  1 . 2 .  S 

now,  it  is  obvious  that  if  the  curve  lie  above  its  tangent  at  P  or 
be  convex  to  the  axis  of  w^  QR  is  greater  than  TR  and  there- 
fore we  must  have 

da^  1.2       daPl.2.S         ^'  ^     ^^' 

but  if  the  curve  lie  below  its  tangent  at  P  or  be  concave  to  the 
same  axis,  QR  is  manifestly  less  than  TRy  and  therefore 

d*«    h^        dPy      h^  ,       . 

-r-9 +  ~^ +  &c.  IS  negative: 

do?*  1 . 2       dflj^  1 . 2  .  S  ^ 

also,   since  by  the  continual  diminution  of  A,  the  first  term 

^—5  —  will  become  greater  than  the  sum  of  all  the  succeeding 

terms  of  the  series,  it  follows  that  the  algebraical  sign  of  this 
series  will  then  be  the  same  as  that  of  its  first  term;  and 
therefore  according  as  a  curve  is  convex  or  concave  to  the 

ordinate  will  be  positive  or  negative.  The  same  is  easily  proved 
of  the  part  of  the  curve  on  the  other  side  of  P. 

Hence,  conversely,  a  curve  will  be  convex  or  concave  to  the 
line  of  abscissas,  according  as  the  second  diflPerential  coeffi- 
cient of  the  ordinate  is  positive  or  negative. 


line  of  abscissas,  the  second  differential  coefficient  --—^  of  the 


In  what  has  just  been  said,  the  ordinate  y  was  supposed  to 
be  positive ;  but  if  it  were  negative,  the  contrary  results  would 
be  obtained,  and  we  may  conclude  more  generally,  that  a  curve 
will  be  convex  or  concave  to  the  line  of  abscissas  according  as 
the  ordinate  and  its  second  differential  coefficient  have  the  same 
or  different  algebraical  signs. 
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156.    GoE.  1.     Since,  by  the  last  article,  QT^QR-^TR 

do?*  1.2       da^  1.2.3 
we  shall  have 

QT       dco^  1.2"^da?3  1.2.S  ' 


c?y     1  d?y      h 

dar  1 . 2       dar  l .  2 .  S 

QT  QT  d^y 

and  thence  the  ultimate  value  of  —=-.  or  of  ~ 


PR^  MN^       1.2.da?«* 

157.  CoE.  2.  Since  by  construction  MNszMn,  we  shall 
have,  when  k  is  diminished  sine  limitey  the  arc  PQ  equal  to 
the  arc  Pq :  also,  if  the  difiPerential  coefficients  be  denoted  by 
Pi  99  ^^  &c.,  we  have  seen  that 

QT^q h^ +&C. 

^1.2  1.2.3 

qt  =  q —  r +  &c. 

^       ^1.2  1.2.3 

whence  we  immediately  obtain 

A*  A'  1  A  , 

Qr_      1.2  1.2.3  __^1.2  1.2.3 

q r h  &c.       q r 1-  &c. 

^1.2  1.2.3  ^1.2  1.2.3 

the  ultimate  value  of  which  is  obviously  1 :  that  is,  if  the  points 
Q  and  q  be  joined  and  be  supposed  to  move  up  continually 
towards  P,  the  chord  Qq  ultimately  becomes  parallel  to  the  tan- 
gent TPt  at  the  middle  point  of  the  curve. 


222 

Again,  if  the  chord  PQ  be  drawn,  we  shall  have 

sin  QPT  ^QT 
sin  PQT  "■  PT' 

which  is  obviously  less  than 

^1.2  1.2.3  A  A*  „ 

or  q h  r +  &c., 

h  ^1.2  1.2.3 

and  therefore  vanishes  when  h  is  diminished  sine  limiie:  whence 
the  angle  PQT  being  finite,  it  follows  that  the  angle  QPT  con- 
tained between  the  chord  and  tangent  ultimately  vanishes. 

158.  Cor.  3.  In  the  last  article  it  has  been  shewn  that 
that  the  angle  QPT  ultimately  vanishes:  and  from  this  we 
imniediately  conclude  that  the  arc  PQ,  its  chord  PQ  and  its 
tangent  PT  are  ultimately  coincident,  and  therefore  equal  to 
one  another. 

Also,  in  the  last  article  but  one,  it  has  been  proved  that 
when  h  is  indefinitely  diminished,  the  value  of 

QT         QT      , 

or  r^r=r.=^q: 


MN^       Pit 

wherefore,  the  values  of  the  difierential  coeificients  jp,  g,  r,  &c. 
being  constant  magnitudes  for  any  assigned  point  in  the  curve, 
it  follows  that 

QTocPR^ocPR\i  +p^)ocPr-: 

that  is,  the  subtense  QT  ultimately  varies  as  the  square  of  the 
tangent  PT,  and  therefore  as  the  square  of  the  corresponding 
chord  or  arc  PQ. 

In  these  corollaries,  it  scarcely  need  be  observed  that  the 
diiFerential  coefficients  p,  9,  r,  &c.  have  been  supposed  to  be 
finite  magnitudes. 
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Ex.  1.     Let  the  curve  be  a  circle  whose  equation  is 
a«=:(a?-6)«  +  (y-c)*;  thenisy  =  c±  ^o«^(a?-.6)«; 


dy       _ 


x-^h 


,2 


dx  ^a'-^iw^by 


dor*  ~  "^  Ja««(a7-6)«}f' 


wherefore  if  the  upper  sign  be  used  in  the  value  of  y,  the  cor- 
responding part  of  the  curve  is  concave  to  the  axis  of  ^,  but  if 
the  lower,  it  is  convex. 

This   will  readily  appear  from    an  examination   of   the 


i> 


^ 

R 

( 

C 

) 

\ 

^ 

J 

i 

T 


B.     B      B' 


diagram,  in  which  the  upper  part  of  the  figure  is  concave  to 
the  axis  of  on  and  the  lower  part  convex. 

Ex.  2.     Let  the  curve  be  the  cubical  parabola  whose  e^ua»- 
tion  is  j^  =  a*a? ;  then  we  have  immediately, 


yic=a'  Of',  -~  s=  ■-  —  and  --5 


.•S- 


+  dy 

dw 


OsT^r 


2  a^ 


9  afr 


d^y 


now  if  /p  be  positive,  y  is  positive  and  -j-^  negative,  whence  the 
curve  is  ccmcave  towards  the  axis  of  ^ ;  but  if  .v  be  negative,  y  is 
negative  and  — ^  positive,  and  therefore  the  curve  has  still  its 
concavity  turned  towards  the  same  axis. 
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V.    ORDERS  OF  CONTACT. 

159.  Dbf.  If  two  curves  whose  equations  are  y=f(ai) 
and  y  =  F(w)  be  referred  to  the  same  rectangular  axes,  and 
A  be  a  common  increment  or  decrement  of  their  abscissas,  we 
shall,  from  what  has  been  previously  said,  have 

y±Ay=/(a?±A) 

_        dy  A       cPy    A*        cPy      A' 

"^^  d^  7  "^  d^  n  -  d^  iTiTi  ^ 

and 

y±Ay'  =  F(a;'±A) 

_  ,      dy'  A      dV    A'        *y      A^ 

■"^-da?'  r ■*■  d^'«  ITi  =!=  do?''  1.2.3'^^'''' 

then,  on  the  supposition  that  a/  is  made  equal  to  of ; 

if  y  ssy,  the  curves  have  a  common  point  of  intersection : 

if  y=iy  and   -^-7  =  *r^9  the  curves  have  a  common  tans^ent 
^      ^  da/       dw  ^ 

and  a  contact  of  the^r^^  order : 

••    /  dy'       dy        _  d'y'       d^y 

if  y  =y,  -7-7  =  T~  *^d  — -Ti  =  ---T-,  the  curves  have  a  colli- 
de      d<r  dj?         dj7 

mon  tangent  and  a  contact  of  the  second  order : 

..    f  dy       dy     ^y       d^y       ,  d^y'      d?y 

if  y  =  y,  — ^^  =  — ^ ,   — jj  =  ->— ^  and  '""^  =  -^^ ,  the  curves 
dx       dx     dx        dor  dx        dufi 

have  a  common  tangent  and  a  contact  of  the  third  order : 
and  so  on :  and  generally, 

.-    »  dy       dy    d^y       (Py    „       d^y       d^y    , 

have  a  common  tangadt  and  a  contact  of  the  nth  order. 

Hence,  if  all  the  differential  coefficients  be  equal,  the  curves 
entirely  coincide. 
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160.  Coft.  1.  The  diittinc^  between  the  curves  miebsuil^ 
in  the  direction  of  the  ordinate  when  Ithe  contact  is  of  the  first 
order,  is  infinitely  greater  than  when  it  is  of  the  second :  when 
the  contact  is  of  the  second  order,  the  distance  is  infinitely 
greater  ^an  when  it  is  of  the  third :  and  so  on  of  the  superior 
ordersy' 

For,  at  a  common  point,  we  hdvie  j^'  ==  jf,  itnd  therefore 
^     ^^       \dw      dw/l  ^  Kda/"      dot')  1 .  S 


2 


\dx^       dWl.2.3        \<f4?*       da?'v  1.2.3. 


-  +&C. 

4 


\da?"^      da?''-Vl.2.S.&c.(n-.l)      W»      da?' V  1.2.3.  &c.n 
+  &c. : 
let  ^„=the  distance  Irhen  ff^y; 

^»= »^=»«"^d«'  =  5^' 

^*= »  =«''  57  =  d^  "''*  dZ*  =  d^' 

&c ; 

and  let  the  successive  coefficients  of  A  in  the  value  of  Ay— Ay' 
be  represented  by  P,  Q,  JS,  aS',  &c.  ;  then  we  shall  have 

»"  =  _  jo =r-rs :m — :: —  =!  CO  •  when  A  s± 0 ; 

&c » ....••. 

5,         FA»-^+»rA»  +  XA«+'  +  &c.  ...    . 

tt —  ~  .>»-»:;  '' — ^;>  .  i — ,,; ^  \  a — :: —  5=  oo  ,  When  h^Oi 

Ff 
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that  is,  ^Q,  £p  ^29  &^*)  K  ^^  infinitely  greater  than   d^,  ^29 
^3,  &c.,  5„+i  respectively. 

161.  Cob.  2.  Since  each  of  the  quantities  ^^,  ^j,  ^2'  &^*'  K^ 
^^n-^-i  ^^  indefinitely  greater  than  any  one  of  those  that  succeed  it, 
it  follows  that  if  two  curves  have  contact  of  any  order  what- 
ever, no  other  curve  which  has  an  inferior  order  of  contact  with 
either  of  them,  can  be  drawn  so  as  to  pass  between  them. 

162.  To  determine  the  nature  and  conditions  of  the  con- 
tact sttbsisting  between  a  straight  line  and  any  proposed  curve. 

* 
Let  yz=f(iv)    be   the  equation  of  the  proposed  curve, 

y' = ax  +  /3  that  of  the  straight  line :  then  we  have 

dy'  d^f/' 

whence  at  a  point  of  contact  of  the  first  order  we  must  have 

dy        dy 


or  denoting  the  successive  difierential  coefficients  by  p,  q,  r, 
&c.,  p'y  q\  r',  &c.  we  must  have 


w  =a?,  y  =y,  p  ==p: 
whence  a=p  and/3  =  y— p«r, 
and  the  equation  y  =aa/  +  fi  becomes 

in  other  words,  since  the  value  of  a?  which  satisfies  the  equations 
y  =^y  and  p'=p  does  not  necessarily  satisfy  the  equations  g  =  0, 
r  =  0,  &c.  the  contact  of  a  straight  line  with  a  proposed  curve 
is  generally  of  the  first  order,  and  the  line  itself  is  the  recti- 
lineal tangent  to  the  curve,  as  appears  also  from  (140),  and 
may  be  constructed  as  before  shewn. 

It  is  moreover  manifest  that  no  other  straight  line  can  be 
drawn  through  the  point  of  contact  between  this  line  and  the 
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curve ;  for  if  there  could,  a  different  value  ofp  would  be  required 
to  satisfy  the  characterizing  equations.  The  line  thus  deter- 
mined is  therefore  called  the  Osculating  straight  line,  and  if  the 
second,  third,  &c.  differential  coefficients  corresponding  to  the 
point  of  concourse  vanish,  the  Osculation  will  be  of  the  second, 
third,  &c.  orders,  a  circumstance  entirely  dependent  upon  the 
peculiarity  of  the  case. 

163.     To  investigate  the  nature  cmd  circumstances  of  the 
contact  between  a  circle  avd  a  given  curve. 

Lety=/(^)  and  (^'-.a)^  +  (y -i3)^  =  7^ 

be  the  equations  of  the  proposed  curve  and  circle  respectively-; 
then  using. the  notation  adopted  in  the  last  article  for  the  suc- 
cessive differential  coefficients,  we  must  have  at  the  point  of 
concourse, 

^'=^5  y—yy  p'—Pj  4—^^  s^^- 

but  by  successive  differentiation  we  obtain 

whence  we  have  immediately 

^— a  +  (y-i8)i>  =  0and  1  + (y-/3)g+p*  =  0: 
from  which  together  with  the  equation 

(^-a)*  +  (y-i8)'  =  7% 

the  three  magnitudes  a,  )3  and  7  may  be  exhibited  in  terms  of 
«,  j^,  p.andg:  thus 

.'.  (<»•— a)g=p(l  H-p')  and  ^  — a=  "- —^ 

whence  a  =  .-^^^+P'>: 


I 


I 
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also,  (9-/3)ff=-(l+|.')and,-^=-^-i±^, 


1  +©- 

whence  /3  s  j^  +  -^ — i^  : 
ftiid  therefore  7*  =  (»  -  d)*  +  (y  —  /8)* 

_y^(i+pY  .  (H-pV_(l-fpy, 

""        ^^         "^       9*       ""       «*       * 

(1  +p^)i 
or  ^  =  ^ =--^ : 

'y^hii^h  will  maaifestly  te  posit jy^  or  nf g^f^ve  i^cfotrdf^g  ai<  f  11 
podtiye  cor  negative,  loid  thprefpj^  by  (l^i^Ji,  ^^co^^wg  as  t^e 
^iiry^  is  copvex  o^  cqiu^ye  towf^^s  fhe  itiqs  ^  a^:  a<^d  ^e 
co-ordinates  of  the  centre  and  the  magnitude  of  the  rac(iuS) 
of  the  circle,  are  thus  exhibited  in  terms  of  the  co-ordinates 
of  the  proposed  curve:  wh^iice,  if  the  point  in  the  curve  be 
assigned,  the  circle  b^v^  with  it,  i^t  t^t  pqint,  contact  of 
the  second  order,  is  completely  determined. 

Also,  to  determine  the  three  quantities  a,  fi  and  7,  it  is 
manifest  that  the  three  equations  aboye  giy^.  fu:^  necessary  2U[id 
sufficient,  and  therefore  these  values  so  determined,  need  not 
necessarily  satisfy  any  more  of  the  conditions  expressed  by  /=f9 
s'  =  «,  &c. ;  or,  in  other  wotdls^  the  ord^r  of  contact  b^ween  the 
curve  and  circle,  need  not  be  higher  than  the  second,  though 
in  particular  cases  it  may  be  so,  as  explained  in  the  last 
^ticle. 

Since  then  it  is  obvious  that  no  other  circle;  can  in  genersd 
be  made  to  pass  between  the  curve  and  the  circle  above  defined^ 
it  is  customary,  as  in  the  last  article,  to  designate  it  the  Osct/n 
lating  Circle  nt  the  point  (a?,  y)  of  the  curve  proposed,  the 
osculation  bdng  of  the  second  order,  except  in  the  cases  above 
alluded  to. 

164.  Cob.  In  the  investigation  above  given,  we  have 
seen  that 
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and  this  put  in  a  different  fonn,  becomes 

which,  as  appears  from  (148),  is  the  equatipn  of  the  normal 
to  the  point  (07,  y)  of  the  proposed  curve :  therefore,  the  co- 
(Hrdi^ates  a,  /3  of  t^e  centre  of  the  osculating  circle,  are  also  the 
co-ordinates  of  a  point  in  the  normal,  or  the  diameter  pf  the 
osculating  circle  passing  through  the  point  of  contact  is  a  nor- 
mal to  the  curve. 

165.  To  find  the  nature  and  circttmstancea  of  the  contact 
Mtbsisting  between  a  proposed  curve  and  a  parabolic  curve  of 
Mmy  order. 

Let  y^f(pD)  be  the  equation  of  the  curve  proposed,  and 

y' =  a  +  j3a?' +  70?'*  +  Sa?'' +  &c.  +  Xa?''», 

that  of  a  parabolic  curve  of  the  ni^  order :  then  we  shall  have 

-A  =/3  +  27a7'-f  sSa7''  +  &c.-hwX«r''^-^ 
dw 

d^v 

~z  =1.27+2.3Sa?'  +  &c. +  (»»  — l)mXcV«*-^; 


&c 


=  1 . 2 .  s5  +  &c.  +  (»  -  2)(m  — l)wX4?''"-^ ; 


--—  =1  .2,3.&c.  (w  — 2)(m— l)wX: 

whence,  in  addition  to  the  conditions  expressed  by  ^'=:  a?  and 
jf'  =y,  we  may  obviously  have  the  m  following  equations : 

p'=py  q^qy  r  rsr^  hc.yt'^ti 

which  will  therefore  designate  a  contact  of  the  m^  order,  and  it 
is  evident  that  by  means  of  these  and  the  equation  y  =yy  the 
Ml  +  1  magnitudes,  a,  j3,  7,  &c.  X  n^ay  be  expressed  in  terms  of 
the  co-ordinates  and  successive  differential  coefBcients. 
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Al^,  the  order  of  osculation  cannot  in  general  be  greater 
than  the  rn^y  since  the  values  thus  determined  need  not  satisfy 
any  more  of  the  equations 

fL  —0,  1-  =0,  &c. 

Ex.  Taking  the  conical  parabola,  or  the  parabola  of  the 
second  order,  we  have 

whence  as  before,  we  shall  find  the  equations  characterizing  the 
circumstances  of  the  contact,  to  be 

y^a+fiw  +  yar,  pssfi  +  2yafandq  =  2yf 

which  give  7=-^?,  i3=p  —  qof, 

and  a  =  y—paf  +  ^qa/^: 

wherefore,  corresponding  to  any  assigned  values  of  w  and  9,  or 
to  any  given  point  in  the  curve,  the  parabolic  curve  whose 
i  equation  is 

y  =  (y  — P^  +  i?^')  +  (p — ?^)«2?' + i  ?^'*) 

is  completely  determined :  that  is, 

smce  y'  =  a  +  /3^'  +  7ar'*  =  7(-  +  "a?'  +  a?'«j 

#       7 

and  therefore  y ^ — —  =^(  a?'  +  — |  > 

^  47  ^V       27/ 

we  shall  have  the  co-ordinates  of  the  vertex  of  the  osculating 
parabola  whose  axis  is  perpendicular  to  the  axis  of  a?,  equal  to 

—  —  and    ^y'^P  respectively,  and  the  latus rectum  equal  to 
27  47  ^  ^ 


231 

— ,  which  may  be  replaced  by  their  values  above  found,  p  and 
q  being  determined  from  the  equation  to  the  curve  proposed. 

Here  it  may  be  observed,  that  an  infinite  number  of  para^ 
bolas  of  the  second  order  may  have  with  the  curve  proposed, 
contact  of  the^r^/ order,  since  the  equations  y^y  and  p'=:p 
will  enable  us  to  exhibit  in  terms  of  w^  y  and  p  only  two  of  the 
magnitudes  a,  /3  and  y,  belonging  to  the  equation 

y=a  + /3a?' 4-7^7'*; 

but  that  the  one  above-determined  alone  has  in  general,  contact 
of  the  second  order  with  it,  and  is  therefore  designated  the  Oscti- 
lating  parabola  of  the  second  order  at  the  point  of  concourse. 
Similarly  of  parabolic  curves  of  higher  orders :  and  the  determi- 
nation of  the  magnitudes  a,  )3,  7,  &c.  will  generally  be  greatly 
facilitated  by  the  removal  of  the  origin  of  the  co-ordinates  to 
the  point  under  immediate  consideration. 

166.  CoE.  The  m-}-l  equations  characterizing  intersec- 
tion and  successive  orders  of  contact,  namely, 

y=y^  p'-P^  9—9y  &c>  ^'  =  ^> 
may,  as  has  been  before  observed,  be  the  means  of  exhibiting  in 
terms  of  the  co-ordinates  and  their  differential  co-efficients, 
the  values  of  m  + 1  constants  in  the  equation  to  any  curve 
y'  =  F(af') ;  and  since  this  series  of  equations  indicates  in  general 
the  existence  of  contact  of  the  m^  order,  it  follows  as  before, 
that  Osculating  curves  of  any  other  given  species  whose  equa- 
tions involve  not  more  than  m  +  1  constant  quantities,  may  be 
similarly  determined:  but  if  the  equaition  y'=/'(a?')  be  supposed 
to  contain  more  than  m+l  constants,  since  only  m  + 1  of  them 
can  be  thus  dietermined,  it  is  manifest  that  there  may  be  an 
infinite  number  of  curves  of  a  given  species,  which  may  have 
contact  of  the  m^  order  with  the  curve  proposed,  not  one  of 
which  has  osculation  with  it,  because  its  nature  and  circum- 
£(tanCes  cannot  be  completely  defined. 

167.  To  cLscertain  generally  the  nature  and  circum- 
stances of  the  contact  subsisting  between  any  proposed  curve^ 
and  a  curve  of  the  second  order. 
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Let  y^fi^)  denote  the  proposed  cunre,  and 
y'*  +  (ao?' +  i3)y' +  7  4- 5a/ +  ca/^  =  0, 

any  curve  of  the. second  order:  then  it  is  obvious  that  the 
characterizing  equations 

y'-9y  P'-P^  9'  =  95  «"'  =  »•  and  «'=^ 

will  enable  us  to  exhibit  the  five  quantities  a,  /3,  79  S  and  e,  in 
terms  of  the  co-ordinates  and  their  differential  coefficients,  and 
will  indicate  generally  the  existence  of  contact  and  osculation 
of  the  fourth  order. 

Hence,  there  may  obviously  exist  an  infinite  number  of 
curves  of  the  second  order  having,  with  the  curve  proposed, 
contact  of  the  third  order,  but  only  the  one  determined  as 
above,  which  osculates  the  curve,  and  has  contact  of  the/ot«r^A 
order  with  it. 

Also,  since  by  solving  the  equation  with  respect  to  y ,  we 
find 

^       -a^'-/3±^(a^-.4e)^'H(2ai3-.43V-|-/3*-47 
y=  _ , 

it  is  obvious  that  the  nature  of  the  osculating  curve  to  the  pro- 
posed curve  at  any  giveli  point,  will  depend  entirely  upon  the 
value  of  a^  —  46,  and  will  be  an  ellipse,  parabola  or  hyperbola, 
according  as  a^  is  less  than,  equal  to,  or  greater  than  46,  the 
magnitudes  of  a  and  e  being  first  exhibited  in  terms  of  the  co- 
ordinates of  the  curve  proposed. 

168.  Cob.  1.  By  assuming  a^— 46  =  0,  we  manifestly 
obtain  one  or  more  points  in  the  curve  proposed,  at  which  the 
osculating  curve  of  the  second  order  is  a  parabola,  the  order 
bf  contact  being  the  fourth:  and  since  at  these  points  the 
value  dT  a^  —  46  passes  through  zero  and  changes  its  algebraical 
sign,  it  follows  that  on  one  side  of  the  points  thus  determined, 
the  osculating  curves  of  the  second  order  are  ellipses,  and  on 
the  other  hyperbolas,  whose  magnitudes  and  positions  may 
therefore  be  ascertained. 
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169.  Cor.  2.  Hence,  also,  geometrical  representations  of 
the  successive  differential  coefficients  of  the  ordinate  may  easily 
be  had  by  drawing  through  any  proposed  point  P  of  a  curve, 
the  rectilineal  tangent  and  osculating  parabolas  of  successive 
orders;  thus,  if  NQ^,  NQ^j  -^Qs?  &c*  denote  the  ordinates  of 
the  rectilineal  tangent  and  osculating  parabolas  of  the  second, 
third,  &c.  orders  corresponding  to  the  abscissa  a?  +  A,  and  PQ^ 
be  drawn  parallel  to  the  axis  of  a?,  we  shall  obviously  have 

dx         dor  1 .2       dor  1 .2.3 
whence  will  be  immediately  obtained 

which,  if  h  be  supposed  equal  to  the  indeterminate  magnitude 
do?,  give 

Q^Q^^dp,  1 . 2  Q,(l,  =  d*y,   1.2.3  Q^Q^  ==  c?y,  &c. 

170.  7^  /A^  contact  between  two  curves  be  of  an  even 
order^  they  have  only  contact  at  the  point  of  concourse,  but 
if  it  be  of  an  odd  order,  they  have  both  contact  and  inter" 
section. 

For,  let  y^f(jKi)  and  f/  ^Fix*)  be  the  equations  to  the 
two  curves,  and  h  a  common  increment  or  decrement  of  their 
abscissse;  then  We  shall  have  immediately 

h  A*  A* 

Go 


2»4 

A  k-  k* 

*  /      ^       J-  J       ^  1^2  1.2.S 


iKOce,  H  l^  and  ^^.  daiote  the  diffSerenoes  of  the  oidiiiates  of 
the  two  eurvai  correspondiiig  to  the  commoD  ahBciwap  i^+i  and 
m^h  when  the  contact  subsisting  between  them  is  of  the  n^ 
order,  we  shall  manifestly  have 

_  5£^_  d*^*y?  A'^' 

*"  (d^+*      da^«+'5l.2.3.&c.  (fi  +  l)"*"*^ 


'*'"*   id^+*        dy«+*5  1.2.3. 


&c.  (n  + 1) 

in  the  latter  of  which  it  is  obTious  that  the  upper  or  lower 
sign  must  be  used  according  as  n  is  odd  or  even: 

wherefore  if  A  be  taken  so  small  that  the  signs  of  the  sums  of 
these  series  may  be  the  same  as  the  signs  of  their  first  terms, 
the  values  of  i^  and  i^^  will  have  the  same  or  different  signs 
according  as  n  is  odd  or  even ;  and  therefore  on  both  sides  of 
the  point  of  concourse,  the  latter  curve  will  lie  below  or  above 
the  former  if  the  contact  be  of  an  odd  order ;  and  on  one  side 
ot  the  said  point  it  will  lie  below  it  and  on  the  other  above  it, 
when  the  contact  is  of  an  even  order :  that  is,  in  the  former  case 
there  is  contact  only,  and  in  the  latter  both  contact  and  inter- 
section. 

171.  CoR*  Since  contact  of  the  first  and  second  orders 
generally  subsists  between  a  curve  and  its  rectilineal  tan- 
gent and  osculating  circle  respectively,  it  follows  that  the 
f<t<'tilin(!al  tangent  only  touches  the  curve,  and  that  the  oscu- 
l#ii»g  circle  in  general  both  touches  and  cuts  it  at  the  point 

17^^'  The  conclusions  at  which  we  have  arrived  in  the 
f/iTi'42iliiig  paguN,  are  sometimes  obtained  from  other  ocmsi- 
AL'r^x'um^  ttonnected  with  the  geometrical  rather  than  the  ana- 
l/ylknl  view  of  the  subject :  thus,  if  a  curve  be  first  supposed  to 
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intersect  another  in  m  points,  and  its  constants  be  expressed  in 
terms  of  the  co-ordinates  of  the  latter,  and  the  m  points  be  then 
supposed  to  be  united  in  one,  the  results  may  be  defined  to 
belong  to  the  different  orders  of  osculation. 

VI.    CIRCLE  OF  CURVATURE. 

173.  We  have  just  seen  that  the  order  of  osculation  sub- 
sisting between  two  curves  is  entirely  dependent  upon  the 
number  of  constants  involved  in  their  equations:  and  con- 
sequently if  with  a  proposed  curve  another  be  determined 
having  osculation  of  any  proposed  order,  it  will  always  be 
possible  to  ascertain  one  of  another  species  which  shall  have 
with  it  osculation  of  a  still  higher  order :  in  other  words,  there 
exists  no  limit  to  the  orders  of  contact  which  may  subsist  be- 
tween a  proposed  curve  and  curves  of  other  species.  In  a 
great  variety  of  physical  problems  to  which  the  Differential 
Calculus  is  usudly  applied  and  wherein  the  properties  of 
curves  are  concerned,  it  happens  to  be  unnecessary  to  have 
recourse  to  differential  coeificients  of  the  co-ordinates  of  higher 
orders  than  the  second :  and  it  therefore  obviously  follows  that 
the  osculating  circle  will  on  this  account  acquire  a  degree  of 
importance  which  it  would  otherwise  have  had  no  claim  to, 
inasmuch  as  its  co-ordinates  and  their  first  and  second  diffe- 
rential coefficients  are  respectively  equal  to  those  of  the  curve 
to  which  it  belongs.  In  such  problems,  especially  when  co^- 
sidered  in  a  geometrical  point  of  view,  the  circle,  from  the 
circumstance  of  its  admitting  of  all  degrees  of  magnitude  by 
the  variation  of  its  radius,  from  the  facility  of  its  description 
and  the  simplicity  of  its  form  and  properties,  is  preferred  to 
all  other  curves  wherein  the  same  degree  of  osculation  may 
take  place.  The  osculating  circle  having  therefore  its  curvsr- 
ture  more  nearly  equal  to  that  of  the  curve  proposed  than  any 
other  circle  whatever,  is,  in  such  cases  as  those  above  referred 
to,  designated  The  Circle  of  Curvature:  and  the  radius, 
diameter,  chords,  &c.  of  this  circle  are  styled  The  Radius^ 
Diameter^  Chords^  <S*c.  of  Curvature  of  the  proposed  curve 
at  the  point  where  the  contact  takes  place. 
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174.  Cob.  1.  Hence  if  k  and  U  represent  the  parts  of 
the  ordinate  of  a  curve  and  the  above-mentioned  circle 
corresponding  to  the  common  abscissa  w  +  hy  and  intercepted 
between  them  and  their  common  tangent,  we  shall  have 

A*             A' 
-         q +  r h  &c. 

A        ^1.2         1.2.3 


cf +/ +&c. 

^1.2  1.2.3 

as  appears  from  (156)  :  whence  the  limit  of  -7  =  the  limit  of 

K 

q  + rh  -i-  &c. 


1.2  '       1.2.3  _^  _ 

:; — g'+ r'A+&c.      ^ 

1.2^        1.2.3 

and  the  same  will  manifestly  be  true  of  any  two  lines  drawn 
equally  inclined  to  the  common  ordinate  from  the  points  of 
intersection  :  and  this  in  fact,  includes  the  geometrical  definition 
of  the  circle  of  curvature. 

175.     Cob.  2.   On  the  supposition,  therefore,  that  the  cur- 
vature of  the  osculating  circle  is  equal  to  that  of  the  curve,  we 

conclude  that  the  curvature  of  any  curve  varying  as  —  varies  as 
^varies  as  g,  (since  the  curves  have  necessarily  a  common 


QT  QT 

tangent  and  therefore  (l  +p^)^  is  constant,) 


Pfi*         PQ 


J.         XV        1.    .      /.  subtense 
from  (158),  oc  limit  of  - 


(arc) 


2 


176.  To  find  expressions  for  determining  the  radiits  of 
curvature  of  any  proposed  curve^  and  also  for  the  chords  of 
curvature  parallel  to  the  co-ordinate  axes. 
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If  a  and  /3  be  the  coordinates  of  tbe  centre,  and  'y  the 
radius  of  the  osculating  circle^  it  has  been  proved  that 


(1  +!>')* 


a=:^  — 


p(l  +p*) 


and  /3=y  + 


l+p' 


9  9  '  ? 

and  froni  these  the  radius  and  the  co-ordinates  of  the  centre 
of  curvature  may  immediately  be  expressed  in  terms  of  the  co- 
ordinates of  the  curve : 


also,  the  chord  of  curvatiu'e  parallel  to  the  axis  of  a!  =  PV 

u=SPR-iMB=:2  (AB-AM) 

=  2  (a  —  i»)  = ; 

imd  the  chord  of  curvature  parallel  to  the  axis  of  y  «=  PL 

=iPK=zCR=Z(MP-BC) 

If  it  be  thought  desirable  that  the  radius  of  curvature, 
which  is  not  generally  measured  in  the  direction  of  either  of  the 
co-ordinate  axes,  should  always  be  positive,  we  have  only  to 

^^Q  y  ss  i ±LL  when  the  curve  is  convex  to  the  axis  of  a?, 

and  y^ when  it  is  concave,  as  appears  from  (155). 

177*  Coji.  If  PF  were  any  other  chord  of  the  circle 
passing  through  a  point  whose  co-ordinates  are  a,b:  and  CF, 
CF  were  supposed  to  be  drawn,  as  also  a  tangent  FT  at  the 
point  P,  ve  should  have 
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PF 

—  =  chord  PCF^^%m\PCF  =  2  sin|(7r  -  2  CPF) 

=  2  cos  CPF= 2  sin  TPF^9,  sin (JIfPF  +  TPJIf) 
=  2  {  sin  MPF  cos  TPJIf  +  cos  MPF  sin  TPJf } 
=  2  cos  MPF  cos  TPJf  {tan  JIfPP  4-  tan  TPM] 

= ^    _  j"-^   .   ij 

Xy  —  bJ  p^ 
2jy-6— ;>(,r  — o)} 


whence  PP=  (i+^'  2  {y-^6^p(.-a)| 

and  if  a  =  0,  ft  =:  o,  or  the  chord  pass  through  the  origin  of  the 
co-ordinates,  we  find 

Ex.  1.     The  equation  to  a  conic  section  whose  lattis  rectum 
is  m,  being  y  =  As/mw-^naf%  we  have 

p=     y  ^and  g= ' ; 

j^  mx  4-  wa?  4  (mo?  +  ?i<»  )* 

whence  is  immediately  obtained 

5         /    ^m     +  nx  x^^i 

(1  +p^)»    I(  "^  v«,^H-n^«;  5 

7 :: = —       ^ 


97?' 


4(wa?  +  n.r^)f 
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which  is  the  radius  of  curvature,  the  negative  sign  merely 
shewing   that    the   curve  is  concave  towards  the  axis  of  ^: 

also,  a  =  ^  — 

^ii»'  +  S(n  +  l)m*a7+6(n  +  l)mna?^+4(n-hl)nV 

= o 9 

,    ^  l-hp^  4>(n  +  l)(maf  +  nal^)*  4(n+l)    , 

and  /3=y+-_/l  =^-1 ^A^ L  = -r^y"; 

q  m  fn 

which  are  the  co-ordinates  of  the  centre  of  curvature :  and  thus 
the  magnitude  and  position  of  the  circle  of  curvature  are  com- 
pletely determined. 

If  n  be  positive,  the  curve  is  an  hyperbola  and  the  radius 
and  co-ordinates  of  the  centre  of  the  circle  of  curvature  are  the 
quantities  above  exhibited. 

If  n  =s  0,  the  curve  becomes  a  parabola,  and  we  have 

-  _    -  4a?'  4y* 

If  n  be  negative,  the  curve  is  an  ellipse,  and  we  have 

4 
7= j{^»»*—  (n-  l)ma?  +  (»— l)na?*}* 

in 


\m?^S{n—\)m^x  -K6(n— l)mnay^ -4(n— l)n 


^0?^ 


mr 


i* 
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4(n— l)(wa?-wa?')*      4(n-l)y' 

At  the  vertex  of  each  of  these  curves  where  a?  =  0,  y=0, 
we  have 

ryss— ]^m=— 1^  the  latfM  rectum^  a=^w  and  )3=:0. 

Also,  since  the  square  of  the  normal  =^fn  •\-(n+  l)y  , 
we  shall  evidently  have  7  = j-  X  (normal)  : 

that  is,  the  radius  of  curvature  in  all  the  Conic  Sections 

(normal)^ 
""  (^  latiM  rectvmy ' 

Ex.  2.     Of  an  ellipse,  the  co-ordinates  being  measured  from 
the  centre,  the  equation  is 

b     , bof  ^  ab 

wherefore  by  substitution,  we  obtain 

"y^ ^b "H^  +  W  ' 


a' 


a= — ^ —  •»*  and  /3=  —      ,4 


which  completely  determine  the  circle  of  curvature. 


-/»«. 


Ex.  3.     In  the  hyperbola  between  the  asymptotes  wy=:a  ; 
whence  p=: 5  and  q'=  --jj-;   and  therefore  by  substitution 


a?*  a? 
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are  obtained  y  =  — Ax^  + — f   =-^ 5^-^  ,  the  positive  sign 

shewing  that  the  curve  is  convex  towards  the  axis  of  or,  and 
therefore  that  the  circle  lies  above  the  curve : 

0= ;-  = ^^—  and  )3  =  5 —  = — : 

also,  PF=  —4—  and  PL=  ~^. 

a?'  y^ 

Ex.  4.     In   the   logarithmic  curve  5^  =  0*,    p=:kaf  and 
q^zk^af;  whence  we  immediately  obtain 

(1+A?*a^)*  1  +  &V'       ^^       l+2A;«a«' 

1       «.y          2(14- A;* a'')       J  ^^      2(1+*' 0*0 
also,  PV= ^^—- ^  and  PL=  ■      T,  ^     ^ ' 

k  k^tf 

Ex.  5.     In  the  Trochoid  whose  ordinary  equation  is 


a? 
a 


y  =  ma  vers"^  — h  ^2aaf^aj^f 


(w+l)a  — a?       ^            moar— (m+l)o* 
we  have  p= — .  -  and  gf  =  — 7 ^r^ — : 

A/2aa?-.a?«  (2aa?-a?«)f 

3 
,  1..  .     J  {(m  +  l)*a^-2maa?}'^ 

whence  are  obtained  y=s  — S z — s ' 

'  (>»  +  1)  a"  —    waa? 

(«i  +  l)'a^  — Sm(m  + l)aa?  +  fi»a?^ 

a  =  — " —  , 

(m  +  l)a  — wa? 

and)3  =  wia  vers^ <— ;^ 7^ >  >s/2aa?  — a?': 

rt       (  (m+l)a  — wa?) 

also,  pr=2^^^ ^ .^    ^   .^^ '- >, 

Hh 
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^        and  PL^  -Ar-i-k i  \/2a^-^. 

lif  m=l,  wehave  y  =  a  vers"^-  +  ,^2aj?  — a?S  which  i 


the  equation  to  a  common  cycloid :  whence  are  found 

^=  —2  ,y4a*  — 2oa?  =  2QB: 
a  s=  4a  -  07  =  2  JjB  —  Jif, 

and  j3  =  avers-^  ^  —  ^2aa?  — ^^  =  QP— QJf : 
'^  a 

also,  PF=4(2a-a?)  =  4jfB  and  PL=  -4.^2aa?-a?*=:4QJf : 

J  J?  being  supposed  to  be  the  axis  of  the  cycloid,  and  Q  the 
point  in  which  the  ordinate  intersects  the  generating  circle. 

Ex.  6.     In  the  catenary,  one  of  whose  equations  is 

y  y 

2                             4      e«  +  c"* 
we  have  p=  -^ ^  and  9=  -  -  — Ji r~  ' 

whence  ^7=  —  >^    +^      (= • 

^4^  ^  a 

y  y  a     ^        -*- 

4 

,     also,  Pr=-a?  and  PL=--{e"-c    "}. 

When  y  =  0,  we  find  the  corresponding  value  of  7  to  be  — Oj 
which  is  the  radius  of  curvature  at  the  vertex  of  a  common 
parabola,  whose  latus  rectum  i^  2  a. 

Hence  a  very  small  arc  of  the  catenary  near  its  vertex 
may  without  sensible  error  be  treated  as  the  corresponding 
arc  of  a  common  parabola. 


243 

Ex.  7.     If  -7-  or  p=  —  ->  which  is  a  difFerential 


equation  to  the  elastic  curve,  we  have  q  = 


2a*,i? 


{a'^w')^ 


.'.  'yrr —       a  =  -  and  j3 


also,  PF=  -ci?  and  PL=  ^ 


.a? 


a-^ 


Here  we  have  ^a?=  —  ;  or  the  radius  of  curvature  varies 

'  2 

inversely  as  the  corresponding  abscissa. 

Ex.  8.  To  find  the  circle  of  curvature  belonging  to  any 
point  of  a  curve  whose  tangent  intercepted  by  the  axis  of  a?  is 
always  of  a  given  magnitude. 


y        J         ^^y 


whence  p  =  —    — ^       -  ^  and  q  =  -7-5 57^  : 


«     -.2, 


~y~)' 

This  curve  is  called  the  Tractriw,  and  is  a  species  of 
equitangential  curve,  whose  equation  between  the  rectangular 
co-ordinates  is 


x  +  v'att-ya 


from  which  also    the  conclusions  above  given  may  easily  be 
derived. 
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Some  curious  properties  appertain  to  the  curve  defined  by 
this  equation,  one  of  which  is  the  following. 

Let  P  be  a  point  in  the  curve  referred  to  the  rectangular 
co-ordinates  AM^^ofy  MP=yy  and  let  PNhe  a  tangent  at  P: 


then  if  PQ  and  NQ  be  drawn  respectively  perpendicular  to 
the  tangent  and  axis,  meeting  in  Q,  the  point  Q  will  be  the 
centre  and  the  line  QP  the  radius  of  the  circle  of  curvature 
at  P. 


For,  a  =  a?-f  ^dr^-^f^AM-r  ^PN^-PM" 

'^zAM-^MN^AN: 


and  /3  =  ^'=^ 
^     y     PM 


=  JVTQ,  by  similar  triangles. 


178.  Cob.  In  the  application  of  Geometry  to  curves,  it 
is  generally  assumed  that  the  limit  of  the  intersection  of  two 
consecutive  normals  is  the  centre  of  the  circle  of  curvature : 
but  it  is  not  difficult  to  prove  independently,  that  this  ultimate 
intersection  coincides  with  the  centre  of  curvature  as  above 
defined. 

For,  since  the  equation  to  the  normal  at  a  point  of  the 
curve  whose  co-ordinates  are  x  and  y,  is  by  (l48), 

P 

if  we  substitute  a  and  /3  supposed  to  be  the  co-ordinates  of  the 
point  of  intersection,  in  the  places  of  x^  and  y^y  we  get 
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/3— y= (o— a?),  ora?  — a=— p(y  — /3); 

P 

therefore,  since  a  and  )3  remain  the  same  for  both  points  of  the 
curve,  ve  shall  obtain,  by  differentiating  with  respect  to  the  rest, 

i=?(/3-y)-P*: 

whence  3  —  y= —  and  a  —  iv=  —  — ^—^: 

or  a  =  ^ and  f3^=y  -\ , 


which  are  the  co-ordinates  of  the  centre  of  curvature  as  before 
determined. 

Without  entering  more  fully  into  the  principles  of  contact 
and  osculation,  the  property  just  proved  furnishes  an  easy 
method  of  determining  the  magnitude  of  the  radius  of  the 
circle  of  curvature,  whether  w^  y  or  s  be  supposed  to  be  the 
independent  variable,  as  will  be  evinced  in  the  following  arti- 
cles. 

179»     First,  if  the  normals  PC  and  QC  intersect  in  the 


point  C  the  same  notation  being  used  as  before  and  a?  being 
considered  the  principal  variable,  we  shall  have,  when  the  arc 
PQ  is  indefinitely  diminished, 

^«      .P^n        1      r    •.    fiZ^       ^  (PGM) . 

•—-==:  z  PCQ, or  —  =limit  of  — ;— —  = -zr-- — ; 

PC  7  PQ  ds 
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ds  da 


'  ° "-- (5) "  "■»'-' (2) 


\dy. 

SI* 


\dx)  \dx) 


■dy 
1+  • 


\dw) 

(dj\ 
\dw) 


. . .  in-!'      (0 

or  =  — 


and  this  diflFers  from  the  value  of  7  found  in  (l63)  only  in  ito 
algebraical  sign,  because  the  line  PC  measured  from  the  curve 
towards  the  axis  of  od  has  here  been  supposed  positive, 

180.      Secondly,    if    y   be    considered    the     independent 
variable,  we  have,  by  what  has  been  done  above, 

ds 

ds  dy 

^^  ,  /dw\  dPiV 

dtan-^  (--1 


-(S)i 


\dy/  dy" 

'  ■"  U)  1  Kdy) 


—  or  = 


dy*  dy- 

Ex.     Let  y"*  =  a''*"^d?,  which  is  the  equation  to  a  para- 
bolic curve  of  the  m^  order :  then 

da;       my"""^        ,   d^of  _  m(m— Ijy""" 

— —  = —    and     -  a  *—  »M  ^  t  '        9 

dy         a"^"^  dy"  oT"^^ 


whence  is  obtained  'y  = 
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am-2^jM-2  * 


w(m— l)a*"-*y«" 


If  y  =  0,  and  .-.  07  =  0,  we  shall  have  the  radius  of  cur- 
vature at  the  origin  of  the  co-ordinates  infinite  when  m  is 
greater  than  2,  finite  when  m  =  2  and  ^ane^cen^  when  m  is 
less  than  2. 

181.  Thirdly,  let  «  be  considered  the  principal  variable, 
so  that  w  and  y  may  both  be  treated  as  functions  of  it ;  then 
by  (85),  we  have,  as  before, 

dx^ 


da 


dw-  *^ 
1  + 


/da?Y 

KTs) 


( 


da) 


dy  (Py  d.x 
da       da^  da 

da' 

dy 
da 

as 

ct^y  dx 
da^  ds 

I 


(da)\ 


'-'-(S) 


whence,  by  virtue  of  the  equation  (-j-)    +("7")==^  ^®°^ 

(127),  we  immediately  obtain  'y  =  --= — — —  , 

'       d'of  dy       cry  dx 

da^  da        da^  da 
which  may  be  also  written  in  the  following  form, 

da"  (da7«  +  dy«)i 


7  = 


<Pxdy  —  d^ydx       (Pwdy  —  cPydx 


182.  CoE.  The  radius  of  curvature,  determined  on  this 
last  hypothesis,  admits  of  being  exhibited  in  some  very  elegant 
forms. 
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^Q'-i^'-' 


we  have  immediately  by  differentiation,  and  division  by  dsj 

da^  da       da^  da 


© 


d^x  d^y  \da/         dPy  ^w  \da) 

da^  da^  fda}\^       da^  ds^  /dy\' 


(dw\         da  d^  {dy\ 

da)  \da) 


.    ,                \da)  \da) 

whence  we  nnd  7  = — —  or  7  =  — -r — . 

\day  U«v 

d^w  dx       d?y  dy 
Also,  since --+ ^  -  =0, 

we  have  likewise  7  =  7735 — 3 -^ — 3— r^ 

'        \drx  dy       d'y  daiY 

?  Ta] 


idrx  dy       d 
\da^  da       d 


(d*a;  dy       d^y  dwl         (d'a? 
(d?'  da  "  J?  da)    "*"  td7 


^m  dw       d^y  dyV 
da       da^  day 


m  ^  (^)i  \o  ^  (S)  I 


and  therefore  7  = 


Am  ^  m' 
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which  may  be  also  written  in  the  following  symmetrical  form 


7  = 


.yW^of+Wy)*' 


Ex.  tn  a  circle  whose  radius  is  a  and  centre  the  origin  of 
the  co-ordinates,  we  have  w=zsins  and  y  =  cos  s : 

and  from  each  of  the  expressions  just  investigated  the  magni- 
tude of  the  radius  of  curvature  may  be  found  =  a. 

183.  The  results  obtained  in  the  last  three  articles  may 
however  be  easily  deduced  from  that  which  immediately  precedes 
them,  or  from  (l63),  by  means  of  the  principles  of  changing  the 
independent  variable  established  in  (63)  and  (84). 

Thus,  in  the  formula  y=z ^  ,  wherein  a?  is  considered 

? 

the  principal  variable,  p  and  q  being  the  first  and  second  diffe- 

1  fl' 

rential  coefficients  of  y,  if  we  put  -7  for  p  and  —  -^  for  q^  we 

shall  obtain 


7  = 


\'*p\ 


(1  +py 


'3 


p 


in  which  y  is  considered  the  principal  variable,  p'  and  9'  denoting 

da?         cPw 

-rr-  and  -—r  respectively. 

dy         dy"      ^-  ^ 

So  likewise  on  the  same  hypothesis  we  shall  find 
a  =  ^ =;cP+ ;; =:a?-J ;— , 


P 
Ii 


g  9 
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andj3  =  y  + 


1+p^ 


P 


p'(i+p«) 


dy 


Again,  in  the  same  formulae  by  substituting 


(dw\ 


for  p, 


dsD 
ds 

dpy       dy 
ds^      da 

/dw\* 
\ds) 

and  therefore  — ; — s for  q^  by  (84),  we  shall  imme- 


diately obtain  the  remaining  results  above  found. 


VII.    EVOLUTES  AND  INVOLUTES. 

184.  To  find  the  equation  to  the  curve  which  is  the 
locus  of  the  centres  of  the  circles  of  curvature  at  the  different 
paints  of  a  curve. 

Let  AM^Wj  MP^y,  be  the  co-ordinates  of  any  point  P 


of  the  proposed  curve,  PQ  the  radius  of  curvature  at  P,  ANj 
NQ  the  co-ordinates  of  the  centre  being  denoted  by  a,  /3  as 
before :  then  it  is  manifest  that 

a-a?  =  JlfJV=JIQ  =  P«tanJ?PQ  =  (y-/3)p: 
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but  o-/r= PQ  sin  i?/»Q=  -  ^ilil^: 

q 

whence  are  immediately  obtained,  the  results  before  found, 

9  9 

wherefore,  if  by  means  of  the  equation  of  the  proposed  curve 
combined  with  these  two,  the  quantities  x  and  y  be  eliminated, 
the  relation  thence  determined  between  a  and  fi  will  obviously 
be  the  equation  of  the  locus  required. 

In  this  proposition  it  is  manifest  that  the  only  difficulty  we 
shall  have  to  encounter,  is  the  elimination  just  mentioned;  and 
the  number  of  cases  in  which  it  can  be  readily  effected  is  very 
small  compared  with  the  number  of  curves  presented  to  our 
notice. 

The  curve  whose  co-ordinates  are  a  and  /3  is  called  the 
Evolute  of  that  whose  co-ordinates  are  x  and  y ;  and  this  latter 
curve  is  termed  the  Involute  of  the  former,  for  reasons  hereafter 
explained. 

Ex.  1.     In  the  common  parabola,  we  have 

3_ 

whence  o  =  2 a  -f  3a?    and  j3  = r-; 

and  from  these  two  equations  it  now  remains  to  eliminate  w: 

from  the  former  a?  =  i(a  — 2o)  and  from  the  latter  a?=  — ^; 

whence   equating   these  values  we  find .  the   equation   of  the 
evolute  to  be 

^a)3^  =  l(a-2a)'or/3^  =— (a-2a)V 

^    '^       27  .  ^       27o 


362 

whioh  ig  that. of  a  semicubical  parabola,  the  co-ordinates  of 
whose  vertex  are  2  a  and  0,  and  whose  axis  is  the  axis  of  <r. 

Ex.  2.      The  equation  to  an   ellipse    being    -=  +  ^=l> 

we  have  p= ^ ■  and  qss  ^  --5 —-- ;  and  by  means 

of  these  expressions  we  have  found  in  Ex.  2.  of  (177)  that 

a  = T—  Off"*  and  /3= ^— j—  y^ ; 

a  0 

wherefore  by  the  help  of  the  three  following  equations 

S-«  +  6^=''     "^--Z^^      and/3-— ^y», 
we  have  now  to  eliminate  x  and  y  : 

-I  , 

and  .-.  (aor  =  (a*-6*)*(-y: 

from  the  third,     fc/3  =  -  (a«  -  6*)  (|)  , 


and   A  (*^)*  =  (a*-6*)^(|); 


whence  (oa)*  +  (fe/3)^  =(a*-fc*)' j^+Ll  =  (o*-6*f  from 
the  first :  that  is, 

(ao)^+(fe^)"^  =  (a*-6*)^, 

is  the  equation  of  the  evolute  of  an  ellipse  referred  to  its  prin- 
cipal axes. 


I 
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If  &=:a,or  the  ellipse  become  a  circle,  we  have  the  equation 

aft.  ,  ^ 

to  the  evolute  a^+)3  =0,  in  which  a  and  p  have  no  corre- 
sponding possible  values  except  0,  and  the  evolute  is  therefore  a 
point  which  is  the  centre  of  the  circle. 

In  the  hyperbola  referred  to  its  principal  axes,  we  shall 

find  by  a  similar  process  that  (aa)^—  (6j8)^  =  (a*  +  5*)^  is  the 

equation  of  the  evolute :  and  this  in  the  case  of  the  rectangular 

«         ft  ft 

hyperbola,  wherein  6  =  o,  becomes  a^  — j8^=(2a)'^. 

Ex.  3.     Let^y  =  a*;    then  |>= and  gr=-— ; 

tt?  or 

also,  a= r—     and  /5  =  ^ r-  , 

as  found  in  Ex.  3.  of  (177) : 

whence  in  order  to  eliminate  a  and  y  we  shall  have 

oV3y*       a'  +  3^^ 

1 


2a?'y' 


{a*(a?'+y')+3a?Y(a?  +  y)} 


=  — 2  (j?  4-  y)^  since  a?j^  =  a*; 

1 


and  j3  — a=  — i(«^-"y)  >  '''y  *  similar  process: 

.-.  (i3  +  a)*=  .5^==-(a?  +  y)   and  (/3  -  a)*  = -^7===  (^ - y)  : 

whence  (/3  4-  a)*  4-  (/? -  «)*  =     s. — ^  2 ^, 

\/2fl' 
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and  (^  +  a)*-(/3-a)*=  -5^=52*; 

V2o 


f 

T 


which  is  the  equation  of  the  evolute  of  a  rectangular  hyperbola 
between  the  asymptotes; 


a 


Ex.  4.     In  the  common  cycloid  y=a  vers*^  -  +  ^SLax—afj 


from  which  p 


_  A  /20  -  m 


and  9=  — 


a 


and  with  these  by  substitution  we  readily  obtain 

W  M 

a=4a  — <r     and  j8  =  o  vers"* -— x/2a^  — ^^ 

a 

whence  eliminating  ^,  we  find 

^  =  a  vers-'  )~7^( ""  ^/2o(4a-a)-(4a-a)^ 

which  is  the  equation  to  a  cycloid  similar  and  equal  to  the 
original  one,  as  may  readily  be  proved. 

For,  let  NQ  be  produced  to  Jf,  so  that  NR  =  5C,  and  let 
CR^Xj  RQ=y\  be  the  co-ordinates  of  Q  from  the  origin  C; 


then  we  shall  obviously  have 

x^BN=:AN-^AB^a  —  ^a^  ora  =  2a  +  ^'; 
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.*.  the  equation  above  found  now  becomes 

.  1    (2  a Wl  M ; r-s 

^a— y'sso  vers"M >—  \/2a(2a'-w)'^(2a—afy 


ss'tra-^a  vers"    -  —  in/2aaf  —a:  ; 

a 

^ 

whence  y  =overs~^-  -f-  ^9,aa! --x'^\ 

so  that  the  evolute  of  the  cycloid  APC  is  another  similar  and 
equal  cycloid  CQ,F^  situated  as  in  the  diagram. 

This  might  have  been  established  upon  geometrical  prin- 
ciples, by  means  of  the  values  found  in  Ex.  4.  of  (177). 

185.      The    radius    of   curvature  at  any  point    of   a 
curve  is  a  tangent  at  the  corresponding  point  of  its  evolute. 

It  has  been  shewn  in  the  preceding  pages,  that 

and  from  these  expressions  it  might  by  the  ordinary  process  of 
differentiation  be  proved  that 

d(i  _      1 
aa  p 

so  that 

fi^y^  -  -(a-.»), 
P 

the  equation  to  the  normal  of  the  proposed  curve  at  the  point 
whose  co-ordinates  are  Wy  y  becomes 
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which  is  that  of  the  tangent  of  the  evcdute  at  the  point 
whose  co-ordinates  are  a,  /3;  but  the  same  thing  may  be 
more  conveniently  effected  as  foUows. 

Retaining  the  notation  hitherto  used,  we  have  seen  that 

^-«  +  (y-i8)P  =  o  and  14-p*  +  (y-/3)?=0, 

are  equations  to  the  evolute ;  and  this  being  the  locus  of  the 
centres  of  curvature,  the  quantities  a,  (i  must  therefore  be  re- 
garded as  variable:  but  by  virtue  of  the  equation  y=/(^), 
these  quantities  will  be  also  functions  of  ^,  and  must  conse- 
quently change  their  values  whenever  it  does:  whence  to  obtain 
the  ratio  between  their  differentials  we  have  to  eflfect  the  operar 
tion  of  differentiation  on  the  supposition  that  y,  p,  a  and  j3  are 
all  functions  o{  w: 

from  the  former  of  these  equations  we  have 

dof       dx^       dof  da  daf 

which,  by  means  of  the  latter,  is  reduced  to 

da       dfi  dy 
dx       doe  dot 

whence,  by  changing  the  independent  variable  according  to 
the  principles  explained  in  (84),  we  immediately  obtain 

dx         1  dR 

—  or   -  =  -  -^ : 
dy         p  da 

therefore  the  equation 

which  is  the  equation  to  the  normal  of  the  proposed  curve 
now  becomes 

^-j^^-— (a-<r), 
a  a 
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which  is  obviously  the  equation  to  the  tdngent  of  the  curve 
whose  co-ordinates  are  a,  /3  or  to  the  evolute :  that  is,  the 
radius  of  curvature  of  the  curve  whose  co-ordinates  are  a?,  y 
is  a  tangent  to  that  whose  co-ordinates  are  a,  j3. 

186.     The  radius  of  curvature  of  a  curve  .varies  by  the 
same  differences  as  the  corresponding  arc  of  its  evolute. 

From  the  three  equations  defining  the  circle  of  curvature 

(1+py  P(l-l-p') 

and  p  =  yH , 

q 

it  would  not  be  difficult  to  demonstrate  directly  that 

but  the  same  object  will  be  more  readily  attained  by  the  follow- 
ing process. 

The  same  notation  remaining,  we  have  seen  that 

wherein  a,  /3,  7  as  well  as  y  are  manifestly  all  functions  of  .a?^ 
inasmuch  as  they  undergo  changes  correspondent  to  any  altera- 
tion that  may  take  place  in  it:  whence  differentiating  with 
respect  to  ^,  we  find 

^       ^l        dxS      ^^     '^'Idx      da?5         dx  ' 
which  by  virtue  of  one  of  the  characteristic  equations 


a?-a  +  (y-/3)ri=o, 


is  readily  reduced  to 


^  '  die      ^     ^^dx  dm 

Kk 
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and  by  changing  the  independent  variable  from  a?  to  a  ty 
(84),  this  becomes 

dQ 
but  since  by  the  last  article  y^fi=z  ^ (a?  —  a), 

da 


we 


•••K.-.)'+(,-OTl.*(^y|-V(^)' 

=K.-.,%(,-w(^:)',  or  (^-2)'=.+ (:-§)■= 

whence  ^=V/n- (42)', 

which  is  the  differential  coefficient  of  7  with  respect  to  the 
independent  variable  a :  but  by  (127)9  it  appears  that  this  latter 
quantity  is  also  the  differential  coefficient  of  the  arc  of  a  curve 
whose  co-ordinates  are  a  and  )3 :  whence  it  follows  that  the  dif- 
ferential of  the  radius  of  curvature  of  a  curve,  is  equal  to  the 
differential  of  the  arc  of  its  evolute,  or  that  the  radius  of  curva- 
ture and  the  length  of  the  evolute  vary  by  the  same  differences, 
and  are  therefore  either  equal  to  one  another,  or  differ  by 
some  constant  quantity. 

Ex.     For  the  Tractrix  it  has  been  proved  in  Ex.  8--  of 
(177),  that 

a  — a?  =  ,s/«*~^  and  )3  — y=  ^; 

y 

therefore  by  means  of  the  equation 

aa 
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ve  shall  manifestly  have 


dj3     fi-y   _     a*-y'    _nA^^. 


d 


.whence^=\/l  +  f^V  =  2  =  ^, 

■      ■     ■  ,       ■ 

which  is  a  well  known  differential  equation  to  the  catenary 
whose  co-ordinates  are  a^  /3  and  arc  y,  a  being  its  parameter. 

Thus,  if  AN^a,  NQ  =  (i  and  BQ^QP^yy 


A  M 


the  relation  proved  to  subsist  among  these  quantities  demon- 
strates that  the  evolute  of  the  tractrix  BP  is  the  catenary  BQ. 

I87. .    The  radius  of  curvature  PQ  of  the  curve  whose  co- 
ordinates are  w,  y,  b/^ing,  as  proved  in  (185),  a  tangent  at  the 


point  Q  of  the  curve  whose  co-ordinates  are  a,  ^,  has  necessarily 
the  same  position  as  an  inextensible  thread  wrapped  along  the 
latter  curve  and  disengaged  from  it  as  far  as  Q,  at  the  same 
time  that  it  is  kept  constantly  stretched.     Also,  since  it  has 


260 


been  proved  in  (186),  that  the  radius  of  curv^ituire  of  the  former 
curve,  varies  by  the  same  diflFerences  as  the  arc  of  the  latter, 
if  we  suppose  the  points  Q  and  Q'  to  correspond  to  P  and  P' 
respectively,  it  is  manifest  that 

the  arc  Qe'  =  P'Q'-PQ, 

and  we  may  therefore  consider  the  curve  whose  co-ordinates  are 
ofy  y  tohe  generated  by  the  unwinding  of  a  thread  from  that 
whose  co-ordinates  are  a,  /3. 

This  method  of  tracing  the  curve  AP  is  somewhat  analogous 
to  the  description  of  a  circle,  the  curve  JQ  performing  the  oflSce 
of  a  centre,  and  the  radius  being  of  variable  magnitude :  and  on 
this  account  the  curve  ^Q  is  called  the  Evolute  of  the  curve 
APf  which  is  styled  the  Involute. 

188.  CoE.  1.  If  the  involute  be  an  algebraic  curve,  we  can 
always  find  an  expression  for  its  radius  of  curvature,  and  there- 
fore for  the  length  of  any  arc  of  its  evolute,  by  taking  the 
diflference  of  the  radii  corresponding  to  its  extremities :  and  thus 
we  discover  that  there  may  exist  an  infinite  number  of  curves 
which  are  rectifiable,  or  of  which  we  can  determine  exactly  the 
length  of  any  arc. 

189.  Coa.  2.  Conversely,  if  the  equation  of  the  evolute  be 
given,  it  is  easily  shewn  how  that  of  the  corresponding  invo- 
lute may  be  found.  • 

For,  retaining  the  same  figure  and  notation  as  before  used, 
we  have 


x^AM^^^AN-  MN^a-  QR 
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-a  -'  PQ  cos  PQi?  =  a  - 


yda 


y=MP=NQ+PR=^+PR 
v=  ^+PQ  sin  FOR = ft +—f=2£B===: 

whence  if  fy  or  the  length  of  the  evolute  be  expressed  in  terms 
of  its  co-ordinates,  and  a,  /3  be  then  eliminated,  the  equation 
resulting  between  x  and  y,  will  be  the  required  equation  of  the 
involute. 


I    .     trtlftt*     :«<tr 


CHAR   IX. 

On  the  Application  of  the  Differential  Calculus  to  Spirabf 
or  Plane  Curves  referred  to  polar  Co-ordinates. 


190.  If  r  be  the  radius  vector  of  a  polar  curve,  and  0  he 
the  angle  which  it  makes  with  a  fixed  axis,  the  general  equation 
of  the  spiral  inll  be  of  the  form 

r=/(0),  or/(e,r)=0, 

and  the  successive  differential  coefficients  of  r  will  be  denoted 
by 

dr     d^r     d^r 

dd'  d¥'   d¥'        '' 

also,  if  d  + A,  0  +2A,  0  +  3hj  &c.  be  succeeding  values  of  the 
said  angle,  and  r^,  r^,  rj,  &c.  represent  the  corresponding  radii 
vectores,  we  shall  have 

dr  h      ^r    A«        dV      A' 

<*^  2A       d^r  4A«       d*r     8A* 
r,=/(e  +  2A)=r  +  _  _  +  _  _  +  _  __  +&C., 

j^r^       r.  ^^  3A   .  d«r  9A'       rf»r    27A'        . 


&c. 


Similarly,   ifr.j,  r.g?   ^_3)   &«.  correspond  to  0  —  A, 
0  —  2  A,  0  —  3  A,  &c.  we  shall  in  like  manner  have 
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dr  h      d*r   A*        <Pr      A* 

dr  Sh      d'r  9A*      d'r    27A» 
r_,=/(e-SA)  =  r--_  +  — _-_^^+&c.: 

&c , 

and  from  these  we  immediately  obtain 

_dr_h      a^T    K"       ^      K" 

ft 

dr  A       ^r  Sh^       d^r     7A' 


"■^     ""'^  d9  l'^  dB'  l.^'^Wr^Ts'^^'''' 


&c. 


_      drA      ^J^      <Pr      A^ 
-        __dr^A       d^r  3A^       d^r     7A* 


&c.< 


and  if  A  be  diminished  sine  limitey  it  manifestly  follows  that 

*dr 

each  of  these  magnitudes  =  -7^  A» 

Wherefore  also  if  «  be  the  arc  of  the  spiral,  we  shall  as  in 

(127)  have  --=  V  r*+— -J,   and  .-.  ds^z ^r^'dO^  +  dr^y 
du  du 

as  proved  in  Ex,  2.  of  (85)- 

I.    TANGENTS. 

191.     To  find  the  angle  which  a  straight  line  cutting  a 
spiral  in  two  points  makes  with  the  radius  vector. 
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Let  the  straight  line  WPQ  cut  the' spiral  whose  Pole  isiS^ 


in  the  two  points  P  and  Q,  SP^r,  *S'Q  =  /,  zJCSP=0,  and 
z  PSQ  =  h;  also  draw  QK  perpendicular  to  SP  produced, 
then  we  have 

taxi  SPVr=zUmQPK=:^=^     -  Wi 


PK      SK'-SP 

SQ  sin  h  r'  sin  h 


SQ  cos  h^SP       r'cosA  — r' 

,  ,  dr  h      dPr    A* 

where  r=rH-,3^-+^^+&c. 

whence  the  ea\g\^  SPWy  and  c«|(sequently  the  angles /SPQ  and 
SQP  become  known,  if  the  values  of  9,  r  and  h  be  assigned,  or 
the  points  P  and  ^  of  the  spiral  hd  given. 

192.     To'Jind  the  angle  in  which  a  straight  line  touching 
a  spiral  cuts  th^  radius  vector. 

Retaining  the  figure  and  notation  of  the  lai^  article  we 
have  seen  that 

r*  sin  h  r'  sin  h 


tan  SPWr=z  - 


r  cos  A  —  r       r'  ^r-^^r'  (sin  A  A) 


\  sin  A  / 


tan  - 
2 
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wherefore  if  the  angle  PSQ  be  diminished  sine  limited  so  that 
the  points  Q  and  P  coincide,  and  therefore  the  line  QPW  come 
into  the  position  of  the  tangent  PT  at  P,  we  shall  obtain 

/  r  rdO 


tan  aSP7'= limit  of 


\&inh/ 


h       /^^\        d^ 
i       \de) 


Also,  since  the  arc  and  tangent  are  coincident  at  the  point 
of  contdct,  this  is  the  angle  in  which  the  radius  vector  cuts  the 
arc  of  the  spiral. 

193.     Cob.  1.     If  the  angle  SPT  be  called  P,  since 

.        •        rdfl  ^  {AnPf  l-.(cosP)^       r'aeT' 

tan  P= .  we  have —  = ^ —  = : 

dr  '  l-(8mP)»  {co&Py  dr*  ' 

rdO  dr 

whence  sin  P  =  —  =  and  cos  P=s 


Jdr'^r'dfP'  y/dr'  +  r'de'' 

194.     CoE.  2.     If  Sy  be  drawn  perpendicular  to  the  tan- 
gent at  P,  we  shall  immediately  have 

5'y  =  >yP  sin  P  = 


and  Py^SPcosP=^ 


rdr 


196.  It  is  often  very  convenient  in  practice  to  know  the 
relation  between  the  radius  vector  of  a  spiral,  and  the  perpen- 
dicular upon  the  tangent  at  the  ^Corresponding  point;  whence 
calling  the  perpendicular  Sy=^Py  we  have  in  all  curves  referred 
to  polar  co-ordinates 


r« 


p  = 


Y 


but  this  being  merely  a  differential  equation,  though  it  may  be 
sufficient  to  define  many  of  its  properties  wherein  the  first 
differential  of  the  radius  vector  is  concerned,  will  not  serve  to 
determine  the  several  points  in  the  curve. 
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Hence  we  have  likewise -7-  =        .       ..    ,  and  by  (W), 

da  r 

—  =      .  ;  and  if  p  be  putsr,  the  apaidal  or  greatest 

dr 
and  least  distances  may  be  detamined  from  the  equation  —  =0. 

dr 
Ex.  1.     In  the  Spiral  of  Archimedes  r=:a9,   .\  ^r^  =  <*  • 

r                         r* 
whence  tan  Ps=  -    and  p  =  — ^ . 

Ex.2.    In  the  Logarithmic  Spiral  r^ioPy   ,\  ^^^ka^z^kf- 

1  •• 

whence  tan  P  =  -*  and  p 


Because  tan  P,  and  therefore  the  angle  P  itself  is  of  a  con- 
stant magnitude,  this  curve  always  cuts  the  radius  vector  at  the 
same  angle,  and  is  therefore  caUed  the  EquiangtUar  Spiral. 

£j  (1  —  ^«) 

Ex.  S.     In  the  Ellipse  about  the  focus  r  =  — ^ ^; 

1—6  cos  8 

dr  oc(l  — c*)sin0  r  .  /a^^-^ia^ry 

whence  rrz.  =  —  -^ a rrs-  = V    2 ' 

d0            (l-^s0)*  a  ^  1-6* 

.-.tan  Pss--o  V  ^— 5 — ; and  p^a^Jl^^y  - — --. 

Ex.  4.  In  a  Circle  whose  radius  is  a,  referred  to  a  pole 
whose  distance  from  the  centre  is  6,  we  have 

r  =  6cos0  +  ^o«-6«sin«0; 

^'  dr  6sine(6cos0  +  v/a«-.fe«sin*e) 

wherefore  -77r= .— ^^ — ,,„       ^,  == ^ 

<*e  ^o«-.&«sin** 
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If  6  =  o,  or  the  pole  be  in  the  circumference,  r  =  2a  cos  d : 


T  T 


.*.  tan  P ^ .  ■     iiih       and  p  :=  — . 

196.     jTo  ^nd  /Ae  magnUude  of  the  subtangent^  and  to 
draw  a  tangent  to  a  spiral. 

Let  S  be  the  pole  of  the  spiral,   PT  a  tangent  to  it 
at  P,  draw  ST  perpendicular  to  SP  meeting  the  tangent  in 


r,   then  ST  is  called  the  Polar  Subtangent:  and  the  sub- 

tangent  ST^ SP  tan  SPT^r  (—\  =  ^ . 

\dr  /        dr 

Hence  also  the  tangent  PT^,J  SP* -\- ST^ 

197.    Coit.  1.    Since  ST=zr^~  and  —  = / 

dr  dr       r^Vr^  — p* 

we  shall   manifesdy    have    the   subtangent   ST  =     /^^      ; 

and  therefore  if  die  relation  between  r  and  p  be  given,  the 
tangent  may  readily  be  drawn. 
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198.   Cob.  2.   If  s  denote  the  arc  of  the  spiral,  since  by 

(190)  ds^dO  V  r«+  r— )  ,  we  shall  have  from  (194) 

rdr 


d0  rdr 

Pn ,- =..--57 


^MW 


whence  the  relation  between  r  and  8  being  given,  if  a  circle 

be  described  upon  SP  as  a  diameter,  and  Py  be  placed  in  it 

rdr 
equal  to  the  value  of  ~— ,  it  will  evidently  be  a  tangent  to 

ds 

the  spiral  at  the  point  P. 

dr         r' 
Ex.  1.    In  the  Reciprocal  Spiral  rs=a9~\   •'•35== * 

and  the  subtangent  ST=  ^a^  a  constant  magnitude: 

also  the  tangent  PT  =  r  V  1  -f  ~  =  ^a^^r^, 

r 

dr 
Ex.2.     In  the  Logarithmic  Spiral  r^^a^   .-.  —-=kr: 

du 

T 

whence  the  subtangent  ST  ^  -  coreoSP: 

k 


=rV  i+4  =  7V»  + 


.and  the  tangent  PT=r  V  1  +Ti  = -^l +le' air  »  SP. 

Hence  it  follows  that  in  this  spiral  the  triangle  SPT  is 
always  similar  to  itself. 

Ex.  3.     In  a  Parabola  p^^ar\  wherefore  ve  shall  have 


the  subtangent  ST^  r 


\/^: 


and  the  tangent  PT^  r  y 


r  — a 
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Ex.  4.     Let   the  arc  of  a  spiral   be  the  measure  of  the 

ratio  of  the  radii  which  intercept  it,  so  that  «  =  mlog'(- j; 

mdv  T^.         , 

then   ds=s ,  whence  Py=z—,  which  placed  in  the  circle 

r  m 

whose  diameter. is  SP  will  be  a  tangent. to  the- spiral. 

II.    NORMALS. 

199'     To  find  the  magnitude  of  the.  subnorfoal^ .  and  to 
draw  a  normal  to  a  spiral. 

Let  PG  perpendicular  to  the  qnral.  at  P,  and  therefore 
to  its  tangent  at  that  point,  meet  the  line  TSG  drawn  perpen- 


dicular to  SP  in  G,  then  SG  i«  called  the  Polar  Subnormal: 
and  the  subnormal  SG 

dr         dr 

==SP  tan  SPG  =  SP  cot  SPT=r 


rdO      d9 

also  the  normal  PG  =  y/  SP''  +  SG*  =  V  r*  +  (^V  =  ^ : 

\d9/        dd 

Hence,  also,  if  Sof  be  drawn  from  the  pole  perpendicular 
to  the  normal,  we  shall  have 


970 

rdr 


Sji  =  SP  ffln  SPG  =  SP  cos  jP  =r      .         '  =  Py, 

^dr^  +  t'de* 

Pw-SP  cos SPG^SP  am  P  =     ,  ^Sy. 

Ex.  1.     In  the  Sfinl  of  Arehimedes  r^a9;  wheaee  the 
subnormal  SG^a,  a  constant  quantity,  and  the  nonnal 

PG  =«  V»'  +  ^*- 
Ex...     Leta«log(i±^ZZE?),  .,^^ y=l_: 

whence  the  sulmormal  SG  = ^ : 


_Ty/^a^'-r' 


and  the  normal  PG  := 

a 


III.    ASYMPTOTES. 


200.     7*0  find  whether  a  spiral  admits  of  an  aaympUde^ 
and  to  determine  its  position. 

Let  the  equation  to  the  proposed  spiral  be  r^f(9) ;  then 

r'^dO 
d  =  /"^(r),  and  the  magnitude  of  the  subtangent  == -^ — : 

df 

wherefore  if  these  quantities  do  not  become  infinite  when  the 

radius  vector  r  is  indefinitely  increased,  the  ^iral  admits  of  an 


nsymptote,  the  position  of  which  may  therefore  be  determined ; 
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for,  if  SL  be  the  directiiHi  of  the  radiug  vecU»r  when  infinite, 
and  the  subtangent  ST  be  drawn  perpendicular  to  it,  TZ  pass- 
ing through  T  parallel  to  SL  will  manifestly  be  the  asymptote. 

a 
Ex.  1.     In  the  Reciprocal  Spiral  r^ad    ^  and  .*.  d=  '^ , 

which  becoHies  svO,  when  r »  oo ; 

also,    the    subtangent  =  — —  s  —  a,  a  constant  magnitude, 

whaterer  be  the  value  of  r,  and  consequently  when  r  is  infinite : 
wherefore,  if  SX  be  the  line  from  which  9  is  measured,  it  is 
manifestly  the  direction  of  the  radius  vector  when  infinite,  and 
ST  being  made  ss  —  a,  the  Hae  TZ  drawn  through  the  point 
T  parallel  to  SX  will  be  the  asymptote  required. 

Ex.  ^.     In  the  Lituus  r^aQ^l^  or  fl^ss-^;  wherefore  if 

T 

r  be  made  =  oo  ,  we  shall  manifestly  have  0  «=  0 : 

also,  the  subtangentaa — ,  which  likewise  a=0,  if  r^  od  , 

and  therefore  the  line  SX,  from  which  the  angle  0  is  measured^ 
is  the  asymptote  of  the  spiral. 

£x.  3.     In  the  hyperbola  referred  to  the  focus  we  have 


rsB 


1  —  e  cos  9 ' 


and  from  this,  if  r  ==  09  ,  we  find  cos  0=  - ;  also,  the  subtangent 

a  (««  —  1)  . 

— : .    .  ^ ,  which  when  r  ^  co  ^  sAveB  ST  ss  ^  a  ^ e^^  I ; 

hence  therefore  if  the  angle  LSX  be  made  such  that  cos  LSX 

=  -  ,  and  ST  be  drawn  perpendicular  to  *SL,  and  made  equal 

te  -^a^e^^ly  th^  line  ^Z  parallel  to  SL  will  be  the  asymp- 
tote  required. 
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Let  ZT  produced  backwards  meet  the  axis  in  C,  then  since 


\Ar-i     ^/^ 


sinL.SJr 
it  is  evident  that  the  asymptote  passes  through  the  centre : 


sin  ZCJr       ^  ^      c« 


and  tan  ZCJr=  — =77^  = ; =  ^/7--l 

cos  ZCA  1  ^ 


e 


"'        ^^  JC  AC      a' 

as  may  readily  be  deduced  from  what  has  been  previofusly 
proved  in  the  first  example  of  article  (153). 

Ex-  4.     In  the  Cissoid  of  Dwclea  r  = -r~^ ,  and  thefe- 

COS0 
IT 

fore  if  r=  00  ,  we  shall  have  cosd  =  0,  or  0=  -  : 

*    ,         ,  2o(sin0)'        ...        , 

also,  the  value  of  the  subtangent  =  - — tt— 7573  5  which,  when 
'  '^  2  —  (sm  By 

r=  00  ,  or  0=  2^ ,  gives  ST=2a :  hence,  if  ^SL  be  drawn  pef- 

2 

pendicular  to  /SJT  and  ST  be  taken  =  2  a,  TZ  drawn  parallel 
to  iSL  will  be  the  asymptote :  and  it  may  be  observed,  that  this 
entirely  agrees  with  what  has  been  proved  in  the  second  exam- 
ple of  article  (151)  in  the  preceding  Chapter. 


IV.    DIRECTION  OF  CURVATURE. 

20?1 .     To  determine  the  position  of  a  spiral  ivitk  respect  /& 
its  pole  or  radius  vector. 
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When  a  spiral  is  concave  towards  its  pole  or  radius  vector, 
it  is  obvious  from  an  examination  of  the  figure,  that  the  per- 


pendiouhtf  Upon  the  tangent  Sy^p  increai^es  ot  decreases 
according  as  the  radius  vector  SP^f  is  ificreased  or  dimi- 
nished: hence,  therefore  if  p=:f(r)  be  the  equation  to  the 
spiral,  and  the  increment  of  r  be  called  k,  we  shall  have 

ASy      dp      tiPp    k        dr^p      ** 

ASP      dr       dr«  1.2       d»^  1.2.S         '' 

the  limits  of  which  being  taken,  it  is  evident  that  when  k  is 

diminished  sine  limited  the  di£Ferential  coefficient  --—  must  be 

dr 

positive. 

In  the  same  manner  when  the  spiral  is  convex  towards  its 
pole  or  radius  vector,  it  appears  that  Sy  increases  or  decreases 

whilst  SP  decreases  or  increases,  and  therefore  that  -^  must  be 

dr 

negative. 

Hence  conversely,    a   spiral   will  be  concave   or   convex 

towards  its  pole  or  radius  vector,  according  as  —  is  positive 

or  negative. 

Ex.  1.     In  the  Spiral  of  Archimedes  where  r=a0y 

,                       r*              ^          dp       r  (2  a^  +  r-) 
we  have  p  :±=  — .  ;  whence  ---  at  —-- ^--^ , 

M  M 
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which  is  positive  whatever  be  the  value  of  r,  and  therefore  this 
spiral  is  always  concave  towards  its  radius  vector. 

Ex.  2.     In  an  Hyperbola,  the  pole  being  situated  in  the 
centre,  we  have 


=  a\/I 


c'-l 


c"cos*0—  1 


,       /.  «^  ^  dp  abr 

whereiore  p  =  — .  == ,  and  —  = = 5-« ; 

^      ^r'^^a^  +  h'"'  dr  (r^- -a«  +  6*)l' 

and  the  latter  quantity  being  always  negative,  proves  that 
the  arc  of  an  h3rperbola  is  always  convex  towards  its  centre, 
and  therefore  towards  the  radius  vector  from  the  centre. 

V.    CONTACT  AND  OSCULATION. 

202.  Def.  If  the  perpendicular  p  let  fall  upon  the  tan- 
gent from  the  pole  of  the  spiral  be  considered  as  a  function  of 
the  radius  vector  r  whose  increment  is  Ar,  then  will  the  incre- 
ment of  p,  or  Ap  be  represented  by 

dp  k      d*p    k^        d^p      k^ 

dr  1       dr-  1.2       dr^  1,2.3  " 


and  if  QP  and  Sy  be  produced  till  they  meet  in  ti?,  we  shall 
have 

w%        y^       Sw  —  Sy 
teinyPw=~  = — -: 

^  Py         Py 
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nowy  taking  the  limits  of  both  sides  of  this  equation,  observing 
that  an  arc  and  its  tangent  are  ultimately  equal,  and  that 
Sw  —  Sy  is  ultimately  =  Ajp,  we  manifestly  obtain 

idp  k      ^p    k^        d'p      k"  )         1 

z  yPw  =  <-^  -  H ~ h  — i- h  &e. >  — , , 

^  (dr  l^  dr^  1.2  ^  dr'   1.2.3  ^^    5  ^^7^ 

whose  ultimate  valu^  is  the  inclination  of  two  tangents  to  each 
other  at  the  distances  r  and  r  +  k. 

Whence, .  if  there  be  two  polar  curves  whose  equations 
are  p  =/(r)  and  p'  =  F  (/),  and  0,  0'  denote  the  correspond- 
ing values  of  the  angle  above-mentioned  in  the  two  curves 
for  the  common  increment  Ar,  we  shall  have 

(dp  k      cPp    k^        d'p      k^  }         1 

"^-^Idr'   1  ^  dr''  1.2  ^d/^  1.2.3  ^^""-J^T^Zy^- 

wherefore  when  the  spirals  have  a  common  pole,  and  the  radii 
vectores  make  equal  angles  with  the  same  fixed  axis : 

if  /  =  r,  the  spirals  have  a  point  of  intersection : 

if  r=iT  and  p  ^Py  the  spirals  have  a  common  tiangent^ 
and  a  contact  of  the ^rst  order: 

if  r'  =  r,  p  =p  and  -— -;  =  —-  ,  the  spirals  have  a  common 

dr        dr 

tangent,  and  a  contact  of  the  second  order :  and  so  on. 

And  it  may  be  proved  precisely  as  in  article  (l6o),  that  the 
angle  contained  between  the  spirals  in  each  of  these  cases  is 
infinitely  greater  than  in  any  of  the  succeeding:  and  hence 
.also  as  in  curves  referred  to  rectangular  co-ordinates,  it  may 
be  made  to  appear  that  no  spiral  can  pass  between  two  others 
which  have  a  contact  of  an  order  superior,  to  that  which  it 
has   with  either  of  them. 
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303.  To  find  the  conditions  necessary  that  a  circle  may 
hone  contact  of  the  second  order  with  a  proposed  spirals 

Let  a  be  the  distance  of  the  centre  of  the  circle  from  the 
pole  of  the  spiral,  y  the  radius ;  then  by  the  fourth  example 
of  article  (195),  we  have 

^       ^«_a*  +  /-         ^       dp        3/       / 
2'y  ar         %y       y 

but  since  r^  =  r,  p  ^p  and  -—•  «  — , 

dr       dr 

it  foUows  that  —  ^  —  9  and  therefore  that  7  ^  -^^ , 

dr      y  dp 

which  is  the  value  of  the  radius  of  the  circle : 

r'dr'^       2prdr 


also,  a^  =  r*-|-7'  — 2p'7  =  r- + 


dp*  dp 


.  /  dr  dr* 

and  .-.  a=  V  ^^  —  2 or- — hr*---^, 

dp  dp' 

which  is  the  distance  of  the  centre  of  the  circle  from  the  pole  of 
the  spiral ;  and  thus  the  magnitude  and  position  of  the  circle  are 
expressed  in  terms  of  the  values  of  p  and  r  belonging  to  any 
pri^posed  point  of  the  spiral. 

204.  The  same  kind  of  reasoning,  as  has  been  employed 
in  (163),  demonstrates  that  no  other  circle  can  in  generaJ  have 
with  the  spiral  a  contact  of  a  higher  order  than  the  one  thus 
determined,  which  is  therefore  the  Osculating  Circle, 

Moreover,  by  assuming  the  difPerential  coefficiaits  of  supe- 
rior orders  to  be  equal  in  two  spirals,  osculating  spirals  of 
given  species  and  succeeding  orders  may  be  determined  by 
means  of  the  principles  laid  down  in  (166)  :  and  it  might  easily 
be  proved,  as  in  (170),  that  when  the  contact  is  of  an  odd 
order,  there  is  only  contact,  and  when  it  is  of  an  even  order, 
there  is  both  contact  ^nd  intersection. 
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VI.    CIRCLE  OF  CURVATURE. 

205.  To  Jind  eoepreasUyns  for  determining  the  magnitude 
and  position  of  the  circle  of  curvature  to  any  point  of  a  spiral^ 
and  also  the  chord  passing  through  the  pole* 

The  circle  of  curvature  being,  as  in  (173),  the  osculating 
circle  at  the  same  point,  if  a  be  the  distance  SC  of  the  centre 


of  the  circle  from  the  pole  of  the  spiral,  and  y  the  radius  CP, 
we  have  seen  that 


.=  s/ 


rdr         ,  A  /  0  dr  ,   r^dr 


7==_,  anda=  V  r  -2pr-+_., 

which,   with   any   assigned  point   P,    determine   the  position 
of  its  centre  and  the  magnitude  of  its  radius: 

also,  if  CK  be  drawn  perpendicular  to  SPy  it  is  obvious  that 
the  Chord  of  Curvature  passing  through  the  pole  of  the  spiral 

=2Pir=2CP^ 

2rdr  p       2pdr 
dp     r         dp 

r 
Ex.  1.     In  the  Logarithmic  Spiral  p=      .         ^  by  (195), 

\/ 1  ^  fc 
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Tilt  3 

whence  the  radius  of  curvature  CP  »  - —  =  r  ^  1  +  A* ; 

dp  ^ 

2pdT 
And  the  chord  of  curvature  PF=  -=^ —  s=2r. 

dp 

Ex.  2.    In  an  Ellipse  whose  polar  co-ordinates  are  referred 
to  the  focus,  we  have  by  (195) 


P 


2a^r 


1       i.        ^«      (2ar  — r*)l         ,        ^^  r* 

wherefore  CP=  ^^ .       ^    =tf(l  — «*)  —; 

a^JlZ:?  'p' 

2r(2a  — r)       2f 
and  PFi= s= ,  if  fe'  be  the  semi-conjugate  di- 
ameter to  the  point  P. 

Ex.  S.     In  an  Hyperbola  about  the  centre,  we  have 

ab 

.  whence  CP= : ^  =s ^  , 

ab  ^ 

the  negative  sign  shewing  that  the  radius  of  curvature  and  the 
radius  vector  lie  on  different  sides  of  the  curve : 

.    also,  PV^ 5^ — -^  = , 

r  T 

if  6'  be  the  semi-conjugate  diameter  to  the  point  P. 


VII.    EVOLUTES  AND  INVOLUTES. 
206.     To  find  the  equation  to  the  Evolute  of  a  polar  curve. 

Let  SP=rj  Sy=p  and  suppose  p=f(r)  to  be  the  equa- 
tion of  the  spiral:  let  PQ  be  the  radius  of  curvature  at  P, 
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which  by  article  (185)  is  a  tangent  to  the  evolute ;  draw  Sx 


perpendicular  to  it  and  put  SQ=r',  Sat^p' :  then  we  have 
and  r'  =  ^Q=^/^^^+Q^=  V  »"*-p*+  (^  -p) 


=  \/.«_        **'       '^"^ 


2pT —  -j-f^ 
dp  dp^ 


wherefore  if  by  means  of  these  two  equations  and  that  df  the 
proposed  spiral  p^f(T)j  the  quantities  p  and  r  be  eliminated, 
the  equation  between  p'  and  r'  will  be  obtained. 

It  is  manifest  from  article  (186)  that  PQ  is  either  equal 

to  the  length  of  the  evolute,  or  differs  from  it  by  a  constant 

magnitude. 

r 
Ex.  1.     In  the  Logarithmic  Spiral  p=  — ===; 


whe«fore  p'=  ./T^Iy  =  N^'*'"  ITi?  =  ;7=p' 

and  r'  =  ^r*  —  2  r*  -f  r^  (l  +  Af*)  =s  &r ;  whence 

p'  &r         1  1  ,     ,  ^ 

5  and  p  = 


that  is,  the  evolute  of  a  logarithmic  spiral  is  a  logarithmic  spiral 
similar  and  equal  to  it. 
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Ex.  2.     Let  the  equation  to  the  spiral  be  p  ee  ^  /^  ^  a^ ; 


then  we  hiive  p'=  ,^r-— p*  =  ,^/r*--r*  +  ?=o, 


and  r'=^r*-2(r«-a2)+r'-o2  =  a; 

and  from  this  it  appears  that  p'  =  r ,  which  is  the  equation  to 
a  circle. 


The  spiral  whose  equation  is  p=^r'^— a^  is  therefore 
called  the  Involute  of  the  Circle,  whose  radius  is  a. 

207.  Cok;  The  method  of  detennining  the  Invdute  from 
the  Evolute  is  analogous  to  that  explained  in  (189). 

208.  Without  entering  upon  the  investigations  comprised 
in  this  chapter,  the  principles  explained  and  the  formulae 
deduced  in  the  last,  together  with  the  transformation  of 
rectangular  into  polar  co'<)Tdinate8,  would  have  been  amply 
sufficient  for  the  determination  of  all  the  properties  of  qnrals 
above  given.  Thos^  retaining  the  notation  previously  used^ 
and  making  S  the  origin  of  rectangular  co-ordinates,  we  have 


a?  =  SM= SP  cos  PSM= r  cos  6, 
y  =  PM=:SP  sin  PSM=:r  sin0: 
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,    whence  tSLTiSPT=tm(SPM'^TPM} 

X  dx 
_  tan  SPM-  tan  TPM  _  y  dy 
■"  1  +  tan  SPM  tan  TPM  ""  ^   ,  ^ 

€?t/  da? 

xdy  —  ydx  dd         dd 

ydy  +  xdx  dy  dx' 

^   ^  y—  -^  X  — 

^d9^      dd 

dx  ^dr  .    ^         ^    dy        .    /» ^^   .  /* 

but     —  =  cos  0  •—  —  r  sm  0     and    ^  =  sm  0  -~  +  r  cos  d : 
d0  dO  dd  dd 

and  these  values  being   substituted  in  the  expression  above 
found,  give 

tan,ypr  =  -r— =  -!-, 

/ar\         ar 

Vdi9J 
as  obtained  in  (192). 

r'^dd 
Hence  also,  Sy  =  SP  sin  SPy  = 


and  aJo?  =  SP  cos  *yPy  = 


y/r^dd"  +  dr' 

rdr 
^^77W+d^ 


and  if  ^aS^  be  drawn  perpendicular  to  the  radius  vector  SP, 
meeting  the  tangent  and  normal,  or  those  linei?  produced, 
in  t  and  g  respectively,  we  shall  have 

r^dd 
the  polar  subtangent  St  =  SP  tan  SPt  =  -3— , 

dr 

dr 
and  the  polar  subnormal  Sg  =  SP  cot  SPt  =  — : 

as  before  proved. 

209.     The  lines  St  and  Sg  here  designated  the   polar 
subtangent  and  subnormal,  are  essentially  different  from  the 

Nn 
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lines  MT  aAd  MG  the  subtangent  and  subnonnal  of  the  curve 
referred  to  rectangular  ordinates :  and  indeed  except  for  the 
simplicity  and  practical  convenience  of  the  formulae  by  which 
they  are  represented,  it  would  scarcely  have  been  necessary  to 
introduce  the  consideration  of  these  additional  lines  at  all ;  for 
if  the  position  of  the  fixed  axis  of  the  spiral  be  known  or 
assumed,  the  rectangular  subtangent  and  subnormal  may  with 
great  facility  be  expressed  in  terms  of  the  polar  co-ordinates, 
and  thence  may  the  tangent  and  normal  readily  be  drawn. 
Thus, 

fdw\ 

dw         \d0l 
the  subtangent  MT  =:y'^ssy  ■ 

If  I    If 


Q) 


COS©—  —  rsmfl 

=s  r  sm  0 

dr 
sin0—  +rcos0 


r  sin  9  cos  Qdr  —  r*  Avf-QdO 
sin  0dr  +  r  cos  6d0 


dy 
and  the  subnormal  MG  =  y~T-  =y 


{%) 


dx      ^  fdaf\ 

\de) 


dr 
sin0----+rcos0 

=  r  sm  0 ; 

dr 
COS0— -  — rsind 
dd 


T  sin^  g  dr + r^  sin  g  cos  QdQ 
cosddr— rsinddd 


283 

Ex.     The  polar  Equation  to, the  common  parabola  being 

a 

*'"(sini0)=" 
we  have 

dr  acos^d 

whence,  by  substitution  in  the  formulae  just  deduced  and  by 
reduction,  we  obtain  MT=  —2a (cot  ^0)^  and  MG=i  —2a. 

210.  The  length  of  the  perpendicular  let  fall  upon  the 
tangent  from  the  origin  of  the  co-ordinates,  may  likewise  be 
expressed  in  terms  of  the  polar  co-ordinates  by  a  similar  process. 

For,  by  (137),  p^AK=  ^  / 

Vaor-i-ajr 

r  sin  0  cos  9dr  —  r^  sin^  Qd6  —  r  sin  0  cos  Odr  —  n^  cos*  Odd 
""       v^cos^fldr^  +  r^sin^ede^  +  r^cos^ede^  +  sin^edr* 


y/^^w+d?     \y^^ 


dr" 


as  proved  in  (19^),  the  algebraical  sign,  which  affects  not  the 
magnitude  of  the  proposed  line,  being  disregarded. 

211.     Cob.  1.     Hence  we  have  immediately  by  differen- 
tiation, 


dp 

,      ,d^r  ,  ^   dr* 

dr 

y^^d^j 

but  it  has  been  proved  in  (201)  that  the  spiral  is  concave  or 
convex  towards  its  pole  according  as  —  is  positive  or  negative : 
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whence  it  obviously  follows  that  this  will   also   be  the  case 
according  as 

d'r  dt" 

df^\i       ' 


{"-'£} 


is  positive  or  negative :  that  is,  according  as  ^""^  T^  +2^ 
is  positive  or  negative,  or  according 

df^  .  cPr 

as  r*  +  2r  -j--  is  greater  or  less  than  r*— —  , 
a(r  du^ 

^dr^  .  d*r 

as  r  -f  is  greater  or  less  than  —- , 

rdGr  dSr 


>.   ,  ,  2dr* 

as  ----  IS  less  or  greater  than  r  +      ,^. . 
dSF  ^  rdGP 

dp 
212.     CoE.  2.     From  the  expression  just  found  for  — , 

we  have  immediately  by  means  of  (203), 

dr»"\ 


rdr 
7  = 


['■-%) 


dp         ^        d^r        dr^ 
r*—  r +2 

which  might  also  have  been  derived  by  substitution  from  the 

(d^  +  dy*)* 

expression  7  =  -~- /  ^      . 

'      dydrw^divd^y 

Similarly,  the  co-ordinates  of  the  centre  of  curvature, 
as  well  as  the  chord  passing  through  any  given  point,  may 
be  expressed  in  terms  of  the  polar  co-ordinates. 

Ex.  In  the  common  parabola  r  =  a  sec^  10  =  o  (1  -f  f), 
if  ^  =  tan^0: 
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dr  dt 

2dr* 
whence  we  have  r+  —j^  =o  (1  +f)  (1+2^) : 


d^T        dr         dt 

now   it  is   evident   that   ^a(l  ^f)  (l+3f)  is  always    less 

than   ^a  (1  +  O  (2  +  4^)    or  a  (l  +0  (^  +  ^O  -    therefore^ 

<Pr  .  2dr* 

-—  is  always  less  than  r  H — -— ,    and  consequently  the  arc 

of  the  parabola  has  its  concavity  always  turned  towards  the 
^ocus  considered  as  its  pole. 

=  2o(H-<*)'=2ose<y'^0= -T-,  as  it  ought. 


.  • 


*•  CHAP.  X. 


On  the  Analytical  Characters  of  the  Singular  Points  of  Plane 
Curves,  €md  the  methods  of  determining  their  Natures 

and  Positions. 


213.  Def.  In  curves  whose  natures  are  expressed  gene- 
rally by  the  equation  y=f{ai)  or/(^,  y)  =  0,  it  is  evident  that 
by  assigning  different  values  to  the  principal  variably,  different 
values  will  in  general  be  assigned  to  the  dependent  variable 
as  well  as  to  its  differential  coefficients:  and  when  any  of 
these  functions  attains  a  value  attended  with  some  peculiarity 
either  in  its  value  or  its  form,  the  corresponding  point  in  the 
curve  will  be  distinguished  by  something  peculiar  in  its  cha- 
racter. Points  of  this  description  are  usually  denominated 
Singular  Points,  the  principal  of  which  are  characterized  by 
the  circumstances  explained  and  exemplified  in  the  following 
articles,  and.  for  the  sake  of  simplicity,  they  shall  here  be 
distinguished  into  Simple  and  Multiple  points,  according  as 
they  belong  to  one  or  more  branches  of  the  curve. 

SIMPLE  POINTS. 
(1)    Points  corresponding  to  evanescent  Ordinates. 

214.  If  when  any  value  is  assigned  to  the  abscissa  <r, 

the  corresponding  value  of  the  ordinate  y  become  =0,  it  is 

obvious  that  the  curve  meets  the  axis  of  a?,  and  it  is  manifest 

from  (issy  that  the  angle  at  which  the  concourse  takes  place 

d  fj 
may  be  found  from  the  equation  tan-y=  — ,  by  substituting 

for  «r  the  said  assigned  magnitude. 
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Hence  also  the  positions  of  the  evanescent  ordinates  may. 
be  ascertained  by  the  solution  of  the  equation  2^=/(^)=0; 
and  it  is  obvious  that  a  similar  process  will  enuHe  us  to 
determine  the  same  circumstances  with  respect  to  the  axis 
of  y. 

Ex.  1.     Let  the  curve  proposed  be  defined  by  the  equation 

y= --:  then  the  equation  y  =  0  gives  immediately  i»  =  0 

and  ^=  +  00  9  so  that  the  curve  meets  the  axis  of  w  in  the 
origin  and  also  at  an  infinite  distance  on  each  side  of  it: 

Y 


dy         1  —  a^ 
also,  smce  tan  Jf  =  —  =  -; —^  =  cot  F,  if  we  suppose  ^  =  0, 

we  shall  have  tan  TAX=  1  =cot  TAY^  and  therefore, 

zT-4Jf=;450=zTJF; 

or  in  other  words,  this  curve  intersects  each  of  the  ccM)rdinate 
axes  in  the  origin  at  an  angle  of  45<*:   but  if  a?=  ±  oo  ,  we 
shall   have  tan  JT  =  0  ss  cot  F,    so  that   at   the   said  infinite 
'  distances  the  axis  of  w  touches  the  curve. 

Ex.  2.  In  an  Ellipse  whereof  one  of  the  foci  is  the  origin 
of  co-ordinates,  and  the  axis-major  coincides  with  the  axis 
of  ^,  we  have 

a  and  e  being  the  semi-axis-major  and  eccentricity  respectively : 
now  if  y  =  0,  or  the  curve  meet  the  axis  c^  ^,  we  must  make 
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(j»  (I  —  e*)  4.  2a€.r  — a?^=  0,  from  which  are  readily  found 
^  =  a(l+6)  and  d7=— a(l  — c):  again,  if  ^  =  0,  we  have 
y=  ±a{l^e^)i  and  these  determine  the  points  of  intersect 
tioD  of  the  curve  with  the  axes  of  zr  and  y  respectively: 

dy  y/\  — c*  iae  —  x) 

but  from  the  same  equation,  -7—  =:      ,  ; 

therefore,  if  ir  =  o(l  +  e)  we  find  tanA^=oo  =  tan  90^,  and 
if  j7as  —  a  (I  —  e),  we  have  tan  X^  00  =  tan  ^ ;  that  is,  this 
ellipse  intersects  the  axis  of  w  in  the  extremities  of  the  axis- 
major  at  right-angles: 

also,  if  ^p  =  0  and  y  =  a  (l  —  e*),  we  find  cot  F=  e ; 

if  a?  =  0  and  y=  —  a(l  —  c*),  we  have  cot  F=  —  e: 

or  this  curve  cuts  the  axis  of  y  in  angles  whose  cotangents 
are  e  and  —  e  respectively :  in  other  words,  the  ellipse  at 
the  extremities  of  its  lotus  rectu/m  is  inclined  to  the  axis  of 
y  at  these  angles. 

(2)     Points  corresponding  to  infinite  Ordinates. 

215.     Whenever  a  finite  magnitude  assigned  to  <r  renders 

the  value  of  y  indefinitely  great,  the  ordinate  corresponding 

thereto  is  infinite  and  becomes  an  asymptote  to  the   curve^ 

because  as  y  can  become  infinite  only  by  the  evanescence  of 

the  denominator  of  the  quantity  which  expresses  it,  the  value 

dy 
of  the  trigonometrical  tangent  -—  will  be  infinite  likewise: 

or  the  tangent  at  an  infinite  distance,  which  is  then  an  asymp- 
tote to  the  curve,  will  be  perpendicular  to  the  axis  of  w. 

Hence  dbso,  the  positions  of  the  infinite  ordinates  may 
be  ascertained  by  equating  to  zero  the  denominator  of  the 
expression  for  y,  and  then  finding  the  roots  of  the  equatiom 
Similarly  for  the  axis  of  y^ 
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Ex.  1 .     Let  the  equation  of  the  curve  he  wy  =  a^:  then  by 
assuming  tr  =  0,  we  find  9=00,  and  by  making  y  =  0,  we  get 

<v=  00  : 


dy 


o' 


also  --^  = -  =  —  co=-tan  VAX=  —tan  90°,  if  a?=sO, 

aa?  or 

and-—-  = -  =  —  00  =  — tan^^F=  -tango^  ify  =  0; 

dy  f 

whence  it  appears  that  the  co-ordinate  axes  of  y  and  of  are 
asjonptotes  to  the  curve  in  their  respective  directions. 

Ex.  2.     Let  (a  — a?)y*  =  a^-fa?*  be  the  equation  of  the 

curve  proposed:  then  will  y=  ±w  \/ : 

a  —  w 

whence  if  a  — a?  be  assumed  =0  or  a?  =  0,  we  shall  have  cor- 
responding thereto  y  =  4-  00  : 


Oo 
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also 


will  likewise  become  inde- 


finitely great  on  the  same  hypothesis:  that  is,  if  ^  be  the 
origin  of  co-ordinates  and  AB  be  made  =  a,  the  corresponding 
double  ordinate  CBc  drawn  through  the  point  B^  and  pro- 
duced indefinitely  both  ways,  becomes  an  asymptote  to  the 
curve,  the  angles  CBX^  cBX  being  both  right  angles,  because 
their  trigonometrical  tangents  are  infinite. 

(3)     Points  corresponding  to  equal  Ordinates. 

216.  If  when  a  given  value  is  assigned  to  the  abscissa 
<v,  it  appears  that  the  corresponding  ordinate  y  has  two  or 
more  equal  values,  this  ordinate  will  obviously  limit  the  curve 
in  the  direction  of  the  axis  of  w  if  either  its  succeeding  or 
preceding  value  become  imaginary,  as  in  the  case  of  the  ordi- 
nates BC  in  the  following  diagram : 


or  will  pass  through  a  point  attended  with  some  such  pecu- 
liarity as  characterizes  the  point  C  in  the  diagram  underneath, 


should  its  succeeding  and  preceding  values  be  both  real  quan- 
tities. 

Points  of  this  description  may  manifestly  be  determined 
by  equating  to  each  other  the  different  values  of  y :  and  similar 
remarks  will  be  equally  applicable  if  the  abscissae  be  measured 
along  the  axis  of  y. 

Ex.  t.  Let  the  curve  proposed  be  an  ellipse  defined 
by  the  equation  y*  — 3aiy  +  3v^  — 2y— 4fl?  +  5  =  0;  from  which 
we  deduce  immediately 

y=ar+l+  v^  — aa^-J-eai  — 4=a7  + l  ±  y/i  {x -  \)  {Z  - ai)  : 


therefore  if  x  be  made  =1,  we  shall  have  each  of  the  two 
values  ofy  =  l+l=3:  also,  if  a;  =  2,  each  of  the  two  values  of 
y  =  2  +  1  =  3 :  and  for  the  values  of  a:  less  than  1  and  greater 
than  2,  the  corresponding  values  of  the  ordinate  become  impos- 
sible : 

hence  if  AB  and  AD  be  made  equal  to  1  and  3  respectively, 
and  the  corresponding  ordinates  BC  and  DE  be  drawn,  these 
ordinates  will  limit  the  curve  in  the  direction  of  the  axis  of  w : 

and  since  —  =  IH .  ■■■.■_  ,  which  becomes  infinite 

da;         —  v''2(ar— 1)(2  — a;) 
when  the  value  of  a?  is  either  I  or  2,  it  follows  that  the  ordi- 
nates  BC  and  DE  are  tangents  to   the  curve  at  the  points 
C  and  E  respectively. 
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Ex.  2.     If  the  equation  to  the  proposed  curve  be 

y  — g y/^ax  —  ai^ 


jff—a 


W'^a 


which  gives  y  =  a± -x/aao?  — ^,  and  the  two  values  of  y 

be  made  equal  to  each  other,  we  find  ^  =  0,  af  =  a  and  ^=2a: 
that  is,  if  ^  be  assumed  equal  to  0,  a  and  2  a  in  succession,  it  is 


r 


obvious  that  in  each  case  the  corresponding  values  of  y  are 
equal  to  one  another  and  to  a :  also  since  the  values  of  y 
become  impossible  when  w  is  negative  or  greater  than  2  a, 
it  follows  that  the  equal  ordinates  belonging  to  ^=0  and 
^ssSa  limit  the  curve  in  the  direction  of  the  axis  of  a?,  and 
are  tangents  to  it  at  the  points  of  concourse:  whereas  those 
corresponding  to  o^  =  a,  point  out  the  intersection  of  two 
branches  of  the  curve,  a  circumstance  which  will  be  more 
fully  considered  in  some  of  the  subsequent  articles  of  the 
present  Chapter. 

(4)    Points  corresponding  to  mawimiMn  and  minimum  Ordinates, 
217-     If  upon  assigning  any  particular  value  to  w,  we 

find  the  value  of  — ^  the  trigonometrical  tangent  of  the  angle 

dw 

which  the  rectilineal  tangent  makes  with  the  axis  of  ^  to  be  0, 

the  tangent  at  the  corresponding  point  in  the  curve  is  parallel 

to  the  axis  of  o^,  and  the  ordinate  is  a  maximum  or  a  minimum 

d^y 
according  as  -r-~  then  becomes  negative  or  positive. 
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These  circumstances  are  evinced  in  the  following  diagrams : 


JT    X 


BC  being  the  maximum  and  minimum  ordinates  in  the  first 
and  second  parts  of  the  figure  respectively,  and  the  tangent 
tCT  being  in  each  case  parallel  to  the  axis  of  a?.  Similar  con- 
clusions may  be  deduced  with  reference  to  the  axis  of  y  by  the 

dftP  cPd? 

consideration  of  the  differential  coefiicients  -7-  and  -— - . 

dy         d%f^ 

Hence  if  u^f  {w^  y)=0  be  the  equation  of  a  curve  pro- 
posed, and 

du:=iPd{V'-'QdyssO, 

he  derived  from  it  by  one  differentiation,  it  is  manifest  that 

,  .        du  _  du  -  .  -  .  .  . 

the  equations  —  =  0  and  — -  =  0,  which  are  coexistent  with 

dw  dy 

dy      P  dx       Q 

—-—  =  —  =0  and  —  =  —  =0  will  determine  the  values  of  <r 

dw       Q  dy      P 

and  y  which  belong  to  the  greatest  and  least  values  of  y  and  cs 
respectively. 


Ex.  1.     Let  the  equation   to   the   curve  be  y  = 

Y 


l-Vai^' 
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and  ^^2^(^-^) 
dof       (1  +  w^y  dcf 


dy         1  —  Ji^ 
then  will  — -  = 


now  if  d7  be  assumed  =  + 1,.  we  find  corresponding  thereto 


1 


dy 


y=  H =  +  i  and  -—  =0, 

^      ""1+1       ""  ^  da? 

so  that  y=^  d:  ^  ^^  either  a  maximum  or  a  minimum  :   but  when 

(py  (Py 

^=1,  we  have  -r—-  =  — *,  and  when  a?  =  —  1,  - —  =i :  there- 

dar  ^  dor      ^ 

fore  if  AB  and  ^6  be  each  taken  « 1,  the  corresponding  ordi- 

nates   BC  and  be  will  be  respectively   a   maximum   and  a 

minimum,  the  tangents  at  the  points  C  and  c  being  parallel 

to  the  axis  of  /ff. 

The  ordinate  be  which  is  a  minimum  when  estimated  in 
the  direction  of  AY  will  obviously  be  a  maximum  when  it 
is  estimated  in  the  direction  oi  Ay^  as  readily  appears  also 

from  the  criterion,  if  y  in  — --  be  considered  negative. 

dar 

Ex.  2.  To  determine  the  greatest  and  least  values  of  the 
co-ordinates  of  the  Lemniscata  of  Bernoulli  whose  equation 
is  {aF  +  i^y  =  2  a^  (j?*  —  y^),  we  have 

whence  the  characteristic  equations  are  readily  obtained,  that  is. 


fJLU  r     •>  o  ov  -    CvU  .  ,j  ox 

---  =  4  (or  +  xy  —  a  a)  =  0,  and  ---  =  4  (y^  +  ary  +  a'^y)  =  0 
dx  dy 
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from  the  former  of  these  we  have  ^  =  0  and  a?^+y^  =  a^;  and 
a?=sO  renders  y  impossible,  whereas  a?^-hy^  =  a^  gives  from  the 
proposed  equation 

a*  =  2a*  (^  — ^)  or  <r^  — ^  =  -^a*: 
whence  are  easily  obtained  af=  ±^a  v3  and  y  =  ±  ^« ; 

dor  y  (O'  +^  +  T)  "^ 

obviously  a  negative  or  positive  quantity  according  as  the 
value  of  y  is  positive  or  negative:  that  is,  if  AB  and  -46  be 

each  made  =^ay/3,  and  the  double  ordinates  CBD^  cbd 
be  drawn,  BC,  be  are  positive  maximum  values  of  the  or- 
dinate, and  BDf  bd  are  negative  maximum  values  of  the  same, 
and  the  tangents  at  the  points  C,  c,  Z),  d  are  parallel  to  the 
axis  of  w. 

Similarly,  y  (y*  -I-  <i?^  +  o^)  =  0  will  enable  us  to  determine 
the  maximum  and  minimum  values  of  a?,  which  are  AE  and 
Ae  in  the  diagram. 

(5)     Points  of  Inflexion  or  eontrary  Fhamre. 

218.     If  when  any  particular  value  is  assigned  to  w,  the 

value  of  the  second  differential  coefficient  of  the  ordinate  — -r 

dor 

become  =0,  the  point  of  the  curve  in  which  it  is  intersected 

by  the  corresponding  ordinate  is  generally  a  point  of  InfleaAon 

or  contrary  Fleanire. 

For,  let  AP  be  a  curve  which  on  one  side  of  P  is  concave 
towards  the  axis  of  a?,  and  on  the  other  convex,  so  that  P 


A.      n      m:       it      n.       At      jv 
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is  a  point  of  inflexion  or  contrary  flexure:  AM^csy  JfP=y, 
and  MN=^Mn^h :  then  it  is  evident  that  the  deflections  QT 
and  qt  from  the  rectilineal  tangent  tPT  must  have  different 
algebraical  signs,  however  small  the  quantity  h  may  be  as- 
sumed: now  retaining  the  notation  before  adopted,  we  have 

NT=y  +  ph, 
and  NQ^y-^ph-^^q—-  -fr  +&c., 

in  like  manner,  we  shall  find  nt=y  —ph, 

A*  *' 

and  nq  =  y-ph  +  q—  -r^^  ^ +&c., 

/      **              A'  .    ^ 

.•.  nt  —  nq=—  Iq —r +&c.  I  : 

wherefore  if  9  =  0,  these  differences  become 

NT'^NQ=  -r 8 &c- 

1.2.3  1.2.3.4 

and  nt-^nq^r —  « --+&c. ; 

^         1.2.3  1.2.3.4 

which,  since  the  first  term  of  the  series  may  by  the  dimi- 
nution of  h  be  made  greater  than  the  sum  of  all  the  rest, 
have  different  algebraic^  signs :  and  thus  the  curve  after  having 
in  the  former  part  of  its  course  been  situated  above  the  tangent, 
will  now  be  situated  below  it,  or  the  contrary,  and  the  roots 
of  the  equation  gr=sO  will  obviously  be  the  values  of  the 
abscissa  corresponding  to  the  points  of  inflexion  where  this 
change  takes  place. 

If  p  also  =0,  it  is  manifest  that  the  tangent  at  the 
corresponding  point  of  the  curve  becomes  parallel  to  the 
axis  of  07,   but  the  value  of  the  ordinate  is  then   neither  a 
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Inaximum  not  a  minimum,  since  q  is  neither  negative  nor 
positive. 

Ex.  1.    L^t  the  proposed  curve  he  defined  by  the  equation 

then  !>=:  1  +  72a?  +  6«*  -  4a?^, 

and  g  =  72  -f  12a?—  12a?*  =  12  (6  +  a  -a?*)  : 

whence  at  points  of  inflexion  we  have  6+a?  — aj*  =  0y  the  rootd 
of  which  are  3  and  —  2 :  and  therefore  if  the  ordinates  cor- 
responding to  these  values  of  x  be  drawn,  they  will  intersect 
the  curve  in  points  of  contrary  flexure. 


Ex.  2.     Let  y=: 


Of 


be  the  equation  of  the  curve  pro- 

1-1-0?* 

1— a?*  20?*— 6a?      . 

posed :  then  we  have  p  =  ;; — -  and  a  =  -r — ,    ^^, ,  the  latter 

of  which  being  put  9=0,  gives  w  =  0  and  07=  +  ^yF:  whence 


if  AM  and  Am  he  taken  each  =  \/i,  ^^d  the  ordinates  MP^ 
?»jp  be  drawn,  the  three  points  Aj  P  and  p  will  be  points  of 
inflexion,  the  direction  of  the  curvature  of  the  curve  under-^ 
going  a  change  at  each  of  these  points. 

Ex.  3.     Let  a^y-^-c^y-^aal^zsiO^  or  y=-r- — 1:  then  wc 


have 


a*+ci?* 


Pp 
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a 

therefore  o*  — 3^  =  0  gives  a7=  +  — 7=^  , 

from  which  v  =  ^a,  so  that  — 7<s,  -  and 7=  ,_  are  the 

y/s     4  V3      4 

co-ordinates  of  the  points  of  inflexion,  whose  positions  are 
therefore  determined. 

219.  There  are,  however,  some  exceptions  to  the  theory 
just  explained,  which  it  will  now  be  expedient  to  notice :  for  if 
a  value  of  w  which  satisfies  the  equation  9  =  0,  fulfil  also  the 
condition  of  the  equation  r  =  0,  we  shall  have 

NT^NQ^--s 1 ' &c. 

1.2.3,4  1.2.3.4.5 

n^— nqf=— « +^ &c.; 

^  1.2.3.4  1.2.3.4.5 

and  these,  when  h  is  assumed  of  a  certain  magnitude,  will  have 
the  same  algebraical  sign,  which  circumstance,  as  above  stated, 
cannot  correspond  to  a  point  of  inflexion :  but  if  at  the  same 
time  we  have  «=:0,  these  equations  become  respectively 

JNTr- JVQ=  -^ ^ &c. 

1.2.3.4.5 


and  nt  —  nqsst &c. ; 

^         1.2.3.4.5 

which,  on  the  same  supposition,  have  different  algebraical 
signs,  and  consequently,  these  will  correspond  to  a  point  of 
contrary  flexure :  and  continuing  to  reason  after  the  same  man* 
ner,  we  may  conclude  generally  that  a  curve  has  a  point  of 
inflexion  or  not  according  as  the  first  differential  coefficient 
that  does  not  vanish,  is  of  an  odd  or  an  even  order. 
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Hence  also,  if  the  equation  9  =  0  have  m  equal  roots,  there 
will  obviously  be  a  point  of  contrary  flexure  when  m  is  odd, 
but  none  when  m  is  even. 

Ex.  1.  Let  a'y  =  (ir  — ft)*,  then  we  have  a^j!>  =  4(^7  — 6)^ 
a^gf  =5 12  (a?  —  6)2,  fl»r  =  24(a?  — ft)  and  a^«  =  24:  but  if  5  be 
made  =  0,  we  find  (a?  —  ft)*  =  0  or  a?  =  ft,  corresponding  to  which 
there  is  not  a  point  of  contrary  flexure,  since  the  fourth  dif- 
ferential coefficient  is  the  first  that  does  not  vanish:  also  if 
ft  =  0,  we  have  ^  =  0,  and  there  is  no  point  of  inflexion  at 
the  origin. 

Ex.  2.  If  a*y  =  (cr— ft)^  we  shall  have  a^p  =  5  (^  —  ft)*, 
o*5'  =  20  (j?  —  ft)^    aV  =  60  (.J?  —  ft)*,    a*«  =  120  (a?  -  ft)    and 

but  if  we  make  9  =  0  we  find  j?  =  ft ;  that  is,  when  «r  =  ft,  and 
consequently  y  =  0,  there  is  a  point  of  inflexion,  because  the 
first  differential  coeflicient  that  does  not  vanish  is  iiie  fifth, 

220.  From  what  has  already  been  said,  it  appears  that 
the  sole  characteristic  of  a  point  of  inflexion  in  a  curve  is 
a  change  of  the  algebraical  sign  of  the  second  or  other  suc- 
ceeding differential  coefficient  of  an  even  order  from  -|-  to  — 
or  from  —  to  +  :  and  since,  though  an  integral  quantity  can 
change  its  sign  only  in  passing  through  zero,  a  fraction  may  do 
so  either  by  passing  through  zero  or  infinity,  it  follows  that  all 
the  points  of  contrary  flexure  belonging  to  any  curve  may  be 
determined  from  one  or  both  of  the  equations  9  =  0  and  qssco  . 

Ex.  1.     Let  y  =  a^j?  +  (a?  — ft)^,  thenp  =  a^+ -(a?  — ft)3 

3 

and  q  =  ■  ^  :  wherefore  at  a  point  of  inflexion  we  can  only 

9(a?-ft)5 

10 
make ^  =  00  ,  or  it?  =  ft :  also,  if  for  co  we  put  ft  +  A,  the 

9(cr-.ft)^ 
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10  -  10 

value  of  g=  — f,  and  if  a7=s6— A,  the  value  of  g= ^; 

wherefore  if  jrs=6,  and  therefore  y  =  a^6,  the  corresponding 
point  in  the  curve  possesses  the  characteristic  property  of 
a  point  of  inflexion. 

Ex.  2.     Let  a/B^  +  bf  +  c^=:0,  then 

p=:--and,=  -— |-^^): 

whence  if  g  =  0,  we  have  <»  =  0  and  od7^  +  fry^  =  0,  the  latter  of 
which  cannot  take  place   since   aa^  +  by^  +  c*  =  0 :   therefore 

4 

when  J?  =  0  and  y  = j- ,    there  is  a   point  of  contrary 

4 

flexure :  also,  if  g  =  op  ,  we  find  y  =  0  and  a?=  —  -y  j  that  is, 

4 

^  = j^  and  y  =  0  belong  to  a  point  of  contrary  flexure. 

221.  If  0?  be  considered  the  dependent,  and  y  the  in- 
dependent variable,  the  principles  already  developed  will  lead 
us  to  the  conclusions  that  at  points  of  inflexion  we  must  have 

--—  =  0  or  ----  s=  00  :  and  examples  m  which  a?  is  found  to 
df  dy'  ^ 

be  an  explicit  function  of  y  will  be  more  easily  solved  by 

pneans  of  one  or  both  of  )these  expressions. 

Ex.     The    equation    to   the   Conchoid   of  Nicomedes  is 


,i?=(ay-^  +  l)\/6'^-y«: 

diV  ab^  +  y^ 

whence  -7-  = r 


<^y  f  \/b^  -  f  ' 


and 
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the  latter  of  which  bemg  put  =  0,  gives  y'  +  3ay*  — 2a6*  =  0, 
from  which  the  values  of  y  may  be  found,  and  thence  those  of 
w  by  means  of  the  proposed  equation. 

If  6  =  a,  this  last  equation  becomes 

y^  +  Say^ - 2a^  =  (y  +  a)  (y^ -h 2oy -2o*)  =  0, 

whose  roots  are  —a,  o(\/3  — l)  and  —  a(\/3  +  l),  for  the 
first  two  of  which  alone  the  values  of  w  are  possible,  and  the 
last  does  not  belong  to  any  point  in  the  curve. 

222.  Cob.  l.  From  an  examination  of  the  circumstances 
of  a  point  of  inflexion  geometrically  exhibited,  it  will  be  ob- 
vious that  the  trigonometrical  tangent  expressed  by  — -  or  —- 

dx       ay 

must  then  be  either  a  maximum  or  a  minimum,  from  which 

.   -  d^y  ^^ 

we  infer  also  that  -r-r  =0  or  oo  ,  and  -— -  =0  or  oo  ,  unless 

dor  dy^ 

--—  or  ~-  exhibit  some  peculiarity  either  in  their  form  or 
da;         dy 

value. 

223.  Con.  2.  We  have  seen  in  (176)  of  the  last  Chap- 
ter but  one  that 

(l+p^)* 
7= ^ 

q 

whence  it  follows  that  if  p  be  not  infinite  and  q  be  made 
equal  to  zero  or  infinity,  the  radius  of  curvature  at  a  point 
of  inflexion  will  be  either  infinite  or  evanescent. 

224.  Before  we  quit  this  sub-division  of  the  present  Chap- 
ter, it  may  not  be  inexpedient  to  introduce  two  or  three  addi- 
tional examples  connected  with  Inflexion,  in  order  more  par- 
ticularly to  explain  and  illustrate  certain  terms  made  use  of 


SOS 


by  some  writers  upon  the  subject,  and  which,  though  immaterial 
in  a  practical  point  of  view,  nevertheless  evince  the  power 
of  Analysis  when  applied  to  Geometry. 

Ex.  1.     Let  the  curve  be  defined  by  the  equation 
which  admits  also  of  the  form 

then  we  have  c?p  =  Sa;*  —  2ca?  —  6% 

wherefore  if  9  =  0,  we  obtain  ^  s=  -^  c,  corresponding  to  which 
there  exists  a  point  of  inflexion  as  at  £  in  the  following  dia* 
^am,  where  A  is  the  origin,  and  of  AX  and   YAy  the  axes 


of  co-ordinates,  AB  =  Ab=^b,  AC^c  and  JZ>  =  Jc. 

If  6  =  0,   the  two  points  of  intersection  B  and  b  unite 
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in  one  at  the  origin  A:  and  AD  being  =  ^^^^  the  point  of 
inflexion  will  be  at  JEJ. 

If  we  have  6  =  0  and  c  =  0,  so  that  the  equation  becomes 
€?y=za^^  the  three  points  B,  C  and  6  all  unite  at  the  origin, 
and  so  does  the  point  of  inflexion  E,  as  at  the  point  A  below. 


In  the  latter  case,  the  origin  of  co-ordinates  is  a  point 
of  Single  Infleanofij  though  the  union  of  three  points  of 
the  curve  takes  place  there,  the  existence  of  which  is  indeed 
indicated  by  the  equation 

but  Geometry  is  not  possessed  of  the  power  to  exhibit  them. 


Ex.2. 


Let  the  equation  of  the  curve  proposed  be 
=  (a?  -H  6)  (a?  —  6)  (jv+c)  (a?  —  c) : 

o»g  =  12^-2(tf  +  c«), 

a^r  =  24a?,  o'«  s=  24,  a?^  =  0 ; 


whence  if  g  =  0,  we  obtain  wss  ±   ^  — - — ,  which,  because 

o 

24        /V^i? 

then  r  =  +  -r  'V ,   indicate  two  ixnnts  of  contrary 
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flexure,  as  at  the  points  E  and  e  in  the  followifig  diagram: 


that  is,  if  AB=::Ab  =  bj  AC  =  Ac=iCy  the  curve  intersects  the 

axis  of  w  in  5,  6,  C,  c,  and  making  AD  =  Ad=  'V  — ^ — ' 

we  have  the  two  points  of  inflexion  at  E  and  e. 

Hence  if  b  and  c  be  each  assumed  =0,  the  four  points 
of  intersection  Bj  6,  C,  c,  as  well  as  the  two  points  of  contrary 
flexure  £,  e  will  all  be  united  in  one  at  the  origin,  which  will 
therefore  become  a  point  of  Datible  InfleaAon^  and  may  be 
represented  by  A  in  the  following  diagram,   the  double  in^ 


flexion  there  not  being,  visible  as  was  the  single  inflexion  itf 
the  last  example. 

From  the  form  which  the  curve  retains  whilst  the  quan* 
titles  b  and  c  remain  finite,  the  origin  of  the  co-ordinates  of 
the  curve  whose  equation  is  a'y  =  a?*  =  ^.a?.ir.a?  has  been 
designated  a  point  of  Undulation ;  and  the  term  SerpentemefU 
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has  been  applied  to  a  point  thus  circumstanced  by  some  of 
the  French  mathematicians.  The  existence  of  such  a  kind 
of  point  indeed  depends  entirely  upon  the  supposition  of  the 
quantities  b  and  c  having  been  previously  regarded  as  finite 
magnitudes,  for  according  to  the  ordinary  principles  of  in- 
flexion above  explained,  we  have 

from  which  if  g  =  0,  we  find  .r  =  0 ;  but  this  does  not  here  cor- 
respond to  a  point  of  contrary  flexure,  because  the  first  dif- 
ferential which  this  value  of  w  causes  not  to  vanish  is  «,  which 
is  of  an  even  order:  that  is,  there  is  naturally  no  inflexion 
at  the  origin,  and  the  point  of  double  inflexion  there  ori- 
ginates solely  from  the  union  of  the  two  points  determined 
on  the  afore-mentioned  hypothesis. 

Ex.  3.     If  a'y  =  w^ -  (6*  +  c*)  ,r^  +  ftVa? 

=  «j?  (<»  +  6)  (lV  —  6)  (iV  -I-  c)  (^  •—  c), 
we  shall  have 

whence  assuming  g  =  0,  we  obtain 

that  is,  «r  {lOo?*  — 3  (fe^-fc*)}  =0,  the  roots  of  which  are  ob- 
viously   0  and  +    \/ i  correspondent   to  points    of 

contrary  flexure,  one  of  which  is  the  origin  of  co-ordinates; 
thus,  if  we  make  AB^Ah^s^h^  AC^  Ac  =  c  and 

10 
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and  draw  the  ordinates  D£,  de^  the  four  points  J7,  6,  C,  c, 


will  be  points  of  intersection  of  the  axis  of  oe  whilst  Ay  E,  e  are 
the  three  points  of  inflexion. 

In  this  case,  the  quantities  b  and  c  being  supposed  to 
vanish,  the  two  points  E  and  e  coincide  with  the  point  J, 
and  thus  the  origin  becomes  a  point  of  Triple  Infleaiion 
whose  geometrical  character  is  similar  to  that  of  a  point  of 
Simple  Inflexion,  as  in  the  following  diagram. 


-^ 


Here  the  equation  a^y^w^  gives 

a*p=3  5<2?S  d^q=z20ai^,  aV  =  60<r^,  a*«  =  120^,  a*/ =120; 

so  that  the  fifth  differential  coefiicient  is  the  first  which  does  not 
vanish  when  a?  =  0,  and  the  ordinary  principles  point  out  merely 
a  simple  inflexion  at  the  origin,  the  triple  order  of  inflexion 
depending  for  its  existence  upon  considerations  similar  to  those 
mentioned  in  the  last  example. 
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Ex.  4.     Taking  the  parabolic  curve  whose  equation  is 

we  shall  have 


P 


6cP*-   4(a2  +  6'^  +  c2)a?'  +  2(a«6«  +  aV  +  6V)a?, 
SOod'  -  12  (a^  +  b'  +  c^)  0?^  +  2  (o^fc*  +  aV  +  fe*c^), 
120<2?'  —  24  (a-^  4-  6'^  +  c2^  0? ; 

and  from  the  equation  g  =  0,  which  is  characteristic  of  in- 
flexion,  four  different  values  of  x  will  be  obtained  which  mani- 
festly belong  to  so  many  different  points  of  contrary  flexure: 
thus,  in  the  following  figure,  if 


JB=^Ab  =  a,  AC=^Ac=:b,  AD  —  Ad=^c,  and  AE,  AG,  Ae, 
Ag  be  taken  equal  to  the  roots  of  the  equation  ^  =  0,  the 
corresponding  points  Fy  -ff,  /,  h  will  be  points  of  contrary 
flexure  according  to  the  principles  above  laid  down. 

If  each  of  the  magnitudes  a,  6,  c  be  supposed  =:0,  it  is 
obvious  that  the 'four  points  of  inflexion  jP,  jET,  /,  h  unite 
in  one  at  the  origin  of  the  co-ordinates  and  form  what  is  called 
a  point  of  Quad/ricple  Inflexion  there,  though  the  figure  will 
not  then  possess  the  appearance  of  any  inflexion  at  all,  as 
in  the  following  diagram,  nor  will  the  equation  y=ix^  by  the 
ordinary  principles  lead  to  the  discovery  of  its  existence,  as 
in    Example  2.     A   point   supposed   thus   to   arise  from   the 
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union  of  four  points  of  contrary  flexure  in  a  curve,  is  desig- 


nated a  point  of  Double  Undulation^  and  a  similar  mode  of 
reasoning  may  obviously  be  applied  to  curves  defined  by  equa- 
tions of  higher  dimensions. 

225.  Coa.  From  the  discussions  of  the  preceding  exam- 
ples, we  may  therefore  collect  that  all  points  of  odd  orders 
of  inflexion  originating  as  above  described,  agree  in  their 
geometrical  character  with  points  of  simple  inflexion,  and  are 
therefore  visible ;  but  that  all  points  of  even  orders  of  con- 
trary flexure  possess  no  visible  geometrical  character  what- 
ever, and  are  therefore  to  be  interpreted  exclusively  in  an 
analytical  sense  as  having  reference  to  the  pre-existence  of 
certain  real  magnitudes,  which  in  the  case  under  immediate 
consideration  have  become  evanescent. 

And  if  the  equation  ^  =  0  have  two  equal  roots,  we  are 
led  to  infer  that  the  corresponding  point  in  the  curve  is  one 
of  double  inflexion:  if  it  have  three  equal  roots,  the  curve 
has  a  point  of  triple  inflexion  to  correspond,  and  so  on. 


(6)     Isolated  or  Conjugate  Points. 

226.  If  when  a  certain  value  is  given  to  the  abscissa  <x', 
the  value  of  the  ordinate  y  remain  possible  at  the  same  time 
that  one  or  more  of  its  differential  coefiicients  become  ima- 
ginary, the  corresponding  point  of  the  curve  is  an  Isolated 
or  Conjugate  Point, 
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For,  if  the  equation  to  the  curve  be  y^fipo)y  then  by 
Taylor's  Theorem  we  have 

which  will  both  manifestly  become  itnpossible  whatever  h  may 
be  assumed  when  such  a  value  is  assigned  to  the  principal 
variable,  as  shall  render  any  of  the  differential  coeflScients 
imaginary.  If,  therefore,  two  possible  co-ordinates  render  any 
of  the  differential  coefficients  impossible,  the  point  defined  by 
the  said  co-ordinates  being  detached  from  the  other  parts  of 
the  curve  will  be  what  is  called  an  isolated  or  conjugate 
point. 

Hence  it  is  manifest  that  to  determine  the  positions  of 
such  points,  we  have  only  to  ascertain  what  possible  values 
of  the  co-ordinates  satisfy  the  equation  of  the  curve  y=/(^)  at 
the  same  time  that  they  render  one  or  more  of  the  differential 
coefficients  imaginary. 

227.  The  impossibility  of  the  differential  coefficients  may 
manifestly  arise  from  the  indication  of  the  extraction  of  an 
even  root  of  a  negative  quantity  when  the  equation  to  the 
curve  involves  surds,  as  will  appear  by  the  following  instance. 

Ex.  In  the  curve  whose  equation  is  a'^  =  w  (jv  +  by,  we 
have  immediately  y=s  ±  (a?  +  6)  \/  - ,  and 


dy                1     r       .-        h   ] 
—  =  ± j:=l3\/ Off  + —7=] : 


now  if  0?  =  —  6,  we  have  y  =  0,  and  the  corresponding  value  of 

dy       _       /      b 

-,-  =  -f  \/ will  cause  the  values  preceding  and  succeed- 

ft  'V  Q, 
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ing  this  to  be  imaginary,  so  that  if  ^  be  the  origin  of  the 


co-ordinates,  and  JB  be  taken  =6,  the  j^int  B  belongs  to 
the  curve,  but  is  entirely  detached  from  the  rest  of  the  figure, 
assuming  the  character  of  a  conjugate  point. 

228.  The  impossibility  of  one  or  more  of  the  differential 
coefficients,  and  consequent  existence  of  a  conjugate  point, 
may  be  indicated  by  the  circumstance  of  the  first  diffe- 
rential coefficient  appearing  in  the  particular  case  under  the 

indeterminate  form  -,  when  the  equation  is  free  from  surds. 


For,  let  the  first  differentiation   of  the   equation   of  the 
curve  give 

Pda;+Qdy=iO,    or  P  +  Q~  =^0, 

aw 

where  P  and  Q  are  functions  of  x  and  y :  and  this  by  successive 
repetitions  of  the  same  operation  obviously  leads  to  a  result  of 
the  form 


i2da?"+^  +  Qd"+'y  =  0,    orJ8  +  Q 


=  0: 


now  if  the  differential  coefficient  - — ^  become  imaginary,  it 
is  manifest  that  we  must  have  R  and  Q  independently  equal 
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dy 
to  zero,  that  is  i2=0  and  Q=0 ;  and  the  equation  P-f  Q—  =0 

dy       0 
leads  immediately  to  P  =  0,    so  that  ---=-. 

•^  dw       0 

.Ex.     Let  the  curve  be  defined  by   the  equation  j?^j^== 
(a^  —  i7^)  (a?  —  2  a)^,  from  which  is  immediately  deduced 

dy       (a?  —  2a)  (a^  +2a*i?  — 2^p^) 
da?  cTy  (a?  4-  y) 

now  if  the  value  2  a  be  assigned  to  a?,  we  shall  have  y  =  0,  and 

the  first  differential  coefficient  ---  assumes  the  form  - :  but  by 

dw  0  -^ 

(107)  we  find 

6a^  +  4aa?  +  3a^ 


1>=- 


2a?y  +  y^+(«r^  +  2a?y)j> 

.-.  (2a?y  +  y^)  p  +  (ci?^  +  2<r2/)  p^=  -^  (6/v^  H-  4aa?  +  3a^)  : 
and  if  tP  =  2  a  .and  y  =  0,  we  have 

4a^p^=:  -^SBaJ^  or  />=  ±  ^\/  -  35, 

which  is  an  imaginary  quantity :  hence  the  ordinates  expressed 
generally  by  y=/(^±^)  have  no  existence  contiguous  to 
the  point  whose  co-ordinates  are  2  a  and  0,  which  is  therefore 
a  detached  or  conjugate  point. 

The  curve  just  considered  is  a  particular  case  of  the  more 
general  one  whose  equation  is 

o^y^  =  (a^  —  a?^)  (a?  —  by^ 

and  is  delineated  underneath,  the  point  C  being  beyond  the 
point  B  in  consequence  of  b  being  greater  than  a,  and  having 
become  a  conjugate  point:  and  it  may  be  observed  that  the 
existence  of  a  conjugate  point  is  generally  attributable  to 
the    pre-existence  of  some  Node  or   Oval^    the  magnitude  of 
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which  depended  upon  the  value  of  a  constant  in  the  equation, 


and  in  the  particular  case  the  magnitude  of  the   said  con. 
stant  is  such  that  the  oval  or  node  reduces  itself  to  a  point. 


(7)     Points  of  Maximum  and  Minimum  Curvature. 

229.    We  have  seen  in  (176)  that  the  radius  of  curvature 
of  a  curve  is  expressed  generally  in  the  formula 

(1  +p«)» 
7= ; 

whence  it  follows  that  when  such  a  value  is  assigned  to  .r  as 

renders  ^  =Oorco,   the  corresponding  point  in  the  curve 
dw 

will  have  its  radius  of  curvature  a  maximum  or  a  minimum 

according  as  -~  is  negative  or  positive,  and  so  will  be  a  point 

of  minimum  or  maximum  curvature  agreeably  to  what  is  said 
in  (175). 

Ex.     In  the  rectangular  hyperbola  referred  to  the  asymp- 
totesy  we  have  seen  in  Ex.  3.  of  (177)  that 

'       2a^  V  or/ 
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=  i^("-3(^+3'  =  °' 


the  maximum  or  minimum  value  of  which  is  determined  from 

dy         3    /         a*\   /  .      o*\^ 
da? 

and  the  only  possible  solution  of  this  gives  a?  =  ±  a,  which, 

as  might  easily  be  shewn,  renders  — ^  a  positive  quantity  : 

at  this  point,  therefore,  the  radius  of  curvature  is  a  minimum, 
and  consequently  the  curvature  itself  is  a  maximum  at  each 
of  the  vertices  of  the  hyperbola. 

230.  When  the  contact  subsisting  between  a  curve  and 
its  circle  of  curvature  is  of  an  odd  order,  the  curvature  is 
dther  a  maximum  or  a  minimum,  but  when  it  is  of  an  even 
order,  the  curvature  is  neither. 


For,  since  y  = 


dtX^  dd/^ 


if  we  call  the  successive,  differential  coefficients  of  the  ordinate 
of  the  curve  and  of  the  circle  of  curvature  p,  q^  r,  «,  &c., 
'p\  q\  r ,  «',  &c.  respectively,  and  take  notice  that  by  each 
successive  differentiation  we  introduce  an  additional  differential 
coefficient,  we  shall  manifestly  have  for  the  curve 

^  =  0  (p,  gr,  r),  -^  =  01  (p,  g,  r,  «),  "^=02  (P;  9>  n  «,  t),  &c., 

and   for  the  circle  whose  radius  undergoes  no  corresponding 
change, 

0  =  0  (p',  q\  r'),  0  =  ^1  (p',  g',  r\  «'),  0  =  0^  (p',  q\  /,  «',  t%  &c. : 

whence,  ifp'=p,  q'^q   and  r  =  r,  we  shalLhave 
dy 


dx 


=0  {P^  9^  r)  =  (l>(p\  q\  r)=0; 


and  therefore  ^y  is  a  maximum  or  a  minimum  according  as 

Rr 
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— -  is  negative  or  positive:  but  if,  in  addition  to  these  we 
have  likewise  s'^s^  but  not  t'sst^  it  follows  that 

^  =  01  (Pj  9^  ^y  «)  =  01  (jP'j  9  j  ^'j  O  =  ^» 

and  therefore  y  can  be  neither  a  maximum  nor  a  minimum: 
and  similarly  of  succeeding  orders. 

Hence  also,  conversely,  if  at  any  point  of  a  curve  the 
curvature  be  a  maximum  or  a  minimum,  the  contact  of  the 
circle  of  curvature  with  it  at  that  point  is  of  an  odd  order. 

Ex.  1.  In  an  Ellipse,  whose  co-ordinates  are  measured 
from  the  centre,  it  has  been  proved  in  Ex.  2.  of  (177)  that 

-y^"^^ ^b -' 

when  'y  is  either  a  maximum  or  a  minimum ; 

a 


whence  we  have  j?  =  0  and  a?=  -I- 


\/a*-.6« 


and  the  former  of  these  is  proved  by  the  usual  criterion  to 
correspond  to  a  maximum,  and  the  latter  neither  to  a  maximum 
nor  a  minimum : 

b        X  ab 

nowp=  -  -     >  ,         >  g=- 


Sabw 
and  r= j-,  which  =0,  when  a?  =  0: 

also,  from  the  equation  7*  =  (a?'  —  a)*  4-  (y'  —  ^3)%  we  find,  by 
diflferentiation,  substitution  and  elimination, 
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which  in  this  case  becomes 


(a2«a^)5{o*-(a«-6^)a^} 


=  0; 


whence  r  ^s^r^  or  the  ellipse  and  its  circle  of  curvature  at  the 
extremities  of  the  minor  axis  have  contact  of  the  third  order, 
the  radius  of  curvature  being  there  a  maximum,  and  conse- 
quently the  curvature  itself  a  minimum. 

Also,  since  at  the  point  whose  co-ordinates  are  0  and  6, 
we  have  ,=  -.!^  and  ,'=-£?, 

the   curve  and   its   circle   of  curvature  have  not   contact  of 

a  higher  order  than  the  third;  and  because  «'  — «=  — g  C^*""  ^) 

a 

is  a  positive  quantity,  it  follows  that  the  circle  of  curvature,  at 

the  extremity  of  the  minor  axis,  falls  without  the  curve. 

Similarly,  if  we  take  y^  ^  ^ ^^ — — — ^     *    ,  we  shall 

find  y  =  0,  or  ^  =  a,  when  ^  ^^  &  minimum,  and  r  ^=^Tj  but 
a'  less  than  «;  and  therefore  the  circle  of  curvature,  at  the 
extremity  of  the  major  axis,  falls  within  the  ellipse. 

Ex.  2.    In  the  cubical  Parabola  y'  =  o^«J?:   whence  by  (176) 

4  43 

(aS'  +  pa?^')^' 

7= TT""' 

a 
and  if  this  be  a  minimum,  we  find  a?  =  +  -^ — rr :   wherefore 

750 
r  =  — ~  =  r',  or  the  curve  and  its  circle  of  curvature  have  con- 
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tact  of  the  third  order  where  the  curvature  is  a  maximum; 
and  since  a  is  at  the  same  point  less  than  «,  the  circle  of  cur- 
vature falls  within  the  curve. 

Points  possessing  the  analytical  characters  exhibited  in 
these  examples  form  the  exceptions  in  particular  cases  alluded 
to  in  Article  (l63). 


MULTIPLE  POINTS. 
(1)     Points  in  which  two  or  more  Branches  intersect  each  other, 

231.     If  when  a  certain  value  is  assigned  to  the  abscissa  a?, 

the  ordinate  y  have  only  one  value,  but  its  first  differential 

dy  ,  .    .  .  , 

coefficient  ^~  admits  of  more  than  one,  it  is  obvious  that  the 
ax 

curve  admits  of  more  rectilineal  tangents  than  one  at  the  cor- 
responding point,  which  is  therefore  designated  a  multiple 
point  whose  degree  of  multiplicity  is  expressed  by  the  number 

dy 
of  the  said  real  values  of  --- :  thus,  in  the  first  and  second  parts 

dai 

of  the  following  diagram,  the  points  C  and  E  are  respectively 


a  double  and  a  triple  point ;  and  the  determination  of  such 
points  will  manifestly  be  effected  by  finding  the  magnitudes 

of  the  co-ordinates  which  give  to  — -  more  values  than  one. 


dx 


dy 


232.     Different  values  of  -7-  corresponding  to  one  value 
of  each  of  the  co-ordinates  x  and  y  may  obviously  originate 
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from  the  circumstance  of  a  radical  quantity,  which  has  dis- 
appeared in  the  particular  value  of  y,  making  its  re-appearance 

in  the  first  differential  coefficient  -~,  as  will  be  seen  in  the 

ax 

following  instances. 

Ex.  1.     Let  the  equation  of  the  curve  proposed  be 

then  if  to  ^  be  assigned  the  value  a,  it  is  obvious  that  we 
shall  have  two  values  of  y  each  equal  to  6,  by  the  disappear- 
ance of  the  radical  quantity  y/  w :  but  from  this  equation  we 
obtain 

dy  Sof—'a 

dx       ""    2\/^ 

which,  when  x  is  assumed  =a,  shews  the  values  of  the  tri- 
gonometrical tangents  of  the  angles  at  which  the  curve  is  there 


•a?       uL 


inclined  to  the  axis  of  a?  to  be  Hh  va :  that  is,  A  being  the 
origin  of  co-ordinates,  we  have  corresponding  to  x^=a=:AB 
and  y  =  b=^  BC^  the  double  point  C  at  which  the  positions  of 
the  rectilineal  tangents  are  determined  from  the  equation 

tan  X=^  +  y/a. 


Ex.  2.     If  (a  -i-  0?)  y^  =  (a  —  x)  a^y  which  gives  for  y  the 
two   general  values    +  x  \/  _  obviously    uniting   in  one 


a-\-x 


at  the  origin  where  a=:0,  we  shajl  have 
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(a*  ^aX'^a^) 


^^+  

but  correspoDding  to  07  =  0,  this  expression  admits  of  the  two 
values  Hr  1,  so  that  at  this  point  we  have 

tan  Jf  =  ±  1  =tan  45®  or  tan  1S5»; 

hence  at  the  point  A  in  the  following  diagram,  the  curve  admits 


of  two  rectilineal  tangents,  making  angles  of  45^  and  ISSP 
respectively  with  the  axis  of  J7,  and  has  consequently  a  double 
point  there. 

Ex.  3.     If  a^y-  =  (a'  -  o?^)  (o?  -  h)\  we  shall  have 

from  which  is  immediately  obtained 

dy  a^b  —  a^ 

doo       ~  a^y/a^-^n^ 

now  when  /r  =  6,  it  is  obvious  that  each  of  the  values  of  y 

becomes  =0,  so  that  two  points  of  the  curve  there  coincide: 

dy  .  .  • 

but  the  values  of  —  on  the  same  assumption  manifestly  be- 

\/  a!^  —  6* 
come  =  Hh 7 ?  indicating  the  trigonometrical  tangents 
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of  the  angles  which  the  two  branches  of  the  curve  there  make 
with  the  axis  of  w^  as  is  exhibited  at  the  point  B  in  the 
diagram  underneath. 


y 


233.     Whenever  the  differential  coefficient 


dy 

—  appears  m 

UOIj 

a  form  divested  of  radical  quantities,  it  is  evident  that  for  one 
value  of  w  and  two  or  more  equal  values  of  yj  it  cannot  gene- 
rally have  more  than  one  value  to  correspond,  except  it  be 
expressed  in  the  form  of  a  rational  fraction,  which  is  an 
implicit  function  of  a?  and  y^  and  assume   the  indeterminate 

form  -,  as  appears  from  the  instances  given  in  (107). 

Indeed  it  is  easily  demonstrated,  that  if  the  equation  of 

a    curve    be   freed    from    radical    quantities,    the    diflferential 

dy 
coefficient  —  corresponding  to  a  multiple  point,   to   which 

belong  more  than  one  rectilineal  tangent,  must  generally  as- 
sume the  form  -. 

0 

For,  let  Pdo?—  Qdy  =  0  be  the  differential  equation  of  the 
curve,  the  quantities  P  and  Q  being  rational  functions  of  the 
co-ordinates  w  and  y,  and  suppose  a  and  /3  to  represent  the 
trigonometrical   tangents  of  the  angles  of  inclination   to  the 
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axis  of  m  at  a  double  point:  then  the  equation  P—  Q--=0, 

dx 

for  this  point  gives 

P-Qa  =  0  and  P-Q)3  =  0: 
whence  we  have  immediately 

Q(a-.)3)=0; 

and  this  leads  to  the  conclusion   that   Q  =  0   and   P=0,  so 

dy 
that  -—  which  is  represented  generally  by  the  rational  fraction 
doB 

P  ....  0 

--  assumes  in  this  particular  instance  the  form  -  • 
Q  0 

It  will  not  follow  conversely  however,  that  the  values  of 

dy 
the  co-ordinates  which  give  to  —  this  peculiar  form,  belong 

to  a  multiple  point  where  two  or  more  branches  of  the  curve 
intersect  each  other,  unless  it  admit  of  two  or  more  different 
magnitudes  when  its  true  values  are  found  by  means  of  the 
principles  laid  down  in  (107.) 

234.  To  determine  the  m/ultiple  Points  of  a  curve  formed 
by  the  Intersections  of  its  different  Branches. 

Let  the  equation  of  the  curve  be  expressed  by  f«  =  0, 
where  u  is  a  function  of  its  co-ordinates  of  and  y  divested  of 
irrational  quantities:  then  if  the  first  differentiation  give  rise 
to  the  equation 

Pdw^Qdy^Oj 

it  is  obvious  that  P  and  Q  are  the  differential  coefficients  of 

u  with  reference  to  the  mutually  dependent  variables  sb  and 

du  du 

y  respectively :  that  is,  P=  --—  and  Qs=  --  : 
^        ^         "^  dw  dy 

since,  therefore,  at  the  kind  of  point  we  are  seeking,  we  must 

P       0 
have  --  =  - ,  in  order  to  determine   the  positions    of  such 
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multiple  points,   the  values  of  the  co-ordinates  must  be  so 
assumed  as  simultaneously  to  satisfy  the  three  equations 

du  .  du 

ussOj  —-  »0  and  — =0: 
dw  dy 

and  to  ascertain  their  nature  and  degree  of  multiplicity,  all 

J.. 

the  corresponding  values   of  --—  must  be  found  as  the  arti- 

dw 

cle  (107)  directs. 

Ex.   1,     The  equation  to  the   Lemniscata  of  Bernoulli 
being  («^  +  y*)^  =  2o*(^  — J^)j  we  obtain 

dy  __  o^a?  — a?'  — a?y^ 
da^       a^y^n^-^a?y^ 


.0 

h. 

d 

3/ 

therefore  at  a  multiple  point  we  must  have 

du 


=  0, 


da 

du 
dy 


=  a  a? — or*  — a?y*  =  0. 


=  «'!^  +  9'  +  a^y==0: 


now  it  is  obvious  that  when  a?  =  0,  two  values  of  y  are  equal  to 

du  du 

O^  and  all  the  equations  w  =  0,  -—  =0  and  ---  =0  are  satis* 

dw  dy 

Ss 
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fied :  that  is,  the  origm  of  the  co-ordinates  may  be  a  multiple 
point  belonging,  to  which  we  have  by  (107) 


P- 


(a*  +  a^  +  Sy»)p  +  2j?y 


wherein  d?  =  0  and  y  =  0:  whence  we  find  p=  -  or  p=  +1; 

P 
and  therefore  the  curve  has  at  the  origin  a  double  point,  the 

rectilineal  tangents  to  the  two  branches  forming  it  being  in- 
clined to  the  axis  of  w  at  the  respective  angles  of  45^  and 
135^  as  in  the  diagram. 

dy      aV'—sf 
Ex.  2.     Let  y*  —  Saxy  +  ^^  =  o,  which  ffives  —  =  -f • 


then  we  have  the  three  following  equations 

w  =  y^  —  Saa?y  + 07^  =  0, 

du 
dx 

du 


=  Oy  —  .2?*sb:0, 


dy 


=y^  — aa?  =  0, 


to  characterize  the  existence  of  a  multiple  point; 
from  ay— a?^=0  and  y^  — aa?  =  0,  we  have  by  addition 
^  — a?^  +  a(y  — a?)  =  0,  or  (y  — ^)  (y +  ^  +  o)=0: 
.-.  ysso?  or  yss— (o  +  cv): 
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of  these  y=£=<v  by  substitution  in  the  proposed  equation  gives! 

w^Of    and   a?=|a,   the   first  of   which  alone   satisfies  th6 

du  du 

equations  -—  =0  and  — -  =0,  and  y=  —  (a-t-of)  gives  o*=0, 
aw  ay 

which  is  absurd: 

hence  the  origin  of  the  co-ordinates  may  here  be  a  multiple 
point : 

and  because  p  =  -^ — ^  = ;;  ==  ';^tz — I  >  ^y  (^  W)> 


y*— ao?      0      ^yp  —  a 


dy 


the  values  of  —-  at  the  origin  are  0  and  oo,  which  shew  that 

dw 

this  point  of  the  curve  is   a  double  one  of  such  a  nature 

that  the  co-ordinate  axes  are  tangents  to  its  different  branches, 

as  in  the  diagram  presented  above. 

Ex.  S.     Let  the  curve  be  defined  by  the  equation 


y*  + 2aa?j^— a^  =  0:  thenj9  = 


4y*  +  4!awy  ' 


whence  corresponding  to  multiple  points,  we  must  have 

3a,TE^'^2ay^  =  0, 
4'y^  +  4oa;y  =  0, 


334 


which  can  be  simultaneously  satisfied  only  by  the  values  «v=0 
and  yssO: 


also,  p= 


3aof^2ayp 


0 


^^  +  ^awy       0  ""  6j^p  +  2oy  +  2oarj?  ""  0 


by  (107)  : 


therefore  12y|i^  +  6ap*  — 3a  =  0,  which,  when  yssO,  becomes 


6ap*  — 3a  =  0,  and  gives  p=± 


\/i' 


and  it  is  moreover  obvious  that  this  equation  will  be  satisfied 
by  p  =  CO  : 

hence  in  this  case  the  origin  is  a  triple  point,  to  one  branch 
of  which  the  axis  of  j(  is  a  tangent,  and  the  two  others  are 
touched  by  the   straight  lines,  the  trigonometrical  tangents 

of  whose  inclinations   to  the  axis  of  w  are — 7=  and 7=, 

V2  V2 

as  in  the  diagram  above  given. 

Ex.  4.     Let  the  equation  to  the  curve  be  (/x^  +  ffY'^ 

4aV$^  =  0,  from  which  ^  = .  T  T^      L'- 

^  dar  4a*a;'y~3y  (a?»  +  y«)« 
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now  it  is  readily  seen  that  x=:0  and  2^  =  0,  are  the  only  values 
which  satisfy  at  the  same  time  the  three  .equations 

and   the    determination   of   the   corresponding   values    of   — - 

according  to  the  principles  laid  down  in  (107),  shews  that 
the  origin  is  a  quadruple  point,  the  co-ordinate  axes  being 
tangents  to  the  difiFerent  branches  of  the  curve  as  exhibited 
in  the  diagram  above  affixed. 

(2)     Points  in  which  two  or  more  Branches  touch  each 

other. 

235.     By  assigning  to  the  co-ordinates  w  and  y  particular 

values,  the  first  diflferential  coefficient  -—  may  however  assume 

aw 

the  indeterminate  form  - ,  without  at  the  same  time  admitting 

of  more  than  one  magnitude.  This  circumstance  generally 
indicates  the  existence  of  points  of  contact  of  different  branches 
of  the  curve  as  may  be  demonstrated  by  the  following  con- 
verse operation. 

For,  let  two  branches  of  the  curve  have  with  each  other 
contact  of  the  n^  order,  so  that  the  first  n  differential  co- 
efficients of  y  shall  be  the  same  for  each  branch  of  the  curve, 
and  those  succeeding  different :  then  from  the  equation  Pda  + 
Qc2y  =  0,  we  obtain,  by  n  successive  differentiations,  the  result 
Rdaf"^^  +  Qd*'*'*y  =  0,  wherein  J?  is  a  rational  function  of  a?,  y 
and  the  first  n  successive  differential  coefficients,  and  Q  the 
same  as  before: 

d"+^  y 
now  let  the  two  values  of  ^  which  belong  to   the  pro- 

posed point  of  contact  be  a  and  /3  so  that  we  have  i?  -|-  Qa  =  0 
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and  R  +  Q/3  =  0 ;  then  as  before  we  conclude  immediately  that 
Q=:0  and  R^O^  whence  it  follows  also  that  P=:0,  and  thence 


P 

Q 


0 
0 


but  it  may  be  observed,  as  in  (233)  that  —  =  -,  does  not 

in  all  cases  necessarily  indicate  the  existence  of  a  point  of 
this  description. 

236.  To  determine  the  multiple  Points  of  a  curve  formed 
by  the  Contacts  of  ita  different  Branches. 

If  f«  =  0  be  the  equation  of  a  curve  proposed,  it  is  obvious 
from  what  has  already  been  said,  that  the  co-ordinates  of  a 
multiple  point  of  this  second,  species  must  likewise  satisfy 
simultaneously  the  three  equations 

du  ^  du 

w  =  0,     ---  =  0  and  -—  =  0 ; 
dx  dy 

and  to  ascertain  the  nature  and  degree  of  the  contact,  it  must 
be  determined  how  many  of  the  differential  coefficients  belong- 
ing to  the  different  branches  become  equal  to  one  another. 

Ex.     Let  the  curve  be  defined  by  the  equation 


then  at  a  multiple  point  of  contact  we  must  have 
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aw  ay 

which  together  with  the  proposed  equation  t^ssO,  will  both 
be  satisfied  by  the  co-ordinates  <r  =  0  andy  =  0:  and  therefore 
the  origin  may  be  a  multiple  point :  but  we  have  here 

dy  ^aP  —  ^ayx  0 

dw  aai^-^  \a^y'\-Say^      o' 

from  which,  by  the  ordinary  process,  we  find  -r—  =  0 :  and 

dx 

this  leads  us  to  conclude  that  the  curve  has  but  one  tangent 

at  the  origin  which  is  the  axis  of  w :  and  proceeding  in  the  same 

manner,  we  should  discover  that  the  second  differential   co- 

efficient  -—■  =  -  admits  of  two  different  values,  so  that  the 
daf       0 

origin  is  a  double  point  at  which  the  two  branches  of  the 

curve  have  merely  simple  contact,  as  in  the  figure  annexed. 

A  point  of  this  description  is,  by  English  Mathematicians, 
generally  termed  a  Point  of  Osculation  whose  order  is  the 
same  as  that  of  the  contact  subsisting  between  the  branches, 
and  in  the  works  of  the  French  writers  it  is  styled  Un  Point 
tTJEmbrassement. 

237.  It  scarcely  need  be  observed  here,  as  it  must  have 
already  appeared  from  the  diagrams  in  the  preceding  pages 
that  a  double  point  is  most  commonly  accompanied  by  an  oval 
termed  a  Single  Node :  and  in  the  same  manner  a  triple  point 
has  frequently  a  Double  Node  attendant  upon  it,  and  so  on. 

(3)     Points  of  Refleanon  commonly  called  Cusps. 

238.  If  when  a  certain  value  is  assigned  to  the  principal 

dy 
variable,  it  appears  that  y  and  -^  have  each  but  one  value, 

dw 

and  one  of  the  quantities /(^p  + A)  or /(a?  — A)  becomes  ima- 

(Py 
ginary,  however  small  A  may  be  assumed,  whilst  -~  has  two 

dar 
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different  values,  the  corresponding  point  in  the  curve  is  a  point 
of  reflexion,  and  is  styled  a  cusp  of  the  first  or  second  spmes 

according  as  the  said  two  values  of  — -^  have  different  or  the 

dor 

same  algebraical  signs.     These  circumstances  are  exhibited  at 
the  points  C  in  the  following  diagrams. 


These  points  being  formed  by  the  union  of  two  branches  of 
the  curve  which  have  a  common  tangent,  will  obviously  possess 
the  characters  of  multiple  points  of  die  second  species  discussed 
under  the  preceding  head,  and  their  existence  must  therefore 
be  determined  by  means  of  the  three  equations 

du  du 

1^  =  0,     --—=0   and  —-=0, 
ax  dy 

subject  to  the  further  conditions  that  the  corresponding  value 
of  either /(a?  +  A)  or /(a?  — A)  must  become  imaginary,  and 

dai" 

by  Examples. 


then  have  two  different  values.     This  will   best  appear 


Ex.  1 .    In  the  Cissoid  of  Diocles  we  have  j^  (2  a  —  a?)  =  ^^ ; 
and  thence  we  find  the  characterising  equations  to  be 
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tt  =s  2oy*  —  ^^  —  a?*  =K  0, 

dw  ^ 

du 
dy 

and  it  is  readily  seen  that  ^  =  0  and  y  =  0  satisfy  them  all : 

dy       (Sa  —  ai)wi 
now  —  = -3-  =0  at  this  point,  and  therefore  the  curve 

has  here  but  one  tangent  which  is  the  axis  of  iP : 

also,   if  0  — A  be  put  for  a?,  the  ordinate  becomes  ima- 

ginary,  and  for  ^r?  =  0  +  A,  we  find  that  ~  possesses  the  two 

dor 

unequal  values 

1 r  and i 5  : 

and  these  circumstances  indicate  the  existence  of  a  cusp  of 
the  first  species  at  the  origin  of  the  co-ordinates,  as  is  well 
known  to  be  the  case. 

Ex.  2.     The  equation  to  the  common  Cycloid  is 

j^=3flvers""^ — h  V  2c^a?  — a?*: 

a 


dy        ^  /^a^cB       ,  cPy  ® 

whence  —  =   \J and  — - 


and  -— -  =  — 


=      '^     ■     ■  2U1U  =   —  J  .  ~   . 

dw       .  Of  da^  x\/%aixf^ar  ; 

now  by  means  of  the  characteristic  equations  it  is  easily: shewn 

that  ^p  =2a  and  y  =  Tra  are  the  only  pair  of  co-ordinates,  which 

dv 
can  belong  to  a  multijde  point :  and  these  give  ^  =>  0,  (^  the 

curve  has  only  one  tangent  thare  which  is  parallel  to  the  axis 

Tt 
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of  X :  also,  for  a?  =  2a  +  A  the  value  of  y  id  impossible,  and  the 
values  of  -j-^  corresponding  to  j?  =  2a— A  are 

a 

±  /  > 

(2a  —  h)  v2aA  —  A* 

so  that  the  point  where  the  curve  meets  its  extreme  ordinate 
is  a  cusp  of  the  first  species. 

Ex.  3.     Let  the  equation  of  the  curve  be  (y— fe)*=(a?-ay) 
whence  we  find 

y  =  6±(ar  — a)*,  3^  =  ±  -(a?  — a)*  tod  3^  =  ±  -(^-o)-it 


now  if  ^  =  a,  we  have  y  =  h  and  --^  =  0 :  that  is,  at  this  point 

doff 

there  is  only  one  value  of  the  ordinate  and  one  tangent  which 

is  parallel  to  the  axis  of  w :  also,  for  or  =  a  —  A,  the  ordinates  are 

imaginary,   and  the  values  of  — ^  become  =  +  — 7=  when 

dor  4\/ A 

the  abscissa  is  a  +  A.  These  circumstances  determine  the  ex- 
istence of  a  cusp  at  C,  as  in  the  annexed  diagram,  where  the 
upper  branch  CE  which  is  convex  towards  the  axis  of  «p  is 

3 
pointed  out  by        ^^  and  the  lower  CD  which  is  concave  by 


4\/A 


3 


4f\/h' 


Ext  4.     I{  {2y-\'W  +  ay = 2  (a  —  a?)*,  we  shall  have 

dy  ^      2y-h^-fa+5  (a--»a?y  ^ 
do?""  2(2y-|-a?  +  a) 
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f 

now  if  CQ^Uy  we  find  that  y  has  but  one  value  —a,  and 


dx 


then  becomes  s=  —  ^ :  also  for  «r  =  a  -f  A  the  values  of  y  are 

impossible,  and  -—  has  two  unequal  values  for  a?  =  o  —  A :  con- 

dar 

sequently   if  AB=za  and   BC=^(h    the   point   C   will   be  a 

cusp  of  the  first  species,  the  rectilineal  tangent  CT  common 

to  the  two  branches  being  inclined  to  the  axis  of  a?  at  an 

angle  whose  trigonometrical  tangent  =  —  ^. 

Ex,  5.     Let  the  equation  be  (y  — aa?*)*  =  6ar^,  or  y  =  a«!P^ 
+  6a?^:  then 


dy 


cPy 


-7^  =  2aa?+  |6a?*  and  ^  =2a+  ^fea?^; 
dw  "■  Oiir  "" 


if  now  *v=zO  and  therefore  y=0,  we  have  ^-  =^0,  or  at  this 

dof 

point  where  two  values  of  y  become  equal  to  each  other,  there 

is  only  one  tangent  which  is  the  axis  of  a?;  also  for  ^==0  — A, 

the  valuea  of  y  are  impossible,  and  corresponding  to  /c^O  +  h, 

15                              15 
we  find  the  values  of  y  to  be  2a+  — bh^  and  2a 6Af, 

4       .       .  4*. 
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which  are  both  positive  when  A  is  a  very  small  magnitude: 
whence  at  the  origin  there  is  obviously  an  union  of  two 
branches  of  the  curve  both  convex  towards  the  axis  of  x 
forming  what  is  called  a  cusp  of  the  second  species^  as  exhi- 
bited in  the  diagram. 

6 

Ex.  6.     Let  y^a-k-w-^hdf  +  cw^i  then  we  have 

—  =i+26j?-I-  -ccJ^  and  ^:=:%h+—caAi 
dx  2  dor  4 


dy 
and  supposing  «a?  =  0,  and  therefore  y^a^  we  obtain  —  =  1  = 

tan  45® :  that  is  at  this  point,  the  two  values  of  the  ordinate 

merge  into  one,   and  the  branches  of  the  curve  have  there 

a  common  rectilyieal  tangent  inclined  at  an  angl^  of  45®  to 

the  axis  of  w :  also,  when  a?  =  0  —  A,  the  values  of  y  are  impos- 

d^y 
sible^  and  when  a?  =  0  +  Aj  -j-o  has  the  two  unequal  values 


dai^ 


26  + 


15c 


15c 


and  26 vA, 

4 


which  are  both  manifestly  positive  when  A  is  very  small.  This 
point  is  therefore  a  cusp  of  the  second  species,  as  delineated 
in  the  figure,  both  of  the  branches  being  convex  -towards 
the  axis  of  w. 


239*  To  ascertain  the  natures  and  positions  of  all  the 
cusps  that  may  belong  to  any  curve  whose  equation  is  given, 
it  is  obvious  that  the  process  above  used  with  reference  to 
the  a^is  of  w,  must  be  repeated  with  respect  to  the   axis  of 
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daXi 

y  where  af^=^f(jDi  and  the  differential  coefficients  are  •—  and 

dy 

fix 


df 


y  as  in  the  following  instance. 

Ex.     For  the  Tractrix  in  Ex.  8  of  (177)  whose  equation  is 


a 


-=log(- 


). 


'        I 


we  have 


dx 
dy 


\/a«-. 


?^and^^ 


o" 


dff      y^-v/a^-y"* 


dw 


and  if  we  make  y  =  ay  and  therefore  a?  =  0,  we  find  -~.  =  0, 

^  '  dy        ' 

so  that  at  this  point  the  two  values  of  both  a?  and  — -  coincide 

^  dy 

in  one:  this  is  therefore  a  multiple  point  to  which  belongs 
only  one  tangent  coincident  with  the  axis  of  y: 

also,  if  for  y  we  put  a  +  A,  the  values  of  w  are  impossible, 
and  corresponding  to   the  value  a  — A  of  y,  the  differential 

coefficient  -rr-^  has  the  two  different  values 
df 


a" 


(a-^hyy/^ah^^ 


and 


a' 


{a^Kf\/9,ah-h^ 


when  h  is  very  small,   which  prove  the  cusp  to  be  of  the 
first  species,  as  at  the  point  B  in  the  annexed  diagram. 


240.    Cob.  1.     In  cases  similar  to  the  example  just  given 

dx  .  dy  d?y 

wherein  -—  =  0,  we  shall  obviously  have  —-=00 
dy  ax 


'  dx" 


=  00  ,  &c. 
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and  though  we  have  here  been  assured  of  the  existence  of 
a  cusp*  by  referring  the  curve  to  the  axis  of  y,  it  is  manifest 
that  this  point  does  not  answer  in  its  conditions  to  the  ana* 
lytical  character  of  a  cusp  with  respect  to  the  axis  of  <r,  as 
is  evident  in  either  of  the  following  figures,  wherein  neither 


/(a7  +  A)  nor /(a?  — A)  becomes  impossible,  nor  does  — -  take 
two  different  values  corresponding  to  one  value  of  a?. 

Whenever  therefore  we  have  ---=00  and  --^  =  00  ,  and 

oa?  dor 

it  appears  that  a  root  of  the  equation  ——  =  00  renders  y  a 

dw 

maximum  or  a  minimum,  the  corresponding  point  in  the  cunre 

will  be  a  cusp  of  the  first  species  as  exhibited  in  the  first 

or  second  parts  of  the  figure,  according  as  /  (^  +  A)  and  /(^  —  A) 

are  then  both  less  or  both  greater  than/(<r). 

241.    Cob.  2.     If  this   value  of  the   second   differential 

coefiicient  — ~  become  positive  for  one  of  the  values  y=/(a?+A) 

and  y=zf(af  —  h)  and  negative  for  the  other,  it  is  evident  from 
(220)  that  the  corresponding  point  will  be  one  of  contrary 
flexure  and  not   a  cusp,  as  in  the  following  diagrams:  but 


Jf        JC 
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if  either  of  the  said  quantities  become  imaginary  on  the  ^me 
hypothesis,  we  shall  manifestly  have  a  limit  of  the  curve  in 
the  direction  of  the  axis  of  <v,  as  in  the  figure  underneath: 


which  belongs  to  a  maximum  or  minimum  of  w,  and  the  cor- 
responding ordinate  is  a  maximum  or  a  minimum  only  in  the 
sense  which  has  been  briefly  explained  and  illustrated  in  (l24) 
and  (125) :  or  there  may  exist  a  cusp  of  the  second  species  de- 
terminable by  the  ordinary  process,  as  in  this  diagram. 


M 


M 


242,  The  Theory  of  Cusps,  or  as  they  are  called  by  the 
French  writers  Points  de  Rebroussementy  and  sometimes  Cerei^ 
tdidea  and  Ramphmdea  according  as  they  belong  to  the  first  or 
second  species,  is  one  of  considerable  difiiculty,  and  has  never 
been  discussed  at  much  length  by  any  English  author.  It  has 
here  been  reduced  to  the  simplest  principles  that  the  subject 
apparently  admits  of,  and  their  application  will,  it  is  presumed, 
enable  the  student  to  determine  the  positions  of  such  points  of 
a  curve  whenever  they  exist:  and  the  following  proposition 
will  place  in  a  still  clearer  light  some  circumstances  which  may 
have  been  previously  but  slightly  touched  upon. 
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243.  To  determine  the  naiure  cf  any  proposed  Point 
of  a  curve  whose  equation  is  given. 

Transferring  the  origin  of  the  co-ordinates  to  the  point 
under  consideration,  let  us  suppose  the  resulting  equation  to 
be  reduced  to  the  form 

y^zAw^  +  Bafi  +  C^y-^kc, 

wherein  a»  (i^  y,  &c.  are  increasing  positive  quantities:  then 
we  have 

p^iaJaf^-^+fiBx^'^+yCay^  +  kc. 

g  =  o(a-l)J^-*  +  /3(/3-l)5fl^-*+7(7-l)C«>'-*  +  &c, 

&c 

whence  diminishing  indefinitely  the  corresponding  ralues  of 
<r  and  yj  we  shall  be  enabled  to  ascertain  the  nature  of  the 
point  proposed  by  an  examination  of  these  expressions:  and 
with  this  view  we  shall  consider  in  order  the  effects  of  the 
successive  indices  a,  /3,  y^  &c. 

244.  To  estimate  the  effect  of  the  first  index  a,  we  have 

y  =  Aaf% 

p  =  aAjff'^''\ 

g  =  a(a— l)-4ar«T»: 

and  a  may  be  greater  than,  equal  to,  or  less  than  1. 

When  a  is  greater  than  1. 

First,  let  a  be  of  the  form  2fi  or  — ^— ,  jm  and  v  being 

whole  numbers:  then  it  is  obvious  that  y  will  be  positive  whe- 
ther 0?  be  a  positive  or  negative  magnitude:  also,  when  wzsQ^ 
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we  have  p=0,  so  that  the  axis  of  .2?  is  a  tangent  to  the  curve 
as  at  the  proposed  point  A^  and  the  ordinate  is  there  a  mini- 
mum. 


2o  -j- 1 

Secondly^  let   a  be  of  the  form  2/u-f  1  or  ; — ; 

2i/+  1 


then 


it  is  manifest  that  y  will  be  positive  or  negative  according 
as  ^  is  positive  or  negative;  and  since  when  a?  =  0,  p  =  0,  the 
axis  of  X  will  be  a  tangent  to  the  curve  passing  through  a 
point  of  inflexion,  because  y  and  q  have  always  the  same  alge- 
braical sign. 


2u  +  l 

Thirdly,  let  a  be  of  the  form  , 

2i/ 


then  will  y  have 


two  values,  one  positive  and  one  negative  when  w  is  positive, 
but  no  possible  values  when  a?  is  negative :  from  the  proposed 
point  there  will  therefore  issue  two  branches  of  the  curve 
on  the  same  side  of  the  axis  of  y,  touching  on  opposite  sides 
the  axis  of  a?  since  p^O,  and  both  of  the  branches  will  be 

Uu 
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convex  to  it  because  the  corresponding  values   of  y  and  q 
have  still  the  same  algebraical  sign. 


When  a  is  equal  to  1. 

In  this  case  we  have  y^Aa  andp^^Af  so  that  the  curve 
here  crosses  the  axis  of  jr  at  an  ongle  whose  trigonometrical 
tangent  is  A,  and  no  inflexion  is  indicated  there  since  9=0 
whether  a?  and  j^  be  positive  or  negative. 

IVhen  a  is  less  than  1. 


Here  from  the  equation  y=iAw%  we  have  immediately 

1     i*  1  . 

a?=s  — ry"  ,  where  —  is  obviously  greater  than  1 :  and  the  dis- 

.*-  CI 

cussion  of  this  case  with  reference  to  the  axis  of  y  in  the  same 
manner  as  has  just  been  done  with  respect  to  that  of  a  will 
determine  the  nature  of  the  proposed  point. 


245.     To  consider  the  effect  of  the  second  index  fi^.^e 


have 


y  =5  Aa^  +  Bafif 

q^a  (a-  1)  ^a?*-^  + /3  (/3  -  l)  B^'\ 
Firsts  let  a  be  greater  than  1,  and  let  /3  be  of  the  fbnn 


2m  +  1 


2v 


" :  then  it  is  manifest  that  when  w  is  negative,  y  becomes 
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imagiiiary,  so  that  the  curve  does  not  cross  the  axis  of  y: 
also  because  pszO  when  0^=0,  and  y  has  two  values  corres- 
ponding to  one  value  of  w  and  q  is  positive  for  both,  the  point 
of  the  curve  is  a  cusp  of  the  second  species,  similar  to  A 
in  the  following  diagram. 


9         I    ^ 

Secondly,  let  a  =  1  and  jS  be  of  the  form ;  then  will 

'^  2v 

y  become  imaginary  when  w  is  negative :  also  when  a?  =  0,  p  =  0, 
and  of  the  two  values  of  q  corresponding  to  one  of  a?,  one  will 
be  positive  and  the  other  negative;  therefore  the  point  pro- 
posed is  a  cusp  of  the  first  species,  as  at  jl  of  the  figure  in 
the  last  page. 

2/JL 

If  3  were  assumed  to  be  of  any  of  the  forms  2ii,    ■     ■■    , 

2^  +  1, ,  no  peculiarity  of  figure  would  present  itself 

in  addition  to  what  is  indicated  in  the  difierent  cases  of 
y  =  -4^"  above  considered. 


have 


246.     To  consider  the  effect  of  the  third  index  7,  we 


y^Aaf  +  Bafi  +  Cxy, 

2/4  +  1 


and  if  'y  be  of  the  form 


2i; 


>  the  curve  does  not  cross 


the  axis  of  y,  but  y  has  two  values  corresponding  to  one  of  ^, 
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*  so  that  there  will  be  a  cusp  of  the  first  or  second  species^ 
according  as  q  has  different  or  the  same  algebraical  signs  for 
both. 

If  'y  be  of  any  of  the  forms  2/**  ,  Su  + 1,  : — , 

no  additional  singularity  occurs. 

In  this  case,  since  the  two  branches  of  the  curve  are  sup- 
posed to  originate  from  the  third  term  of  the  developement,  it 
is  obvious  that  they  have  with  each  other  contact  of  the  second 
order,  because  the  first  and  second  differential  coefficients  will 
be  the  same  for  both  when  w  is  diminished  without  limit,  and 
the  curve  whose  equation  is  y^Aaf^'\'Bafi  will  manifestly 
pass  between  the  arcs  which  form  the  cusp. 

247.  Coa.  We  might  proceed  in  the  same  manner  to 
estimate  the  effects  of  stiU  higher  indices,  and  should  the  de- 

velopement  of  y  comprise  m  exponents  of  the   form  

independent  of  one  another,  it  will  obviously  follow  that  y 
has  several  different  values  arising  from  the  different  com- 
binations of  the  expressions  that  originate  by  means  of  the 
double  signs  of  the  radical  quantities. 

248.  In  these  latter  articles  we  have  considered  all  the 
coefficients^,  £,  C,  &c.  to  be  positive  quantities :  but  should 
any  of  them  become  negative,  the  principles  explained  will 
still  be  quite  sufficient,  the  only  alteration  necessary  being  a 
change  in  the  direction  oi  the  branches  issuing  frcnn  the  point 
proposed. 

Should  however  one  or  more  of  these  quantities  become 
imaginary,  their  effect  may  be  to  render  real  some  of  the  terms 
which  we  have  regarded  as  imaginary  when  negative  values 
have  been  assigned  to  w :  but  the  result  being  merely  a  change 
in  the  algebraical  sign  of  such  term  will  form  no  exception 
to  what  has  been  already  said:  and  when  this  effect  does  not 
take  place,  we  have  been  informed  in  (226)  that  the  point  under 
discussion  is  a  conjugate  point. 
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249.  If  a  curve  possess  a  point  distinguished  by  any 
singularity,  it  is  easily  shewn  that  some  kind  of  singularity 
will  be  attendant  upon  the  corresponding  point  of  its  evolute. 

Thus,  if  a,  )3  be  the  co-ordinates  of  the  evolute  correspond- 
ing to  a?,  y  of  the  proposed  curve,  we  have  seen  that 

a=sa?— ^--^^ ^^  and  i8  =  y-f ^•• 

but  at  a  point  of  contrary  flexure  it  has  been  proved  that 
^  =  0  or  00  :  therefore  in  the  former  case  we  have 

a  =  0?  —  00  and  /3  =  y  +  oo  , 

which  shew  that  the  evolute  has  two  infinite  arcs :  and  in  the 
latter  we  find 

a  =  ^r  and  /3  =  y, 

so  that  the  curve  and  its  evolute  have  a  point  in  common,  and 
since  the  direction  of  curvature  changes  at  a  point  of  inflexion, 
it  follows  that  the  evolute  has  also  in  this  case  a  point  of 
contrary  flexure. 

0 

At  a  cusp  of  the  first  species  where  the  radius  of  cur- 
vature undergoes  a  change  in  its  algebraical  sign,  it  is 
obvious  that  «y  =  0  or  oo,  and  therefore  the  evolute  will  pos- 
sess either  two  infinite  arcs  or  a  cusp  of  the  same  kind,  as 
may  readily  be  seen  by  constructing  the  figure. 

At  a  cusp  of  the  second  species  however,  the  curvature 
undergoes  no  such  change,  and  it  may  without  much  diffi- 
<nilty  be  proved  that  the  corresponding  point  in  the  evolute 
is  an  inflexion,  the  tangent  at  which  is  a  normal  to  the  cusp. 

250.  If  the  curve  proposed  be  defined  by  polar  co-ordi- 
nates, the  relation  between  its  rectangular  co-ordinates  may 
vidth  great  ease  be  ascertained,  and  the  singular  points  with 
which  the  curve  is  attended  may  then  be  investigated  according 
to  the  principles  we  have  just  developed.  Without  however 
recurring  to  such  transformation,  it  is  no  difficult  matter  to 
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determioe  several  of  them :  such  as  points  corresponding  to  a 

maximum  or  minimum  radius  vector  and  points  of  inflexion, 

the  former  of  which  may  manifestly  be  found  by  assuming 

dr 

—  s=sO,  which  will  give  a  maximum  or  minimum  value  of  r 

according  as  —  is  then  negative  or  positive,  and  the  latter 
will  be  determined  in  the  following  article. 

251.     To  find  whether  a  polar  curve  has  a  point  of 
Infleanofiy  and  to  determine  its  positian. 

Retaining  the  notation  hitherto  used  in  polar  curves,  we 
have  seen  in  (201)  that  if  a  spiral  be  concave  towards  its  pole 

or  radius  vector,  the  value  of -v-  is  positive,  and  if  it  be  convex, 

dr 

negative :  hence  it  follows  that  at  a  point  of  contrary  flexure, 

where  the  curve  passes  from  concave  to  convex,  or  from  convex 

dp 
to  concave,  -—  must  change  its  algebraical  sign,  and  conse- 

dr 

quently  at  such  a  point  pass  through  zero  or  infinity.     Hence 
therefore  to  determine  the  points  of  inflexion  in  a  polar  curve, 

we  must  put  —  =0  or  oo,  and  the  real  roots  of  these  equa- 

dr 

tions  which  satisfy  also  the  equation  of  the  curve,  will  be  the 
values  of  the  radii  vectores  corresponding  to  them. 

Ex.  1.     In  the  Lituus  we  have  rssad"**; 

now  if  4  o^  be  greater  than  7**,  or  r  be  less  than  a\/2,  this 
spiral  is  concave  towards  its  pole: 

if  -^  =  0  and  therefore  r  =  a\/2>  there  is  a  point  of  inflexion  : 
dr 
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and  if  4  a^  be  less  than  f*,  or  r  be  greater  than  a\/2,  the  spiral 
is  convex  towards  the  radius  vector. 

The  characteristic  equations  might  have  been  satisfied  in 
other  ways,  but  the  corresponding  values  of  r  would  have 
been  either  infinite  or  impossible. 

Ex.  2.     Let  the  equation  to  the  spiral  be  r=  — ; 

then  p  =  ■  y— ^  =:  5 

y/a^j»  +  4r  (r  —  of 

dp  _  aVI  (6r2  —  ISor  +  6a2) 
^     dr  {aV-|-4(r-a)3}f     ' 

dp 
now  -7-  being  put  sO,  gives 
or 

61^  — 13ar  +  6a*  =  0 
whose  roots  are  |  a  and  |  a : 

but  since  the  latter  value  of  r  would  render  0  impossible,  the 
only  point  of  contrary  flexure  in  this  ^iral  is  at  the  distance 
I  a  from  the  pole. 


CHAP.  XL 

On  the  Jpplication  of  the   Differential  Calculus  to  the 
Describing  or  Tracing  of  Plane  Curves. 


252.  When  a  curve  is  defined  by  an  equation  of  the 
form  y=/(a?)  or  /(a?,  y)  =  0,  the  theory  of  equations  informs 
us,  that  whatever  value  is  assigned  to  <r,  there  will  be  as  many 
correspondent  values  of  y  either  real  or  imaginary,  as  the  equa- 
tion, when  reduced  to  the  ordinary  form,  has  dimensions.  By 
giving  to  Of  therefore  all  possible  degrees  of  magnitude,  both 
positive  and  negative,  we  shall  be  enabled  to  find  as  many 
points  in  the  curve  proposed  as  we  please,  and  by  joining 
the  points  belonging  to  every  contiguous  pair  of  real  co-or- 
dinates thus  found,  to  describe  or  trace  it. 

The  result  however  of  this  kind  of  construction  will  ob- 
viously not  be  a  curve,  but  a  polygonal  figure  which  approaches 
more  and  more  nearly  to  that  of  the  curve  proposed,  the  more 
the  number  of  the  co-ordinates  taken  is  increased;  and  it 
will  readily  be  observable  that  the  want  of  continuity  in  the 
arcs  of  curves  thus  described  by  means  of  points,  will  ren- 
der it  impossible  for  the  ordinary  principles  of  either  Alge- 
bra or  Geometry  to  ascertain  with  much  accuracy  the  natures 
and  circumstances  of  any  proposed  parts  of  them.  To  the 
determination  of  such  circumstances  the  Differential  CaktMs 
has  already  been  directed  in  some  of  the  preceding  Chapters, 
and  the  present  Chapter  will  consist  merely  of  Examples  of 
Curves,  in  which  the  principles  before  laid  down,  are,  as  it 
were,  brought  together  and  applied. 
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Ex.  1.     Trace  the  curve  whose  equation  is  ay^a^* 

Let   AX,  AY  he  the  axes  of  w  and  y  respectively  and 
A  the  origin  of  co-ordinates;  then  if  .t?  =  0,  we  have  ^  =  0  or 


the  curve  passes  through  Ai  if  ti?=l,  then  9=  -  ;  if  a?  =  2, 

4 
ys^  ^  &c. :  therefore  if  AB,  AD,  &c.  be  taken  equal  to  1,  2, 
a 

&c.  respectively,  and  the  corresponding  ordinates  BC,  DE,  &c, 

1     4 
be  made  equal  to  — ,  — ,  &c.  the  curve  will  pass  through  the 

points  C,  JEJ,  &c. :  also,  as  x  increases  in  infinitum,  y  is  positive 
and  increases  in  infinitum,  or  the  curve  is  indefinitely  extended 
in  its  branch  ACEQ: 

next   let   w  be  negative  and   taken   equal   to  —  1,   —  2,    &c. 

1      4 
in  succession,  and  the  value  of  y  becomes  equal  to  —  ,   -  ,  &c. 

a     a 

in  order:  whence  it  A  by  Ad,  &c.  be  made  equal  to  1,  2,  &c. 
and  the  ordinates  6  c,  de,  &c.  be  drawn,  the  curve  passes  through 
c,  e^  &c.,  and  whilst  a?  is  negative  and  increases  indefinitely, 
y  is  positive  and  increases  indefinitely,  so  that  the  curve  is  infi- 
nite in  its  branch  Aceq: 

dy       2*1? 
again,  since  ay  =  «r^,  we  have  ——  =  — :  and  therefore  at  A, 

die        a 

tan  Jr=0  or  the  axis  of  a?  touches  the  curve  at  the  origin 

dy 
of  the  co-ordinates :  and  from  ---  =  0,  we  find  a?  =  0  corres- 

dw 

ponding  to  a  minimum  ordinate  at  A: 

Xx 
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also,  since  -j^  s=  —  is  a  positive  quantity,   and  the  ordinate  y 

is  always  positive,  it  follows  that  the  curve  is  always  convex 
towards  the  axis  of  jr,  and  does  not  admit  of  a  point  of  con- 
trary flexure. 

The  equation  to  the  tangent  y  —  y=p  (a?'  — ar)  here  be- 

comes  y'  =  —  io' ,  from  which  the  rectilineal  tangent  at 

a  a 

any  proposed  point  may  be  constructed,  and  the  curve  can- 
not have  an  asymptote  since  when  w  is  infinite,  no  finite 
relation  subsists  between  a?'  and  y. 

Ex.  2.     Let  the  equation  to  the  curve  be  c?y=^a!  (6'  — a?^). 

Take  the  axes  and  origin  as  before ;  then  if  .r  =  0,  |^  =  0, 


or  the  curve  passes  through  A :  whilst  w  is  positive  and 
less  than  6,  y  is  positive,  and  the  curve  corresponding  lies 
above  the  axis  wAX^  which  it  meets  at  B  if  AB  be  taken 
•=A,  since  y  =  0  when  a?  =  6:  when  as  becomes  greater  than  b 
and  increases  in  infinitum,  y  becomes  negative  and  increases 
indefinitely,  or  the  branch  BQ  of  the  curve  is  infinite :    - 

when  w  becomes  negative  and  increases  indefinitely,  y  becomes 
negative^  and  Jkoes  so  likewise,  so  that  the  branch  Aq  lying 
below  "the  axis  of  w  is  also  indefinitely  extended  : 

.        .        dy       fc^-4^  y 

agam,  smce  --~  = — ,  at  A  we  shall  have  tanJir=— ,j 

djff  a 


«» 


3b 


and  at  B  tan  Jr= -or  the  angles  at  which  the  curve  inter- 


a 
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sects  the  axis  of  x  are  found :   and  from  -— -  =  o,  is  obtained 

h  •  h 

0?=  -77=;  whence  if  AC  =-77=  and  CD  be  drawn,  it  is  a  maxi- 

mum. ordinate:  also,  3-5= r-?   which  is  always  negative 

dor  a 

whatever  be  the  value  of  a?,  and  therefore  the  curve  has  its 
concavity  always  downwards,  and  admits  not  of  a  point  of 
inflexion. 

The  subtangent  on  the  axis  of  a?  expressed  generally  by 

—- — :  here  becomes ~,  by  means  of  which  the  recti-^ 

ay  ¥^^ar 

lineal  tangent  to  any  proposed  point  of  the  curve  may  be  drawn, 

dy  ydw 

and  it  can  never  become  an  asymptote  since  —-  and  — ; —  are 

•^    *  dx  ay 

infinite  when  a  is  infinite. 

Ex.  3,     Let  the  curve  be  defined  by  the  equation 


y= 


1  + 


Assuming  the  co-ordinate  axes  as  before,  when  07  =  0,  we 


have  y  =  0,  and  therefore  the  curve  passes  through  A  :  when  a^ 
is  less  than  1,  y  is  positive  or  the  curve  lies  above  AJC:  when 
ti?=sl,  we  have  y  =  ^9  so  that  if -4J5=1  and  SC  =  ^,  the 
curve  passes  through  C;  when  a?  is  infinitely  great,  y  is  positive 
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and  indefinitely  small,  or  AX  becomes  an  asymptote  to  the 
curve  in  that  (Ui^ction :  when  w  is  negative  and  less  than  1,  y  is 
negative  and  the  curve  lies  below  Aa :  when  47=— 1,  y=~^; 
therefore  if  we  make  ^6  =  1  and  bc  =  ^,  the  curve  passes 
through  the  point  c,  and  when  w  is  negative  and  indefi- 
nitely great,  y  is  of  an  indefinitely  small  negative  magnitude,  or 
A  a  becomes  an  asymptote  to  the  curve: 


.        dy         1- 
also,  since  ~  = 


dx       (1  +  a^y 


,  we  have  at  the  origin  the  angle 


dv         1  —  J7* 

TAX^^^\  and  -^  =  r -—  =0,  gives  *=  ±  1,  so  that  C 

aw       (1  +  ary 

and  c  are  points  at  which  the  cMrdinates  BCf  be  are  maxima : 

again,  — -  =' "Z^^^  which  will  manifestly  have  its  alge- 
braical sign  difiPerent  from,  or  the  same  as  that  of  y  according 
as  a?  is  less  than  or  greater  than  vS :  hence  if  AM=Am=y/3j 
and  the  ordinates  MP,  mp  be  drawn,  the  arcs  ACP,  Acp  will 
be  concave  towards  the  axis  of  w^  and  P,  p  being  points  of  con- 
trary flexure,  the  branches  of  the  curve  there  become  convex 
towards  the  same  axis. 


»  = 


Ex.  4.     Let  a'y  =  d?(^— 6)*;  then  when  a??s=0,  we  have 
0,  or  the  curve  passes  through  A :  when  w  is  less  than  6, 


y  is  negative  and  the  curve  lies  below  AX:  when  ^  =  6,  ysO: 
take  therefore  AB  =  b  and  the  curve  passes  through  B :  when 
w  is  greater  than  b  and  becomes  infinite,  y  is  positive  and  be- 
comes infinite,  or  the  arc  BQ  is  infinite  in  extent:  whilst  » 
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is  negative  and  becomes  infinite,  y  is  positive  and  becomes 
infinite  or  the  curve  is  infinite  in  its  branch  Aq: 


again 


dy       (a? -6)2(4,0? -6)       ^      ^  ,      ^ 

,   -r- = ^-^ -'    therefore  at   A  where  .r  =  0. 


a" 


we  have  tan  Jr= -;  and  at  B  where  w^b,  we  find  tan  -X'=0, 

a' 

so  that  the  axis  of  a^  is  a  tangent  to  the  curve  there ;  from  —  =  0, 

we  have  w=fb  and  a?  =  ^6:  whence  if  AC=s^b  and  the  ordi- 
nate CD  be  drawn,  it  will  be  a  maximum  in  the  direction  of 
Ayy  and  a?  =  6  belongs  neither  to  a  maximum  nor  a  minimum, 

will  readily  shew: 


as 


dw^ 


also  d^y  ^H^-b)(^^^b)      ^y  _2^w^lSb^ 

aiDO,  -- — r  —    ■■ ,  ana  -— — r  —  ——————— .    inerciure 

dor  or  dx^ 


af" 


when  a?  =  i  6  or  ^  =  6,  we  have  -r~  =  0  and  -r-;  remains  finite, 

"^  dor  dor 

so  that  if  AE^i^b  and  EF  be  drawnass^—,  F  and  B  are 

points  of  contrary  flexure,  the  direction  of  the  curvature  of  the 

curve  changing  at  each  of  these  points,  and  the  convexity  or  con- 

cPy 
cavity  of  the  arc  depending  upon  the  sign  of  -y^ ,  as  in  (155). 

dar 

Ex.  5.     Let  a^yss:^  (of  —  by:  then  when  a?  =  0,  y  =  0,  or 
the  curve  passes  through  A :  whilst  <r  is  less  than  6,  y  is  positive 


*~"  Jl      £       C       G       B 


-\' 
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and  the  curve  lies  above  the  axis  of  w:  when  w=ibszABf  the 
curve  passes  through  By  and  when  w  is  positive  and  infinite, 
y  is  so  too,  or  the  curve  is  indefinitely  extended  towards  Q: 
when  w  is  negative  and  becomes  infinite,  y  is  positive  and 
infinite,  therefore  the  curve  is  infinite  also  towards  Aq: 

dy       2ay  (^— 6)  (2j?  — 6) 
again,  —  = ^ ,  which  at  the  points  A  and  B 

gives  tan  Jir=0,  and  therefore  the  axis  of  a;  is  at  those  points 

dy 
a  tangent  to  the  curve:  from  —  =0  we  have  ar  =  0,  d?  =  ft 

and  07  =  ^6,  the  first  two  of  which  are  easily  shewn  to  give 
minima  values  of  the  ordinate,    and   the  last  points  out  a 

maximum  whose  co-ordinates  are  AC=^ib  and  CD^  : 

*  l6a? 

,      d*y       2(6a;*-66a?  +  fc*)       ,  d^y       l2(2«-6)     ,       , 
«!«>'  ^  = :i '  ^^  X:5  = li -'  therefore 


from 


dai^ 

fpy 


dw" 


_  a  (y/s  ±  1) 

^  ^  =sO,  we  have  a?= y= — ,  corresponding  to  which 

daf"  ^x/s  '^        * 

as  at  F  and  H  are  points  of  contrary  flexure,  the  arcs  qAF, 

HBQ  being  convex  and  the  arc  FDH  concave  towards  the 

axis  of  X. 

A  tangent  may  easily  be  drawn  to  any  point  of  the  curve, 
and  it  does  not  admit  of  an  asymptote. 

Ex.  6.     Let  y'  =  o^  —  a?' :   then  when  a?  =  0,  y  =  a ;   take 

JT 
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therefore  AB  =  a  and  the  curve  passes  through  B :  when  w=^a^ 
y  =  0;  therefore  take  ACsza,  and  the  curve  passes  through  C: 
when  w  h  >  a  and  becomes  infinite,  y  is  —  and  becomes  infi- 
nite; therefore  the  arc  CR  is  below  wAJT  and  indefinite  in 
extent :  when  a?  becomes  — ,  y  is  -f  ,  and  they  become  infinite 
together,  therefore  the  branch  BQ  is  indefinitely  extended: 


dy  a^ 

dw 


also,   3":  = 2  •  whence  at  C  where  ^  =  a,  we  have 


tan  Xss.  00  or  ^=90^  and  at  C  the  curve  cuts  the  axis  of  a  at 

right  angles:   and  -^  =0  gives  a?  =  0,  which  causing  ---  to 

dx  dor 

become  =  0,   does  not   belong  to   a   maximum  or   minimum 
of  y: 

butwheno^is-,  J^is+, 

when  a?  is  H-  and  <  a,    -— -  is  —  , 

dor 

when  ^  is  +  and  >  a,  — -  is  -f  ; 

therefore  the  arc  QB  is  convex,  J5C  concave  and  CR  concave 

towards  atAXi  and  when  ^  =  0  or  a,  we  have  ——  =rO  or  oo , 

dor 

and  therefore  at  B  and  C  are  points  of  inflexion : 

a' 
also,  since  y  =  —  iT  (1 4-  &c.),  the  equation  to  the  rec- 

3ar 
tilineal  asymptote  will  be  y'  =  —  a?',  which  may  manifestly  be 

constructed  by  making  CD  =  AC,  joining  AD  and  producing 

the  line  indefinitely  both  ways. 
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Ex 


.  7.     Lety=  -^^ -^-^ -;  then  when  <r  =  0,  J(=  — f 


^r  — 2 


take  therefore  ^6=1,  and  the  curve  passes  through  b :  when  x 
is  <  1,  ^  is  ^,  and  therefore  the  curve  lies  below  xAXi  when 
^=1,  ^  =  0:  take  therefore  AB^l,  and  the  curve  passes 
through  B :  when  of  is  between  1  and  2,  j^  is  +,  and  there- 
fore the  curve  lies  above  xAXi  when  /p  =  2,  y=oo:  take 
therefore  AC  =  2,  and  the  indefinite  ordinate  CD  will  be  an 
asymptote  to  the  curve :  whilst  <r  increases  in  magnitude  and 
when  afs=3i  5^  =  0 :  from  2  to  3,  y  is  —  and  decreases  in  mag- 
nitude from  00  to  0,  therefore  take  AE=^3y  and  the  curve 
passes  through  E  from  below  xAX\  when  or  is  >S  and 
becomes  infinite,  y  is  +  and  becomes  infinite,  and  the  arc 
ER  is  infinite:  when  a?  is  —  and  becomes  infinite,  ^  is  — 
and  becomes  infinite,  and  the  arc  ig  is  infinite : 


/»*—  4^7-1-5 


therefore  at   B   where  ci?  =  l,  we 


{w  -  2)» 
have  tan^s:2,  and  at  E  where  ^s=3,   tan  ^3=2,   or   the 

branches  at  B  and  E  are  parallel  to  each  other :  if  ~  s=  0, 

dx 

we  have  j?*  — 4^7  +  5  =  0,  which  gives  tT  =  2+  v—l,  so  that 
there  is  neither  a  maximum  nor  a  minimum  ordinate : 


2 


also.  := 

<  2,   always  —  when  a?  is  +  and  >  2,  and  always  —  when 


,  which  is  always  +  when  a?  is  +  and 


3S3 

f  is  — :  therefore  the  branches  Ar  and  Qq  are  convex  towardsl 
each  other :   and  —-^  =  0  shews  that  there  is  iniiexion  only 

At  an  infinite  distance t   also^  since  ttsao?— 2-r*^ r— &c«> 

w      or 

the  curve  admits  of  a  rectilineal  asymptote  J^C/ whose  equation* 
is  y=a?'— 2  by  (153),  and  which  may  therefore  readily  be 
constructed. 

— ,  _.  ^(^  +  l) 

Ex.8.     Letyss— -:  then  when  (^=0,  ys=Oj  and 

clr—  1 

therefore  the  curve  passes  through  A :  when  ^  is  <  1,  y  is  -^ 
and  the  curve  lies  below ^^JT:  when  <r=l^  y  is  oo  and  —2 


c    y 


draw  therefore  the  ordinate  JBD  which  indefinitely  produced 
is  an  asymptote,  the  branch  AQ  being  infinite :  when  ^  is  >  1, 
y  is  + ,  when  or—  1  is  very  small,  y  is  very  great,  and  when 
^  is  00,  y  is  +  and  06,  therefore  DB  produced  is  an  asymptote, 
and  the  branch  RFS  is  infinite :  when  w  is  —  and  <  1,  y  is  + , 
and  therefore  the  curve  lies  above  wAXt  when  msz  — 1,  y  is 
00  ;  take  therefore  Ah^l  and  the  corresponding  ordinate  hd 
is  an  asymptote,  the  branch  Aq  being  infinite:  when  ^  is  -* 
and  >1  and  becomes  60,  y  is  —  and  00 9  therefore  the  branch 
rfs  is  infinite :  and  when  a?  —  1  is  very  small,  y  is  very  great, 
therefore  dh  produced  is  an  asymptote  to  this  branch : 

Yy 
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'^'di 


dy      «»(«»- 4)-l 


,   at  the  point  of  intersection  A 


¥dth  the  axis  of  ^,  gives  tan  X=  —  1  =tan  135%  or  the  curve 

cuts  that  axis  at  an  ang^e  of  135®:  and  the  equation  -p  ^0: 

gives 

Ofsz  ±  \/2+v^5: 

whence  if  J£s^«s=:  v  2 -f  y^  the  corresponding  ordinates 
JEFj  ef  will  be  minima  as  easily  proved : 

*^^>  3T:;?  = t:^ ^r~^  which  is  —  when  a?  is  +  and 

J .  .    aar  {or  —  1^ 

<  1  or  —  and  >  1,  and  +  when  a?  is  +  and  >  1  or  —  and 

<  1 :  therefore  every  part  of  the  curve  is  convex  towards  the 
axis  of  d?,  the  upper  parts  having  their  convexity  downwards 
and  the  lower  upwards;  but  since 

cPy  2  (^  — a?* +  1907^  +  5) 


da^ 


(^  - 1)* 


and  when  w  =  0,  ----  =  0,  but  —-  remains  finite,  at  A  there 

dor  dor 

is  a  point  of  contrary  flexure,  which  is  the  only  one  in  the 

curve: 

2 
and  since  ys=^-i h&C'>   the   equation  to  the   asymptote 

T^^  is  y'^^w'j  making  equal  angles  with  the  axes. 

Ex.  9.     Let  f^^a^w^a^;  then  when  a?  =  0,  yssOy  snd 


thd  curVe  passes  through  j<:  when  w  is  <  a,  y  is  -f  and  tH6 
jcurve  lies  above  wAJC:  when  a?  =  o,  y  =a=  d :  therrfore  if  AB  ==  a, 
the  curve  passes  through  B :  when  ^  is  >  a  and  co,  y  is  — 
and  CO  :  therefore  the  arc  BQ  lies  bdow  the  axis  of  .1?  and 
is  infinite :  when  a?  is  —  and  <  a,  y  is  —  and  the  curve  lies 
below  wJX:  when  j?=  —  a,  y  =  o,  therefore  take  Ab^a,  and 
the  curve  passes  through  6 :  when  <a?  is  — •  and  >  a  and  be- 
comes OD,  y  is  +  and  becomes  co,  therefore  the  arc  hq  lies 
above  the  axis  of  a?  and  is  infinite: 

^        dy           a^'-Sa^ 
also,   —  =s ^ ,    so   that  at   the  points  Ay  By  6, 

tanJr=Qo  and  the  angles  of  intersection  are  right  angles: 

dy  a  //g 

when  37-  =  0,  we  have  a?  =  +  —7=  and  v=  +  a  %= :  takinff 
^^  ~  \/3  ^     --    v^  ^ 

therefore  AC^Ac^  "~7=5  and  making  the  ordinates  C/>and 


cd  each  =a^~:^,  these  will  be  maxima  in  their  directions; 

.       d'y           2a^(3a?^  +  a«) 
again,  -—  = ^ ^ ,  which  proves  that  the  curve 

is  always  concave   towards   the .  axis  of  od  ;  and  when  a?  =  0 

or  -f  «,  we  have  — -^  =  00  ,  so  that  the  points  Ay  By  b  are  all 

dor 

points  of  contrary  flexure : 


a^ 


we  find  also  t/=  —  a?(l +&c.),  from  which  we  deduce 

y  s=s  —  ^',  which  is  the  equation  to  the  asymptote  eAE  equally 
inclined  to  the  axes  of  <27  and  y. 

Ex.  10.     Let  (a  — ii?)y^  =  (a  +  .!p)  ^,  which  gives 


y=  ±iV  \^ : 


a-^ss 


866 


then  when  wssOy  ysO,  or  the  curve  passes  through  Ai  when 
«  is  4-  and  <a,  y  has  a  positive  and  negative  value  equal 
to  each  other  in  magnitude,  and  therefore  the  arcs  of  the 
^wrwe  above  and  below  the  axis  of  w  are  symmetrical :  when 


^=sa,  both  the  ordinates  become  infinite,  and  therefore  if 
AB:=a,  the  double  ordinate  CBc  is  an  asymptote  to  the 
curve :  when  ^  is  >  a,  the  values  of  y  become  imaginary,  and 
therefore  no  part  of  the  curve  lies  to  the  right  of  CBc :  when 
iT  is  —  and  <a^  y  has  two  equal  values  one  -f  and  the  other 
— ,  and  the  curve  is  symmetrical  with  respect  to  the  axis 
of  w :  when  a;  =5  —  a,  y  s  0,  that  is,  if  ^6  =  a,  the  curve  passes 
through  6 :  if  df  be  —  and  >  a,  the  values  of  y  again  become 
imaginary,  so  that  po  part  of  the  curve  lies  to  the  left  of  6 : 


also. 


dy 


_      a^  +  aw-^a^       /a  +  w 


dx      ■"       a^^a^ 


a  —  x 


which  when  <r  =  0,  gives 


tan  X^  + 1  =tan  45^  or  tan  13^%  and  the  tangents  at  the  dour 
ble  point  A  are  equally  inclined  to  the  co-ordinate  axes:  and 
when  J7=  —  a,  we  find  that  the  curve  at  h  cuts  the  axis  at  right 

angles:  moreover ---=  0  makes  a*  +  a^  —  a?^=:0  and  a  +  j?=0, 

dx 

from  which  are  obtained  a?  =  ^a(l+V^5),  a?=s^a(l  — v^) 
and  07=  —o:  the  first  of  these  does  not  belong  to  the  curve, 
the  second  is  easily  shown  to  belong  to  a  maximum  double 
ordinate,  and  the  last  to  neither  a  maximum  nor  a  minimum : 
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again,  -r^  =  +  7 —     w  « — ^  ^^^^   manifestly  always  the 
^^         d/»*       "^  (a  —  a?)  (a*  —  ar)t  " 

same  sdgn  as  y,  and  therefore  the  symmetrical  branches  ar^ 

respectively  concave  upwards  and  downwards,  but  -r-j  =  0', 

does  not  indicate  a  point  of  inflexion,  nor  is  there  any  addi^ 
tional  asymptote. 

_,  ^       y—a  \/2aa?— a?* 

Ex.  11.     Let =  + 

ar  — a      "  a 


,  from  which  we  find 


then  if  ^  =  0,  y  =  a :  therefore  take  AB^a  and  the  curve  passes 

through  J5;    if  a?  =  ^a,  J^  =  a  (l  T^\/3),    therefore  taking 

AM=i\a  and  making  MP  and  MQ  equal  to  a(l-f-^\/3) 

and  a  (l  —  Jvi)  respectively,  the  curve  will  pass  through  the 
points  P  and  Q:  if  w=^a^  J^  =  a;  therefore  if  AC  =  a  and 
CD  =  a^  the  curve  will  pass  through  the  point  2>,  the  two 
ordinates  there  becoming  equal  and  belonging  to  a  double  point 

in  it,  as  seen  in  (234):  if  a?=|a,  y  =  a  (l.±  J>/i)5  whence 
repeating  the  construction  for  the  right  side  of  the  figure, 
the  curve  will  pass  through  P  and  Q ;  if  a?  =  2  o,  y  =  a,  whence 
if  AE  =  2a  and  EF=a^  the  curve  passes  through  J',  the  two 
ordinates  here  uniting  in  one :  if  a?  be  >  2  a  or  is  — ,  the  values 
of  y  are  impossible,  so  that  the  curve  does  not  extend  to  the 
left  of  AB  nor  to  the  right  of  EF: 

dy  a^-— 4aa?-f  2^?* 

also,  -p-  =  T /  '  >  which  at  B  and  F,  where  a?  =  d 

dot  a^/^ax'^af^ 

and  2  a,   gives  tanXacoo,   and  at   D,  where  ^^  a,  maked 


7 
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tan  Jr=  +  l=:tan450  or  tan  135^:  tha-efore  at  B  and  F  the 
tangents  are  perpendicular  to  the  axis  of  Wj  and  at  the  double 
point  D  th^  two  tangents  are  inclined  to  it  at  45^  and  135^: 

,when   -—  5s  0,  we  find  a?  s=  a  ( 1  +  — 7=  | ,   to  each  of  which 

))eIong  two  values  of  y,  aiid  one  of  these  is  easily  shewn  to  be 
a  maximum  and  the  other  a  minimum,  which  may  readily  be 
constructed : 

d^y       _  (a?  — a)  (a*  +  4aa?— 2/r*) 
again,  —  =  + ^.(g^^,^)} proves  that  the  upper 

part  of  the  curve  is  concave  towards  the  axis  of  w  and  the 

lower  convex :  and  if  3-5  =  0,  we  find  an  inflexion  of  each 

of  the  branches  at  D  from  the  equation  0^  —  0  =  0,  the  roots 
of  a*  +  4od7— 2j7*  =  0  not  belonging  to  the  curve. 

Ex.  12.     Let  (jf^={(Dp^ar^)(w^hy,  which  gives 

a?— 6    /— 


then  if  J7  =  0,  y  s  +  00  ;  therefore  the  axis  of  y  indefinitely  pro- 
duced is  an  asymptote  to  the  curve :  if  ^r  be  +  and  <bj  y  has 
two  values  of  equal  magnitudes  but  of  different  algebraical 
signs,  therefore  the  curve  is  symmetrical  with  respect  to  the 
^xis  Qf<r:if^sss6>9=&0;  .hence  if  AB^by  the  two  ordindtes 
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vaxiish,  and  the  curve  pisses  through  B,.  which  is  a  doubb 
point:  if  «  be  >b  and  <a,  there  are  still  two  equal  values  of 
y,  one,-f-  and  the  other  —'•  if  a7  =  a,  y  =  0,  therefore  makiu^ 
AC  =  ay  we  find  the  curve  passes  through  C:  if  w  he  >a,  the 
values  of  y  become  imiiginary,  and  therefore  no  part  of  th^ 
curve  lies  to  the  right  of  C:  if  a?  be  — ^and  increase  in  mag-* 
nitude,  y  continually  decreases  from  oo  having  two  values  equal 
in  m4gnitude;  if  ^  =  o,  y  =  0,  therefore  if -42)= a  the  curve 
passes  through  D:  and.  if  a  be  >aj  j^  becomes  imaginary,  sq 
that  no  part  of  the  curve  lies  to  the  left  of  D: 

also,  -^  s=  + ^  gives  at  the  point  B  where  a?=:5, 

dof  c^y/  (j^  —  af 

tanJr=±-51-_ ; 

o 

at  C  where  ar  =  o,  tan Jf  =3 00,  and  at  D  where  ^=  — a^ 
taji  ^=  00 :  whence  the  curve  twice  intersects  the  axis  of  af 

m  B  bX  angles  whose  tangents  are and , 

•  .•  o  o. 

dy 
and  at  right  angles  in  C  and  D :   and  if  -p  =  0,  we  have 

4f^a^b^  corresponding  to  a  maximum  double  ordinate: 

and  concave  parts  of  the  curve,  and  -—  =0,  gives 

to  determine  the  points  of  inflexion :  and  in  this  case  there 
will  be  only  two  such  points  both  belonging  to  the  same  abscissa 
as  at  Q  and  9. 

If  assbj  or  the  equation  be  d;*y^  =  (a?— 6)*  (6*  — ^),  the 
node  between  B  and  C  vanishes ;  and  since  at  jB  we  have  then 

-^  =  0,  the  axis  of  of  "^becomes  a  common  tangent  to  both,  of 
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th^  faranches:  alio,  tor  ^asi  +  A  tbt  yaluM  of  y  are  then 
Impossible^  and  for  omBb*^hf  there  are  two  possible  values 

of  -—-,  one  +  and  the  other  — ;  whence  it  follows  that  the* 

point  B  in  this  case  becomes  a  point  of  reflection  Or  cusp  of 

the  first  species  by  (238). 

dp 
If  a  be  <&,  then  when  w^b,  we  have  y^O  and  ^-r-  ima^ 

ginary,  and  B  will  by  (226)  become  an  isolated  or  conjugate 
point. 

353.     After  a  cardTul  perusid  of  the  examples  here  .solved 
at  considerable  length,  it  can  never  be  a. matter   of  much 
difficulty  to  trace  the  curve  defined  by  any  equation  that  may 
be  proposed,  provided  that  equation  can  be  solved  with  respect 
to  either  of  the  variables  involved  in  it :  and  when  this  cannot 
be  done,  the  principles  laid  down  and  exemplified  in  the  preced- 
ing pages  will  be  amply  sufficient  for  the  determination  of 
every  pecoliarity  that  may  belong  to  it.     As  this  subject  how- 
ever is  of  considerable  importance  in  Natural  Philosophy,  and 
has  not  been  treated  of  at  much  length  by  any  writer  whose 
works  are  accessible  to  the  generality  of  readers,  there  shall  be 
added  here  a  few  more  examples  for  the  exercise  of  the  Student 
with '  merely  the  diagrams  and   some  particulars  concerning 
them  annexed. 

Ex.  1.     The  equation  is  y«  — 2a?y+3a;*-2y-4ar +  5  =  0, 


3 W 

and  the  figure  is  an  ellipse  where  AS^l^  BC^%  JD^^. 
and  DE^S. 
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Ex.  2.     The  equation  is  (a^ +  ffr=,za^(a» ^f),  and  the 
figure  is 


where  AE^Ae=^ay/lt^  AB=Ah=^a\/3  and  CBi)=^cbdszai 
also,  the  rectilineal  tangents  at  the  double  point  A  are  equally 
inclined  to  both  the  axes,  and  there  are  two  inflexions  there. 

Ex.  3.     The  equation  is   (a +  a?)  j^  =  (a-a?)a?^,  and  the 
figure  is 


wk^e  AB^AC^a,  and  th^  rectilineal  tangents  at  the  double 
point  A  are  equally  inclined  to  both  the  co-ordinate  axes. 

Zz 
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£x.  4*     The  equation  is  a^^a(ft  +  &)S  and  the  figure  is 


where  if  AB^hj  £  is  a  conjugate  point,  and  if  Jif =^(,  P 
and  p  are  points  of  inflexion. 

Ex.  5.  The  equation  is  {ji-bY^x{w^ayy  and  the  figure  is 


^?— :a 39 2^; — X 

where  AB^a^  BC  =  b  and  C  is  a  double  point. 

Ex.  6.    The  equation  is  j^  -  Sa^y  4-^  =  0,  and  the  figure  is 


the  limits  of  /r  being  ay^  and  ±  oo  and  those  of  y  being 

a\/4  and  ±00,  and  Zitr  is  an  asymptote  equally  inclined  to 
the  axes. 
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Ex.  7.     The  equation  is  y^  +  9,axi^  -ao^  =^0^  and  the 
figure,  is 


where  the  limits  in  the  direction  of  the  axis  of  x  are  oo  and 
T-  a  J  and  those  in  the  direction  of  the  axis  of  y  are  +  oo  and  +  a: 
there  is  moreover  a  triple  point  at  the  origin,  one  of  the  recti- 
lineal tangents  being  die  axis  of  y  itnd  die  two  others  being 

inclined  to  the  axis  of  a?  at  angles  whose  tangents  are  ±  — 7=. 

Ex.  8.     The  equation  is  (a?^  +  y^)' -  4a*a;^y*  =  0,  and  the 
figure  is 


the  limits  of  w  being  +  — 7= ,   and  those  of  y  being  + 


3y/3  3\/3 

and  the  origin  is  a  quadruple  point,  the  co-ordinate  axes  being 
the  rectilineal  tangents  of  the  branches  forming  it. 
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Ex,  9.     The   equation  is  (a?  -  l)»  =  (a?  + l)a^»   and- the 
figure  is 


Y     ciia 


where  AB^\,  -rf£  =  l+v^2,  EF  a  minimum  ordinate; 
AG^\  -\/2»  GH  a  maximum  ordinate;  and  CBc^  Kk  are 
asymptotes,  the  former  being  perpendicular  to  the  axis  of  as 
and  the  latter  inclined  to  it  at  45«:  also,  the  curve  cuts  Ae 
axis  oi  x  m  A  and  D  at  angles  whose  trigonometrical  tan- 
•  gents  are  - 1  and  \,  and  that  of  y  in  ^  at  an  angle  of  45  . 

Ex.  10.     The  equation  is  f^aa^-a^,  and  the  figure  is 


where  AB^^a;  and  if  ^C  =  |a,  CD  is  a  maximum  ordinate: 
also,  there  is  a  cusp  of  the  first  species  at  i<  and  a  point  of 
inflection  at  B,  and  the  asymptote  EHF  makes  with  the  axis 
of  X  an  angle  of  135^.  i 
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Ex.  11.     The  equation  is  (a*  -  a?*)  y*  =  (a* +a^)ai^9  and  the 
figure  is 


c   f       y  <X\C 


where  AB=iAb^a  and CBD,  cbd  are  asymptotes;  also  there 
is  a  point,  of  inflexion  of  each  branch  at  the  origin  where  they 
cut  the  axis  of  w  at  45®  and  135^  respectively,  and  moreover 
the  origin  is  a  double  point  of  the  first  species. 

Ex.  12.     The  equation  is  a?*  —  aar^y  +  ja^y^  —  af^  =  0,  and 
the  figure  is 


where  AB^^a  and  ^  is  a  double  point  of  the  second  species. 
This  cuiiye  is  4nost  easily  traced  by  finding  the  value  of  a; 
in  terms  of  y. 
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Ex.  13.     The   equation    is  af  +  t^ss- -r,  and  the 

figure  is 


where  J«  =  a-^/?3i?,JC  =  a  +  A/a*-6^,  AD^^a  and 
EDe  is  an  asymptote. 

^  =e       a 


£x«  14.     The  equation  is 
the  figure  is 


,  and 


-where  AB^^a,  the  length  of  the  tangent  at  every  point  =  a 
and  the  axis  of  .r  is  an  asymptote. 

254.  From  the  remarks  which  have  been  already  made 
in  (250),  it  is  evident  that  by  the  transformation  of  co-ordi- 
nates, a  graphical  description  of  a  polar  curve  may  be  ob- 
tained by  means  of  the  principles  illustrated  in  the  preceding 
examples.  Such  transformation  however  will  be  by  no  means 
necessary,  as  the  polar  equation  is  quite  sufiicient  for  the  de^ 
termination  of  the  figure  of  the  curve  and  its  peculiarities^ 
as  will  be  seen  by  the  following  instance. 
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Ex. .   Trace   the  Lemniscatti  of  Bernoulli  whose  polar 
equation  is  r*  =  o^cos20. 


Let  wAX  he  the  fixed  a^is  from  which  the  angle  6  is 
tneasured,  A  the  pole:  then  i{  OzsCP,  we  have  r=  +«:  hence 
if  AB^Ahz:za^  the  curve  passes  through  B  and  (:  if  |9  be 
<45®  we  have  AP=:Ap=  a  real  magnitude,  whence  Pand  p 
are  points  in  the  curve:  if  0==45%  r  =  0,  therefore  the  curve 
passes .  through  the  pole  A:  it  9  be  > 45**  and  <  135^,  the 
values  of  r  are  imaginary  and  therefore  no  part  of  the  curve 
lies  between  those  values  of  the  angle:  if  d  be  >  135^  and 
<is6^  the  values  of  r  again  become  real,  so  that  AQ=iAg^ 
a  real  magnitude,  which  determines  the  points  Q  and  q  in  the 
curve:  if  0  =  180°,  we  have  r=  +a,  which  are  represented 
by  Ab,  AB:  and  if  0  be  taken  thorough  the  next  semicircle  the 
same  arcs  will  be  the  locus  of  P:  thus  is  the  spiral  described. 

At  any  point  P,  the  angle  contained  between  the  radius 

rd0 
vector  and  rectilineal  tangent  is   -^ —  by   (192);   and  if  0 

tdenote  this  angle,  we  have  here 

tan0=  —cot  20: 

hence  if  0  =  0  or  180°,  tan 0=  +  x  or  0=  +90°,  and  there- 
fore the  tangents  at  B  and  b  are  perpendicular  to  the  radius 
vector  or  to  the  fixed  axis:  if  0  =  45°  or  135°,  we  have 
0=:O,  or  the  tangents  coincide  with  the  corresponding  radii 
vectores:  hence  if  the  two  indefinite  lines  TAty  RAr  be 
drawn  so  as  to  make  angles  of  45°  wd  135°  with  the  fixed 
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axis,  they  will  be  tangents  to  the  curve  at  the  pole  which 
is  therefore  a  double  point. 


^-        dr  a  sin  2d 

Also,    -—  =  ±     /    ■ 

ad  V  cos  20 


=  0  gives  sin  2d  as  0,  from  which 


we  find  0  =  0*  or  d=180^:   and  therefore  AB  and  Jb  are 
maximum  values  of  the  radius  vector. 

Again,  since  p=s  --,  we  have  here  x^  =  —5-,  which  put 

a  dr        €t 

=  0  gives  r=:0,   and  this  indicates  the  existence  of  a  point 

of  inflexion  of  each  of  the  intersecting  branches  at  the  pole. 

If  in  any  case  r  remain  finite  when  d^s  od,  it  is  evi- 
dent that  the  spiral  admits  of  an   asymptotic  circle  whose 

radius  is  the  corresponding  value  of  r;  as  when  ^  =  ^ > 

fr  ^  1 

the  radius  of  this  circle  is  a. 

255.  It  frequently  happen^  that  the  description  of  a 
curve  may  be  obtained  with  facility  from  the  polar  equation, 
when  that  between  the  rectangular  co-ordinates  wotfld  lead  to 
very  complicated  operations,  as  the  student  will  readily  discover 
in  the  following  instances. 

Ex.  1 .     If  the  rectangular  equation  be  y* — 3  aa^y  H-  tV^  =  0, 

^,  ,  •       .  Sa  sin  2d  j    i_     /. 

the  polar  equation  is  r  =     ^  .  ,^ -— - ;  and  the  fiffure  is 

^         ^  2(sin'd-fcos3d)  ^ 


tlie  lines  wAX  and  YAy  being  tangents  at  An 
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Ex.  2.  The  rectangular  equation  to  the  curve  being 
(^+^y  =  4o*j7*y*  gives  r  =  a  sin  20  for  the  polar  equation, 
and  the  figure  is  underneath. 


Ex.  3.  The  rectangular  equation  to  the  Cardioide  is 
(^  +  9*  — 04?)*=:  a*  I  (a?—©)* +  y*}  and  gives  immediately  r=: 
a(l  +  cosd),  by  means  of  which  the  curve  is  easily  traced. 
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CHAR  XII. 

On  the  Deoelopement  of  FuncHona  of  two  or  more  independent 
Variables  by  means  of  the  Theorems  of  Taylor  and  Mae^ 
laurin.  On  the  Differentiation  of  Functions  of  two  or 
more  independent  Variables.  On  the  Elimination  of 
indeterminate  Functions  whose  particular  forms  are  un- 
known. On  the  Theorem  of  La^grange  and  its  uses,  and 
the  Theorem  of  Laplace. 


256.  Hitherto  our  attention  has  been  confined  to  the 
consideration  of  functions  of  one  independent  or  principal 
variable  expressed  generally  by  the  equations  w=/(a?)  or 
f(uj  ^)  =  0,  according  as  they  are  explicit  or  implicit  in  their 
form :  and  we  will  now  proceed  to  a  more  extensive  view  of  the 
subject,  wherein  one  quantity  u  is  regarded  as  a  function 
of  two  or  more  other  quantities  a?,  y,  »,  &c.  entirely  independ- 
ent of  each  other,  and  is  expressed  explicitly  or  implicitly  by 
the  former  or  latter  of  the  general  equations 

u=f(off,  y,  »,  &c.)  oTf(u,  Wf  y,  %,  &c.)  =  0. 

L    NOTATION. 

257.  It  is  manifest  that  we  shall  now  have  occasion  to 
make  use  of  a  Notation  co-extensive  with  the  changes  that  the 
function  may  undergo  by  the  variation  of  each  of  the  quan- 
tities upon  which  it  depends,  and  an  explanation  of  such 
Notation  will  be  briefly  attempted  in  the  following  article. 

du 

258.  In  the  preceding  pages  we  have  considered  — -  as 

representing  the  di£ferential  coefficient  of  u  varying  by  a  change 
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in  X  only,  and  therefore  -—  will  represent  its  differential  coeffi- 

dy  " 

cient  relatively  to  y  when  y  alone  is  variable :  and  thus  the 

differentials  of  u   arising  from    the   same   considerations  are 

denoted  by  -—  dw  and  -—  dy  respectively.     These  expressions 
dof  dy 

are  denominated  the  Partial  Differentials  of  the  function  u 
relatively  to  the  two  independent  variables  w  and  y^  and  the 
J^otal  Differential  is  that  which  is  supposed  to  arise  from  the 
changes  of  both  the  independent  variables  taking  place  simul- 
taneously, and  is  expressed  by  du  and  sometimes  by  d  {u), 

d  {—\  d  {—\ 

.      .        .  \d(v]         6?u      J      \dy)        d'u 

Again,   smce  — or  — —  and  — — ^—  or  -— -  denote 

dx  dor  dy  dy* 

the  second  differential  coefficients  of  u  considered  as  a  function 

of  x  and  y  respectively,  we  shall  obviously  have  the  differential 

du 
coefficient  of  ■—  considered  as  a  function  of  y  expressed  by 


dx 


(du^ 


d[  —  \ 

\dafj  d^u     .        ^du  _  /..-,,.« 

— ; ^^  3 — r'  i  so  of  -—  treated  as  a  function  of  a?,  the  dif- 

dy  dxdy  dy 

ferential  coefficient  will  be  expressed  by  - — -— :  that  is,  the 

^  ^    dydx 

second  differential  coefficient  of  u  is  expressed  by  - — --  or 

dxdy 

d?u 
— — -—  according  as  we  suppose  the  operation  to  be  performed 
dydx 

first  with  respect  to  x  and   then   with   respect  to  y  or  mce 

versa. 

Moreover,  the  differential  coefficient  of  regarded  as 

a  function  of  x  will,  on  the  same  principle,  be  denoted  by 
/  ^u  \ 

—- ,   and   may   be  written  - — ; — —:    this   expression, 

dm  dxdydx         ^        * 


\dar) 
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therefore,  denotes  the  result  of  three  differentiations  of  u^  the 
first  being  made  relatively  to  ofy  the  second  to  y,  and  the  third 
to  w  again.     Similarly,   the  second   differential  coefficient  of 

du  -  \dw)  d^u 

—  relatively  to  y  will  be  expressed  by  — -r-^ —  or  , 

which  denotes  the  result  of  three  differentiations  of  ti,  the  first 
with  respect  to  w  and  the  last  two  with  respect  to  y. 

Also,  if  after  having  found  the  m^  differential  coefficient 
of  u  considered  as  a  function  of  w,  we  take  the  n^  differential 
coefficient  of  the  result  regarded  as  a  function  of  y,  we  shall 
express  the  effect  of  all  these  operations  by 

d'^u' 

dr-*-*u 

or  - 

dy  daf^dtf 

Precisely  in  the  same  manner,  when  there  are  more  inde- 

pendent  variables  w^  y,  z^  &c.,  the  expression  — - — - — 

will  shew  that  the  function  is  understood  to  have  been  dif- 
ferentiated /  +  ^  +  ^  +  &c.  times:  first,  I  times  with  respect  to 
w ;  next,  m  times  with  respect  to  y ;  then  n  times  with  respect 
to  isr,  and  so  on. 

Another  kind  of  Notation  attended  with  some  conveniences 

has  of  late  been  partially  adopted.     In  this,  the  differential 

coefficients  are  no  longer  expressed  in  a  fractional  form,  but 

are  denoted  by  the  letter  d  with  the  principal  variables  suffixed : 

du  du  .  d^u 

thus,  -—  and  ——  are  equivalent  to  d^u  and  d^u :  so  -- — —  and 
di»  dy  dxdy 

^U  rf+m+n+ara^ 

-; — —  are  equivalent  to  d^d^u  and  d^d^u^  and  ,  ,  -  „  ,  ^-: — 
dydx  ^  y  y  dixr  dy"^  dft  he. 

may  be  written  djdy'^d^  &c.  u :  and  though  we  shall  at  present 
adhere  to  the  former  system,  there  never  can  exist  the  least  dif- 
ficulty in  passing  from  the  one  to  the  other. 
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11.     DEVELOPEMENT   OF  A  FUNCTION  OF   TWO 

VARIABLES. 

259.     Given    u  =  f(x,  y),   to  Jind  the  developement  of     ^^ 
u'  =  f  (x  +  h,  y  +  k),  h  and  k   being  any  two  indeterminate 
magnitudes. 

Here  it  is  obvious  that  the  final  result  will  be  the  same 
whether  we  suppose  the  changes  in  w  and  y  to  take  place 
simultaneously,  or  first  in  one  of  them  and  then  in  the  other : 
on  the  latter  hypothesis  let  u  be  changed  into  'w  whilst  a? 
becomes  w  +  h  and  y  remains  unchanged :  then,  by  Taylor's 
Theorem,  we  shall  have 

du ,       d^u    h^        d?u      h^ 

=  w+  -^A+  T*^  +  TT^  +  &C.: 

dx         dw^  1.2       da^  1.2.S 

now  if  y  be  supposed  to  become  y  H-  A;  whilst  w  undergoes  no 
further  change,  it  is  evident  that  on  this  account, 

(1)  u  will  be  changed  into 

du         d^u    W^        d^u       ¥       ,  „ 

uA kA h&c. : 

^  dy    ^  df  1,2^  dy"   1.2.3^ 

(2)  — -  will  be  changed  into 


,  fdu\  „  fdu\  „  (dW 

d    --  d^    — -      _.         d^ 


/du\ 

du      ^  \dx)  ,       ^   \dx)    J^         ^   \dw)      k^ 

-r-  +  — 1 — ^+  — n +  — 7-5 +&<^- 

da?  dy  dy^      1.2  dj^      1.2.3 


du         d^u  d^u      k^  d^u        k^ 

== 1 k  -] 1-  — +  &c. ; 

d,v       docdy         dwdy^  1 . 2       doodi^  1.2.3 
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dfu 
(3)  -J--  will  be  changed  into 


dfu       ,  \da*}  ,  W)   *•  [da*)     ft»       ,  , 

daf»  dy  dy*      1.2  dy"      1.2.3 


s= + Af+ + h&c: 

da^^  dafdy         dai'dy' 1 .2       dat'dy' 1 .2.^ 

d?u 
(4)  -j-j  will  be  changed  into 

cPw       Wy,       vdW  ifc*        W/    A' 

H Ap  + 1 h  &c. 

da^  dy  dy*     1 . 2  dy*      1.2.3 

^  d'w         d^u  d^u        Ap*  d®w         Ar* 

dsfi       da^  dy         daP  dy^   1 . 2       da?'  dy^  1.2.3 

and  so  on,  for  the  succeeding  terms :   whence  by  substitution, 
since  'u  will  now  be  changed  into  u,  we  shall  have 

«*'=/(<»  +  *?»  +  *) 

du ,      d^u    k^        drU      /^ 

=  w+  -7-Af  +  -— h  -p-T  +&C. : 

dy         dy^  1.2       dy^  1.2.3 

du ,        tPu    ,  ,  d^w     k^h 

-] h  + kh  + h  &c. 

dw         dxdy  dad^  1.2 

rf^w    A*  d^w     A;A»       „ 

+ 1 +  &c. 

daf"  1.2       daf'dy  1.2 

d'tt      A' 
dar*   1  .2.3 

+  &C. 

which  is  in  fact  the  expression  of  Taylor's  Theorem  when  ap- 
plied to  a  function  of  the  two  independent  varis^bles  tV  and  y- 
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260.    Cor.     Since  the  general  term  of  the  developement 

of  'u  ^fipo  +  A,  y)    is  — ,   and    this   becomes 

daf^  1.2.3.  &c.  HI 

idru       dr^'^u  ,        dr+^u     K"       „       .    rf"+»w  ft*  ] 

\dar^  doTdy        d^dfl.2  ^  d<dy"  1 .2.8.  &c.»  ^       j 

when  y  is  changed  into  y  +  Ap,  it  is  manifest 


1 . 2 . 3 .  &c.  97» 
that  the  general  term  of  the  developement  of  u'  will  be 

d«+»tt    K^ 

doTdtf   (1 . 2  . 3 .  &c.  m)  (1 . 2  . 3 .  &c. »)  ' 

from  which  every  term  may  be  obtained  by  assigning  to  m 
and  n  all  possible  positive  integral  values  in  succession. 

This  general  term  may  be  likewise  written  in  the  form 

d"+"w     {m'\-n)(m  +  »— l)&c.(m  + 1)A"A;» 
doTdif     {l . 2  .  3 .  &c.  (w  +  w)}(l . 2  . 3 .  &c. ») 

_  d*+"tt  1  (w+n)(m+n-l)8gc.(m-H)A"'Ag* 

"^  daf^d^  1.2.3.&c.(m+w)  l.2.3.&c.n 

1  dt'^^'^^u 

:= multiplied    into  the   (»+!)"* 

1.2.3.&c.(m4-w)  doTdf/^  ''  ^         ^ 

term   of  the  expansion  of  (A +  *)"•'•"":  and  the  developement 
may  be  exhibited  also  iii  the  form, 

u'  =f{iv  H-  A,  y  +  A)  = 
u 


1  (du        d^  i\ 
1  \daf         dy    ) 


1     fcPu  ,^         d^u    ,,       d^u 


dw  dy  dfr     ) 


1 . 2  \d(jf  dco  dy  d^ 

X      /cPw,.  cPw    ,,,  cPw    ,,„      cPt* 

1.2.3  \d^  da;^dy  dj?dy*  dy« 

4-&C 
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Ex.     Given  u^ai^ff^  and  let  it  be  required  to  find  the 
developement  of  t*'  =  (<r-fA)*(y  +  *)*. 

Here  we  have  t*  =  fl?*"y",  whence  are  obtained 
du  du 

d^u  cPw 

d^u 
ay" 

— --  se:m(m— l)(fii  — 2)af'**y*, 
oar 


da^  dy 
dxdf^ 


ss:mw(»—  l)af  "^y*"*, 


and  so  on:  therefore  by  the  substitution  of  these  values  in 
the  general  formula,  we  shall  have 

(^  +  A)«(y  +  Ap)«  = 
^y»  +  mar-'if'h  +  ^(^^  0^m-2y.y^  g^c. 

^  1.1  ^ 

wf» —  1^ 

1.2  ^ 

+  &C. 

which  might  have  been  obtained  also  by  expanding  each  of 
the  binomials  (ii?  +  A)*  and  (y  +  ky  and  multiplying  together 
the  two  results,  or  by  substituting  y  +  Ap  for  y  in  the  de- 
velopement of  (a?  +  A)"'y". 
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261.  In  the  preceding  proposition  it  has  been  supposed 
that  w  is  first  changed  into  w-^h  and  then  y  into  y-\-ky  io  a&- 
certain  the  developement  of  u'z=f(w  +  h,  y  +  k);  but  if  the 
order  of  these  substitutions  be  changed,  it  is  manifest  that  the 
same  result  ought  to  be  obtained.  The  operations  being  per- 
formed first  with  respect  to  y-hk  and  then  with  regard  to 
07  + A  in  the  same  manner  lead  to 

u*=:fU  +  h^y  +  k)  =  U'\-  -;-A  +  3-^  +  t-^ h&c. 

yv-r»y-r/  ^^     ^dor^l.g        do?^  1.2.3 

du ,        cPu    ,  ,         cPw      kh^ 

+  — k  H kh  H +  &c. 

dy         dy  dw  dy  dor  1 . 2 

dl'u    h?  dPu      k^h 

-{ + h  &c. 

dy^   1.2       df^dw  1,2 

cPu      A^ 
dy^   1.2.3 

+  &C., 

which  being  identical  with  the  one  deduced  on  the  other  hy- 
pothesis, we  may  obviously  equate  the  coefiicients  of  the  same 
powers  and  combinations  of  h  and  k  in  the  two  expressions : 
whence  we  shall  have 

cPw  d^u 

dy  dx       dw  dy  ^ 


dy  d^       da^  dy ' 

d?u  d?u 

dy*  dw       dw  dy^  * 

&c 

d^+^w         d^'+^w 


dy'"  daf       dotf"  dy"^ 
3B 
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and  indeed  if  the  first  of  these  results  be  once  established,  we 
have  by  means  of  the  notation  adopted, 

dPu  €Pu       ^     \dy  da; J  ^     \dw  dyl  cPw 

dydaf^      dydwdm  dw  dof  dxdydw^ 

and  so  on; 

that  is,  in  finding  the  partial  differential  coefficients  of  any 
function,  the  order  in  which  the  operations  are  performed 
will  not  affect  the  result. 

Ex.  1.     Let  u^aTff^^  then  we  shall  have 

du  .  .  ,  d^w 

-—  ^mtfar'\   .-.  -— — -  =m»a?*-Y-S 

dw  dxdy 

du  d?u 

dy  ^     '         dydw  ^      ' 

whence  it  follows  that 


dw  dy      dydof' 

again,  from  the  result  s3m»ar"*y"^ 

we  get 

d^^  •        X         ,       o 

dadydx         ^        ^   ^ 

d?u 
also,  from  - — ,— =iii«ar~*v*"\ 
dydx  ^     ' 

we  obtain 


dyda? 


s=m(i»— l)»y*~*df''*: 


1  V  d?u  d?u 

so  that  we  have  - — - — --  =  - — --,  and  so  on- 

dx  dy  dx      dy  dor 
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Ex.  2.     Let  u^ss  log  y :  whence  are  obtained  iinmediately 

du      .  ,     cPw         1 

-;—  s=  log  y  and  - — --  ss  - : 
aw  away       y 

du       w        ^     d^u         1 
dy       y  dy dw  ^  y^ 

d?u  d^u 


so  that 


dw  dy       dy  dw ' 


^  cPw         1  ^    -       (Pu  fPu 

again,  from  - — --  =  -,   we  find  •- —  =sOr= 


dwdy       y  dwdydw  dydai^ 

as  deducible  from  - — -—  =  - . 

dydw       y 

262.  If  we  denote  the  values  of  u  and  its  successive 
di£Perential  coefficients  taken  in  the  order  in  which  they  occur 
in  the  formula  of  (260)  by 

•^1  5     -t»lJ     -O 2  i         Cij     Cjj     Cs;        -^19  -^29  -^35   -^4^      &^* 

when  ^  =  0  and  ^  =  0,  the  theorem  becomes 

«'=/(A,A)  = 

Ji+-  (Bih  +  Bjk)  +  —  (C,A*  +  2C,AA  +  C,A») 

1  1.2 

-f  (D,A«  +  32>2A«A?  +  SZ)3A*«  +  A*')  +  &c.: 

1  •  z  .  3 

whence  substituting  w  and  ^  in  the  places  of  h  and  k  and 
therefore  f^  in  the  place  of  u^  we  find 

^  =/(^>  y)  = 

1.2 
1  •  2  •  3 

r\-  &C. 


/^ 
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which  is  MaclaurifCa  Theorem  applied  to  the  developement  of 
a  function  of  two  variables  Wj  y^  and  is  deduced  from  Taylor's 
exactly  as  has  been  done  for  the  case  of  one  variable  in  (85). 

III.    DIFFERENTIATION  OF  FUNCTIONS  OF  TWO 

VARIABLES. 

263.     Tojvnd  the  successive  Differentials  of  a  Function 
of  two  Variables  compressed  generally  by  u=^f(w,y). 

We  have  already  proved  in  the  preceding  articles  that 

u  = 

du ,        d*w      A*  ^u         h^ 

w  +  ^-  A  +    -—1    +     -T-; H  &c. 

dos  dor     1.2  da^      1.2.3 

du,        d^u      hk  cPu       h?k 

+  — k  + —  H H  &c. 

dy         dofdy  1.  i       dar^  dy  1.2.1 

cFw      k^         d^u       hk" 
"^     d^    r^'^d^df  1.1.2^^^' 

tPu         At* 

-f     -j-j     — - —  +  &c. 
dy^      1.2.3 

+  &c.: 

whence  adopting  the  system  of  Lagrange  as  explained  in 
(9^)  and  the  subsequent  articles,  and  expressing  the  inde- 
terminate magnitudes  h  and  k  symbolically  by  dof  and  dy^ 
we  shall  have  the  following  equations: 

du  du 

(1)  du='—daf  +  -—dy; 

dx  dy 

d?u  ,  ^  d^u    ,     ^         d^u  ,  ^ 

(2)  d.„=— d^+2-^-^d^dy+— dj^; 

(3)  d3„=_da^  +  s^^d^dy  +  S^^d.dy«+^dj^; 

&C 
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whkh  are  the  first,  second,  third,  &c.  differential  of  the 
function  u^f{se,y)^  luid  the  law  of  the  formation  of  their 
dilGerent  terms  is  that  explained  in  (5^60). 

264.  CoE.  1.  From  the  first  result  obtained  in  the  last 
article,  we  conclude  that  the  Total  Differential  of  a  function 
of  two  variables  is  the  sum  of  its  Partial  DifferentialSf  which 
in  the  Notation  adopted  is 

du  du  du  du 

du  =  --—  dw  +  --—  dy  or  diu)  =  — -  dct?  +  T~dy: 
dw  dy  dx  dy 

and  this  will  enable  us  to  obtain  with  great  facility  the  dif- 
ferentials of  succeeding  orders,  recollecting  that  dw  and  dy 
are  here  considered  of  invariable  magnitude :  thus, 

^(du\      d^u  ,  cPtt    , 

but  d   -— )  =  -rjdo?  +  zf-j-dy, 
\dwj      dar  dw  dy 

_    ^(du\       d^u  ,  d^u     _ 

and  d  -J-    =-T-v^y+   ,     ,    dw,     . 
\dy  I       dif  dw  dy 

d^u  d^u  d?u 

.-.  d^u  —  —-rdd/^^^^—r-dwdy-\-'--'dif: 
dar'  dwdy  dy^ 

and  from  this  last  is  obtained  in  the  same  manner 

d^u  ,  ,  ^u    ^  _  ,  d^u     _     _  _      dPu  J  _ 

cPw  =  __  da^  +  3—-—,dw^dy  +  3  dwdf  +  --- d^: 

da^  da^dy  dwdy*  dy* 

ami  so  on. 

265.  Cor.  2.  It  is  manifest  from  what  has  been  said 
already  that  if  we  take  h  and  k  in  (26o)  to  be  represented 
in  magnitude  by  the  indeterminate  quantities  dw  and  dy,  wie 
shall  have  the  formula 

u  z=u+  -du-\ d*w+ crwH-&c., 

1  1.2  1.2.3 
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already  proved  for  a  function  of  one  variable  in  (81)  and 
by  means  of  which,  as  in  (82),  the  general  differential  of  a 
function  of  two  yariables  may  be  deduced,  provided  the  gene- 
ral term  of  the  developement  of  the  function  can  be  ascer- 
tained. 

266.  CoE.  3.  If  in  u^f{w^  y)  we  assume /(j7,  y)=:f(t) 
it  is  obvious  that  du^f{f)dt  where  f(t)  is  a  new  function 
of  ^  as  appears  in  the  differentiation  of  functions  of  one  vari- 
able: whence  the  partial  differential  coefficients  relative  to  jr 
and  y  will  be  respectively 

dtt      ^^  ^dt        ^  du      ^^  ^dt 

the  factor  f(t)  or  fi/e,  y)  being  the  same  for  both. 

267-  We  will  now  exemplify  what  has  been  said  in 
the  preceding  articles  by  a  few  instances. 

Ex.  1.  Let  t*=jr*-f  aa?*y -hy*;  then  we  immediately  find 
the  partial  differentials  to  be 

du 

—  dtV  =  (50;^  +  2  awy)  dwy 

du 

^dy  =  {aai^'j'3f^)dy; 

whence  the  total  differential  will  be 

du  =  (3a^+2awy)djff  +  (aa^  +  3f)dyi 

and  the  succeeding  differentials  may  be  found  in   the  same 
manner. 

Ex.  2.     Let  t*s  -  +  ^;  then  the  partial  differential  co- 

y       Of  '^ 

efficients  will  be 

dw       y       a^  dy       w       f^' 
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whence  du  =  — —  dof  H dy 

dof  dy 

dw      ydof      dy      wdy 
y         a^         0?         y*   * 


Ex.  S.     Let«  =  log(?±:^^^?3) 


=  log  {w  H-  4^a^^i^)  —  log  y : 
and  -—  =  — 


whence  dusz  ^-dof  -r  -r-dy 

dx  dy 


dw 


wdy  ydoD  —  wdy 


Ex.  4.     Let  f«  =  logtan— :  then  the  coefficients  are 

y 

.  a  tan-         sec*—        ,  dtan—        —  sec*- 

<»u  v  V       af«  t/  t/ 


dw  w  w^   dy        ^  Of  w 

dw  taxi—       ytan—  at/ tan—       f/*tan- 

y  y  y  y 

^w  .w 

J  ,  sec*—  a?sec*  — 

,         au  ,         du  ,  y    ,  « 

.-.  du^-^dw^  -^dy  ^ ^-dw ^dy 

dw  dy  w  ^       w 

y  tan  -  y»  tan  - 

y  y 

ydw-^wdy      ^w        ydw-^wdy 
s= sec*  —  :=  -— • 

•;»fo«^        y      2  •  ^     ^' 

jr  tan  —  f/^  sin  —  cos  — 

y  y     y 
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and  the  diflFerentials  of  succeeding  orders  may  be  found  by 
a  similar  process,  dw  and  dy  being  constant  quantities. 

Ex.  5.     Let  u  as  wy<f>(ff),  where  0  represents  any  function 
whatever : 

du  ,  V       ^  ^«*         ^  d(p(!y) 

then  -  =y<f>(s)  and  —  =^0y +  a.»  -^; 

and  denoting  -^^  by  ^'(y)  we  shall  have 

if 

^^w^{y)+xy<pl(y): 

whence  we  find  the  total  differential  of  this  function  to  be 

du  ^        du  J 
du=s  — -da?+  ---dy 
dx  dy 

=  y<l>(y)daf  +  oD^(y)dy  +  wy<fi{y)dy. 

Ex.  6.     Let  u  =  "(pi^vy) :  then  we  have  by  means  of  (266), 

du       1  J,     V      ^  »u    \ 

^  -ip(wy)  -^  w(p\afy), 

y 

du  tP  X  fy 

so  that  the  total  differential  of  the  proposed  function  is 

1  W  ^^      f/      \J 

du=^  -(f>(xy)d!c  '\'  x(f/(/cy)dw ■z<t>{^y)dy  H ^W)»!/' 

y  V  y 
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S68.     If  u^f(af,  y)^Of  it  is  manifest  that  the  variables 
w  and  y  become  dependent  upon  each  other ;  and 

,  du         du 

U  =t^-f  -r-^+  "7~"^+  &C.  =0: 

aof         dy 

but  y  being  regarded  as  a  function  of  w  by  virtue  of  the 
proposed  equation,  we  have 

diV         do^  1.2 

,  du  ^       du  (dy  ^       d^y    h^        ^     \ 

.-.  u'  =  u+-^h^—    -£A+— ^  4.&C. 

dx         dy  \dx         dor  1.2  / 

(du       du  dy\  , 

\a<2?       ay   dxj 

whence  we  have  immediately  as  in  (263) 

(du       du  dy\  ,         ,         du  ^        du  dy  . 

du=i  I  - — h  -1 -^    A  or  dtt  =  ---  da?  +  ---  ^-  a^ : 

\aw       dy  dw  I  dx  dy  aw 

and  the  corresponding  differential  coefficient  will  be  expressed 

y  d  (u)       du       du  dy 

by  --^^  = h  :r-  T-  =0- 

dw         dw       dy  dw 

IV.  DEVELOPEMENT  AND  DIFFERENTIATION  OF 
FUNCTIONS  OF  THREE  OR  MORE  INDEPENDENT 
VARIABLES. 

269.  To  find  the  developement  of  a  function  u  of  three 
variables  x,  y,  z  independent  of  each  other. 

Here  u=f(wj  y,  %)  and  it  is  required  to  find  the  de- 
velopement of  u'=^f{W'j'h^  y  +  A?5  x  +  l)y  where  h,  k  and  I 
are  indeterminate  magnitudes  either  positive  or  negative :  then 
if  we  suppose  the  changes  to  take  place  separately,  as  we  have 
done  in  (259)  and  denote  by  '^u  the  value  of  the  function 
arising  from  the  first  two  changes  only,  we  shall  have 

,3C 
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// 


««/(ir  +  A,  S^  +  *,  «)  = 
u 

1  /rfw,      ^^  u\ 
1  \dw        dy    ) 


1 .2  Vd/p^  dwdy  df/* 

1.2.3  \o«*           dardy              dxd%f            d%f 
+  &C 

in  both  sides  of  which  if  «  be  changed  into  z-\-ly 

(1)  u  will  be  changed  into 

du .      cPu    V        d^u      P 
d«        d«»  1.2       d«»   1.2.S 

(2)  -r—  will  be  changed  into 

dx 

du        d?u   ,        d?u       P  d^u         P 

—  ^  /  -I- 4. 4-  gjc. : 

div       dwdz        dxdsi?  1.2       dwdsf  1.2.3 


&c. 


du 
(3)  —  will  be  changed  into 

du        d^u   ,        ^u      P  d^u         P 

dy       dy  dz        dy  ds^  1.2       dy  dsi?  1.2.3 

&c 

and  thence  we  have  u'  =f(af  +  A,  y  -f  ft,  «f  +  /) 

dtt,     d*w    P        d^u      P 
d«f         d«*   1.2        d»*  J.2.3 
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fdu        dfu  ^u       P  \ 

\dw       dwdz       dofds?  1.2  / 

fdu        d^u  c?w     ^?^  \ 

Wy       dydiJf       dyds?  1.2  / 

■^  r72  te  "^  rf^^i^    '^  da^dst?  Tit  "^       7 

/  d^u  dPu  d^u         P  \ 

\dwdy       dxdydz        dwdyds?  1.2  / 

IP    fd^u         (Pu  d^u       P  \ 

■*"rr2  [d^  '^d^d^d^^  i72  "*■   7 

+  &C 

which  is  easily  arranged  according  to  the  dimensions  of  A, 
k  and  /,  if  it  be  required. 

Thus,  a  function  of  three  independent  variables  may  be 
developed  by  Taylor^s  Theorem  in  termu  of  the  variables  and 
their  indeterminate  increments:  and  by  making  ^  =  0,  y  =  0, 
zsso  as  in  (262),  the  expansion  of  us=f(wj  y,  z)  may  be 
obtained  from  the  Theorem  of  Maclaurin. 


270.  Cor.  Hence  if  a  proposed  function  of  three  variables 
as  u=f(/V9  y,  z)  be  required  to  be  difiPerentiated,  we  see  di- 
rectly that 

du  ,       du ,       du  , 
du=:^-h+  3-A+  -—l 
dw  dy  dz 

du  ^        du  ^        du  . 
=  —-da?  +-r-dy  +  -j-^^^ 
diV  ay  az 

if  the  indeterminate  magnitudes  A,  A,  I  be  supposed  to  be 
represented  by  do?,  dy  and  dz  as  in  (263):  and  from  these 
the  differentials  of  all  the  succeeding  orders  may  be  deduced 
according  to  the  same  principles. 
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271.  The  mode  of  proceeding  here  adopted  may  obviously 
be  applied  to  all  functions  whatever  be  the  number  of  inde- 
pendent variables  employed,  whether  it  be  to  find  their  deve- 
lopements  according  to  Taylor's  and  MadaurirCs  Theorems, 
or  to  determine  their  differentials :  and  it  may  in  every  case 
be  similarly  shewn  that  the  Total  Differential  is  equal  to  the 
sum  of  all  the  Partial  Differentials. 

Ex.  1.     Let   w=  -j^ -\   then   first   finding  the  partial 


differential  coefiicients  we  have 

du  t^  du         2afy        du  2w^« 


dw       «*-a*'     dy       ««-a*'    dx  (x'-aj 

therefore  the  total  differential  will  be 

du  -        du  ,        du  , 

du^  -T-daf+  -T~»y+  -T-a« 
dof  dy  dz 

^duB        9,xydy       ^w^zdx 


f^{st?  —  a^)dai  -f  2a;y(s^'--€^dy  —  2wf/^zdx 
"^  (z'^ay 

Ex.  2.     Let  u  =  afd)  (-,  ?-)  :  then  we  find 

dw      ^  \y     zf        y^    \y     zj 

dy  f^KyxJ        z^  \y    z/ 

du 


dz  z^  ^  \y^  z)  ' 
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and  therefore  the  total  differential  will  be 


^«=<-.'j)^-:-*'(r!)--?*'g.fh 


+ 


272.  A  HomogeneotAS  function  of  two  or  more  inde- 
pendent variables  is  connected  with  its  differential  coefficients 
in  a  peculiar  manner,  which  may  here  be  shortly  explained. 

Let  u  represent  any  homogeneous  function  of  a?,  y,  z^  fee, 
where  m  is  the  sum  of  the  exponents  of  the  variables  in  each 
term :  then  if  in  the  places  of  a?,  y^  ar,  &c.  there  be  substituted 
(1  +a)a?,  (1  4-a)y,  (1  +  a)»,  &c.  it  is  evident  that  u  will  be- 
come (1  -\-ay^u:  but  in  the  formula  of  (269),  if  ao?,  ay,  ax^ 
&c..be  put  for  A,  A,./,  &c.,  we  shall  obviously  have 

(l+a)'"w  = 

du  du  . 

u+  -7-aa?+  -r^ay  +  &c. 
dw  dy 

-f&c, 

whence  developing  the  former  member  by  the  binomial  theorem 
and  equating  the  coefficients  of  the  same  powers  of  a  in  both 
sides,  we  obtain  the  following  results : 

.  .  du         du         du 

(1)  mu=  -r-a?+  3-y+  -p-5f  +  &c. 

dw         dy         dz 

^  X  /  V         ^'f^   o  ^u  d^u  „ 


&c. 


which  may  easily  be  verified  by  taking  any  instance  whatever 
of  a  homogeneous  function. 
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273.  Let  u=if(afy  y,  »)  =  0  be  an  equation  betweeir  the 
three  variables  d?,  y,  »,  wherein  »  may  be  considered  as  a  func- 
tion of  the  two  independent  variables  w,  y :  then  by  (268)  we 
have 

du      du  dz 
dw      dzdw 

du      du  dx 
dy       dz dy 

whence  multipljdng  the  first  of  these  by  dof  and  the  second  by 
dyf  we  have  by  addition 


du  ,        du  (dz  _        dz  ^  \ 

dw'{'  ^-'dy+  -7—  (t"»^+  -r-»y   =^  = 
dy  dz  \dw  dy      J 


dz  dz 

but  dz=^  —  dw+  —dy  by  (263),  whence  by  substitution  we 

get 

du  ^        du  ^        du  ^ 

dx  dy  dz 

that  is,  the  first  differential  of  t^  =  0  taken  with  respect  to  all 
the  three  variables  must  be  equated  to  zero:  and  the  total 
differential  of  the  second  order  may  be  obtained  by  differen- 
tiating this  last  result,  wherein  jv  is  a  function  of  w  and  y  and 
dxj  dy  are  constant,  though  the  same  might  easily  be  found  by 
differentiating  each  of  the  terms  of  the  equations 

d  (u)      du      du  dz 
dw        dof      dzdw 

d  (u)       du      du  dz 
dy        dy      dw  dy 

relatively  to  each  of  the  variables  w^  y,  z. 

9lJ4t,    Whenever  we  have  two  equations  each  involving  the 
same  three  variables,  it  is  obvious  that  the  variables  must  cease 
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to  be  independent  of  one  another,  and  it  will  not  be  difficult 
to  find  the  relations  between  the  differentials  of  any  two  of 
them  considered  as  functions  of  the  third. 

Let  F  (pB^  y,  »)  =  0  and  /  (^,  y,  »)  =  0  be  the  two 
equations  which  we  will  here  represent  by  w  =  0  and  t?  =  0: 
then  retaining  the  former  notation,   we  shall  have 

,      du ,  du ,  du  _ 
dx         dy         dz 


+  &C, 


-     dv ,  dv  ,       dv  ^     ^ 
V  =v+  -r-^+  -7"A?+  --/4-&C. 
dx         dy         dz 


+  &C. 


but,  by  means  of  the  two  proposed  equations  the  quantities 
Xy  y  may,  by  elimination,  be  expressed  in  terms  of  x^  and 
therefore  we  shall  have 

dx        d^x    P 

A  =  —  /  +  -—- h  &c. 

dx         d««1.2 

.      dy        <Py  P 
dx        dsr  1 . 2 

whence  we  now  obtain 

,  du  (dx  _      cP<»    P        „     \ 

dx  \dx        dsr  1.2  / 

du  (dy ,      d^y    /^         ^     \ 
dy  Vdsf        d»2 1 . 2  / 

du 
diST 

and  V  may  be  expressed  in  a  similar  form :  hence,  if  by  virtue 
of  the  equation  t«  =  0,  we  equate  to  zero  the  sum  of  the  quan- 
tities involving  the  first  power  of  the  indeterminate  magnitude 
/,  we  shall  have  the  results 
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du      du  doi      du  dy       d  (u) 
d%       dw  d%       dy  dx         dz 

dv       dv  dx       dv  dy       d  (v) 
d«       dw  dz       dy  dz        dz 

»nd  similarly  for  higher  orders. 

275.  What  has  just  been  shewn,  proves  that  the  same 
principles  may  be  extended  to  any  number  of  equations  less 
by  unity  than  the  number  of  variables  involved  in  them :  and 
whenever  this  is  not  the  case^  we  know  that  there  are  em- 
ployed more  than  one  independent  principal  variable. 

Let  tt  =  F(«,  t^  <jp,  yy  «r)=0  and  v=f(8y  t^  x^  y,  5f)=0, 
be  two  equations  between  the  five  variables  8^  ty  Xj  y^  z:  then 
it  is  obvious  that  y  and  z  may  here  be  considered  as  functions 
of  the  other  variables  Sy  t,  x;  and  difierentiating  u  and  v 
with  respect  to  s^  t  and  x  in  succession,  we  shall  have  by  (274), 

d  (u)       du       du  dy       du  dz 
ds         ds       dyds       dzds 

d  {u)        du       du  dy       du  dz 
dt  dt       dy  dt       dz  dt 

d  {u)       du       du  dy       du  dz 
dx         dx       dy  dx       dz  dx 

multiplying  these  results  by  rf«,  dt^  dx  respectively,  adding 
together  the  results  and  putting  dy  and  dz  for 

d«  ,        dy  ^        dy  ,  ,   ^^  ,         <^^  ,.      dz  ^ 

-^ds-i — -dt-^-  --  dx  and  -—  a«  +  -r-  a^  +  -r-  ^^^ 
ds  dt  dx  da  dt  dx 

,     .     ,         du  ,        du  ,       du  .        du  ^     ^   du  , 
we  obtain  dw  =  —-  d«  +  -r- dt -\-  ^- dx  ^  —- dy -^  -r-  asr=0 : 

da  dt  dx  dy  dz 

which  is  the  same  result  as  obtainable  by  the  principle  of  (271) 

when    all   the   variables   are   considered  independent:   and  it 

follows  that  in  differentiating  u^O  and  v  =  0,  with  respect 

to  all  the  variables  5,  #,  a?,  y,  «,  we  may  make   the  coeffi- 
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cient  of  the  differential  of  each  independent  yariable  separately 
equal  to  zero :  and  similar  considerations  will  be  applicable  to 
the  investigation  of  differentials  of  higher  orders. 


V.  ON  THE  ELIMINATION  OF  CONSTANT  QUANTITIES 
AND  ARBITRARY  FUNCTIONS  WHOSE  FORMS  ARE 
INDETERMINATE. 

* 

276.  In  articles  (67)  and  (68)  it  has  been  shewn  that 
by  means  of  the  primitive  equation  and  those  ^successively 
derived  from  it  by  differentiation  the  constants  involved  may 
be  made  to  disappear  whenever  only  one  independent  variable 
is  concerned;  so  here  if  u^f  (w^  y,  x)^Oi  we  shall  have 
two  differential  equations  of  the  first  order  according  as  one 
or  other  of  the  independent  variables  is  referred  to,  and  by 
means  of  these  and  the  original,  we  can  always  eliminate  two 
constant  quantities  leaving  a  result  existing  between  or,  y,  x^ 

— -  and  —  independent  of  them :  again,  by  proceeding  to  the 

differentials  of  the  second  order,  we  shall  manifestly  have  six 
equations  by  means  of  which  may  be  eliminated  five  constant 
magnitudes,  and  so  on:  and  the  same  kind  of  principles  will 
also  enable  us  to  exterminate  functions  of  the  variables  em- 
ployed whose  forms  are  absolutely  unknown. 

To  exemplify  this,  let  us  take  the  equation  u;:^F  (^,  y,  «f)=0, 
which  may  be  supposed  to  give  z ^f{aw  -\'hy)i  then  if 
ax-^hy^t^f  we  shall  have 

whence  dz^f  {t)  rf^  where  /'  {t)  is  the  differential  coefiicient 


dt 


of  the  function  /(O- 


*  d%        ,       dt         dss  dt 

—  =/  (t)  -1  and  ^  =/'  (t)  ^ : 
dx     -^    ^^  dm         dy.'^^^dy 

3D 
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but  smoe  <±=o«  +  &y,  we  hcve 

-r-  =  o  and  — -  =  6, 
ao)  ay 

so  that  1^  =  af  (t)  and  ^  =  bf  (t) : 
aw  ay 

dz 
therefore  from  the  first  of  these  h  -—  ^^ahf  (t)^  and  from  the 

dx  .  dx         dx 

second  a-—  ^o,hf  (rt:  whence  6- o-— -  =0:  and  this  is 

dy  dx         dy 

an  equation  entirely  divested  of  the  arbitrary  or  indeterminate 

function/(a^+fry),  but  such  as  holds  good  whether/ (aa?+6y) 

represent  (a^  +  fty)*,  c*^"*"  ',  log  (aa?H-6y),  sin  (aa?-|-fey),  &c. 

as  may  easily  be  verified:  and  conversely,  if  any  expression 

dx         dx 
be  such  as  to  satisfy  the  equation  h- a  —  =  0,  we  may 

rest  assured  that  it  is  of  the  form  x  =f(aat  +  by). 

277'  GeneraDy  if  we  have  u=iF  [w^y^x,  f(t) ]  =  0,  where 
^  is  a  function  of  Wy  y,  Xy  it  is  evident  that  two  of  these 
quantities  x  and  f(t)  may  be  considered  to  be  functions  of 
the  two  others  w,  y:  whence  we  shall  have 

du       du  dx         du    ^,  , ,  dt 

+  .- 1 /'  (A  —  s=o, 

dof       d;s  dx      df(jt)  dx 

du      du  dx         du    w  ^  x  ^^  _ 
d^^didy'^  df{ty    ^*^dy^^" 

by  means  of  which  a  final  equation  may  be  derived  entirely 
independent  of  both  f{f)  and  f  {t). 

Ex.  1.     Let  us  take  u=iF  {x^y^  x)=zOy  such  that 
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then  £  =/  {a^  +»*)2a7,  ^  =/'  (^*  +  y*)  2y,  also  /=a^  +  y': 

whence  we  have 

dt  ,  d/ 

-~=2a?,  and -7-  =2y; 

wherefore  multipljring  the  former  of  these  by  y  and  the  latter 
by  a?,  and  subtracting,  we -obtain 

du         du 
ax         ay 

but  by  virtue  of  the  equation  t^sO,  it  is  manifest  that 

du      d%  du       dx 

dx       dx  dy       dy^ 

and  therefore  we  have 

dx         dx 
dx         dy 

which  exhibits  no  trace  of  the  function /(a?^+y*). 

Here  we  have  shewn  how  the  preceding  principles  are  to 
be  applied:  but  in  fact,  since 

~  =/'  (^'  +!^)  20?  and  j^  =/  {or'  ^f)  2y,  . 

if  the  first  be  multiplied  by  y  and  the  second  by  x,  we  obtain 
immediately  the  same  result  as  before, 

dx         dx 
dx         dy 
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H«nce  conversely,  by  means  of  this  partial  differential 
equation 

dz         dz 

dw         dy 
we  shall  always  be  enabled  to  recognize  »  as  a  function  of 

Ex.  2.     Letir=sy^  +  90  {  — H"logy)  - 

whence  multiplying  the  former  by  a^  and  the  latter  by  y,  and 
adding  together  the  two  results,  we  obtain 

dz        dz 

278.  The  same  principles  may  be  extended  to  the  elimi- 
nation of  indeterminate  functions  of  more  than  two  independent 
variables,  as  may  easily  be  demonstrated  generally,  and  is 
evinced  in  the  following  example. 

Ex.    To  eliminate  the  arbitrary  function  from  the  equation 


we  have 


dz 
dx 


—  =  f '  (^  ^\   ^  —  _  ^  f  /^  ^\ 

dy  '  U'  7/'  dt'^    f^  w  7r 

,  ,     .  dz       z      y  dz.      t  dz 

whence  we  obtam  —  = — -r , 

dtV       SB       tT  dy       x  dt 
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which  gives  immediately 

wdx      ydz       tdx 
dx         dy         dt         "" 

279.  By  proceeding  to  higher  orders  of  partial  difPerential 
coefficients,  it  will  be  possible  to  eliminate  in  the  same  manner 
two  or  more  indeterminate  functions  from  an  equation. 

Ex.     Let  ijf  =  0?/  (  - 1  +0  {yx)  :  then  putting 

dx  dx  dp  dp       dq  dq 

dx        '  dy  dw        ^  dy       dw       ^  dy 

and  taking  the  partial  differential  coefficients,  we  haye 

whence  by  multiplication  and  addition  we  get 

pa?  +  ^y  =  a?/  /  - j  -f-  ^xytp'  {yx), 

from  which  subtracting  the  proposed  equation,  we  have 

P^  +  gy— «  =  2a?yf^' (yar)  —  0  (ya?)  : 

differentiating  this  equation  with  respect  to  x  and  y  in  suc- 
cession, we  obtain 

ra?  +  «y  =  y0' (ya?)  +  2a?y*0"  (yo?), 
sx  +  ty==x(f>  (yx)  +  2tr*y0" (yx) : 


398 

which  by  multiplication  and  subtraction  lead  immediately  to  . 

rjT*— /y*  =  0, 

JPz       ^<P«      ^ 

or  or —  fr =  0. 

d^t"      ^  df 

280.  We  have  seen  that  the  differential  coefficients  of  the 
first  order  are  sufficient  for  the  elimination  of  one  indeterminate 
function,  and  that  those  of  the  second  have  here  been  the  means 
of  causing  the  disappearance  of  two,  but  we  cannot  hence  infer 
that  three  differentiations  will  enable  us  to  get  rid  of  as  many 
functions :  for,  to  find  the  order  of  differentiation  to  which  we 
must  proceed  so  as  to  eliminate  any  number  of  independent 
functions  from  an  equation  containing  two  variables,  suppose 
f^  =  0  to  comprise  m  such  functions  as  /  (a?,  y),  <p  (or,  y),  >/r  (w,  y), 
&c :  then  it  is  manifest  that  by  each  successive  differentiation 
we  introduce  m  independent  functions,  so  that  by  proceeding  to 
the  n^  order  of  differentiation,  we  shall  have  (»  +  l)m  such 

functions  including  the  original :  but  u  =  0  gives  —  =  0  and 

du  ^    ,       ^  ,        (Pu  6?u  -  d?u 

—-  =0  of  the  first  order;  ---  =0,  - — —  =0  and  ----  =0 
dy  dar  dxdy  dy^ 

of  the  second  order:  similarly  we  have  seen  that  there  will 
be  obtained  4,  5,  &c.  {n  + 1)  equations  of  the  third,  fourth, 
&c.  ri!^  orders:  whence  the  entire  number  of  equations  alto- 
gether 

=  l+2  +  S  +  &c.  +  (w+l)=^^ (\ ^: 

therefore  in  order  that  we  may  be  enabled  to  eliminate  all  the 
proposed  functions,  we  must  manifestly  have 

(n  +  l)(n  +  2) 


1.2 


>  (w  + 1)  fW, 


and  therefore  w+2>2w  or  n>2m  — 2:  that  is,  n  which  ex- 
presses the  order  of  differentiation  must  be  equal  to  2  m — 1 
at  least ;  and  the  number  of  equations  resulting  from  the  elimi- 
nation being  generally 
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(n4-l)(n+2)       .         ^  n  +  l  .  , 

1.2  ^         ^  1.2    *  ^' 

it  follows  that  when  n  =  2m— 1,  the  said  number  wiU  be 
^(n+l)=m. 

Thus,  in  (276)  we  have  one  indeterminate  function /(aa?+6y) 
and  one  resulting  partial  differential  equation 

,  dz         d% 

h- a—-  =aO: 

dw         dy 

and  in  the  instance  of  (279)  where  971  =  2,  we  should  have 
»  =  2.2  —  ls=3  at  least ;  but  from  the  peculiar  form  of  the 
functions  involved,  it  is  here  unnecessary  to  proceed  further 
than  two  differentiations,  and  there  may  result  from  it  a  second 
partial  differential  equation  in  addition  to  the  one  there  given, 
namely 

^d^x  d^x  ^d^x 

dwdy  dy' 


VI.  ON  THE  DEVELOPEMENT  OF  FUNCTIONS  BY 
MEANS  OF  LAGRANGE'S  THEOREM.  ON  LAPLACE's 
THEOREM. 

281.  If  y  =  x  +  w(f)(y)  where  w  and  x  are  independent 
of  each  other,  and  u=f(y)^  then  may  the  developement  of 
u  be  obtained  from  the  following  theorem: 

u=/(.)  +  0(.)^^^_{0Wl^}  — 


+  -: 


-{<b(x)\  ~-^\ +&C. 

->\^*^  '"      dz   J  l.2.S.&c.n 
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d       cP  d"-*  .      ^ 

where  ---*  -r— ,  &c.  — — -  denote  the  successive  differential  co- 
dz    dsr  rfjjf""* 

efficients  of  the  expressions  within  the  brackets  relatively  to  x. 
For,  by  Maclaurin^a  Theorem,  we  have 

of 

+  Un Z +  ^^ 

1.2. 3. ken 

where  ^7©,  Uu  U%y  tJs,  &c.,   U^  are  the  values  of 

du      d^u      d?u  d/^u 

'     dw^     dn^^     da^^       '   dat^^ 

when  07  =  0,  which  it  is  therefore  required  to  find : 

now  since  t«=/(y)  and  y  is  a  function  of  w  and  Zj  we  have 

du  __  df(y)  dy  ^       du  _  df(ff)dy 
dof         dy     dx  dz         dy     dz' 

du  dy  ^  du  dy 

dx  dz  "*"  dz  dx 

again,  from  y=iz  +  x<p  (y),  we  have 

dy       .  .X  .   ^d<l>  (y)  dy 

dy_        ^d(l>(y)dy 
dz  dy      dz ' 

.hence  ^  =  _^M^, 
dx  xd<p  (y) 

dy 

y    .       ^       dy                 1  1      dfj 

and  therefore  •—  = TTT^  =      r  <  "^ ; 

dy 


i 
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dx      ^  ^^'  dz 


,  .  ,dy  du      dy  du       du  d«  . 

^       dzdz      dwdz      dwdz  ^  ' 

du               du 
whence- =0(y)- (2): 

.-      .     du      dui  - 
again,  if  0  (y)  —  =  _ ,  u^  being  some  function  of  y,  we  have 


da^       d%doe 


'»">H')-S='^«S=«wtS= 


d^Wj 


=s{*^'Sl' 


also,  if  0(y)|2  —  =  —1 ,  where  w^  is  some  function  of  y,  we 
shall  readily  obtain 

d?u       d?u^  d?u        d?u. 

~nr  =  —TT    ^uad  .•. =5 £— : 

O'J?'       rf^"  da?       ds^dw 


^    f — 7 — 13  dt^l 


and  generally  if  for  the  {n  - 1)«^  diflFerential  coefficient,  we  have 


sE 


{*^-t}. 
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du  d^n-l 


and  for  0(y)l-i---,  put  --7^,  then  will 

az  dx 

d^'^u       d^'^u^^i  d*u        d^u^^i 

and  .*. 


daf-'         dsi^'^  "  dor      ds^'^dof" 


d^ 


-s^i^n- 


whence  it  follows  that  if  this  form  be  true  for  the  differential 
coefficient  of  any  one  order,  it  will  manifestly  be  true  for  the 
next  superior  Order :  but  it  has  been  shewn  to  hold  good  where 
n  is  taken  successively  equal  to  1,  S,  3,  and  therefore  it  is 
generally  true: 

and  to  find  its  value  when  d?  =  0,  we  observe  that  then  y=^x, 


con- 


and  u^f(y)^fiz),  so  that  f^.=  ^  {^^"^rf7^}  = 

sequently  by  substituting  in  the  formula  of  Maclaurin  above 
cited,  the  several  values  of  U^,  Ui,  Ut,  &c.  C7j„  &c.  we  have 


+ 


which  is  the  celebrated  Theorem  of  Lagrange^  who  expressed 
it  originally  in^he  form 

+  7;|;^(A0«^r  +  &c.: 


^3 

and  its  •  extensive  utility  will  be  evinced  in  the  following  ex- 
amples. 

Ex.  1.  Let  1— y  +  «y  =  0  be  given,  to  find  the  value 
of  y«. 

The  theorem  has  y  =  ^  +  ^0  (y)  or  «f  —  y  +  a/tp  (y)  =0, 
which,  by  putting  for  %,  y  and  w(p  (y)  the  quantities  1,  y  and 
ay  respectively,  coincides  with  the  proposed  expression:  alsain 
this  case  we  have  u  =/  (y)  =  y" :  whence  we  see  that  f(%)z=:s^: 
and  af(f}  (y)  is  here  equivalent  to  ay,  so  that 

a?=:a,  ^(y)=^y  and  ,\  ^(%)=z%: 
and  we  are  now  enabled  to  find  the  several  terms  as  follows : 

0(^)--=^4-^-='—T—  --=»»»"-  =wa: 
^^  ^     dx    1  dx     I  1 


izX^''  ^*      d%   J  1.2       d;^\    d^     j  1. 

d    .  ^    cf  a* 

dx^  ^1.2       '  ^  ^^      1.2 


— i^ la'*: 

1  .2 


d^j9WI      d^   ji.2.3       ds^X     dx      jl.2,3 
=  ^  Imx-^H  -^  =  ^  {m  (m  +  2)  i^+^i  -^ 

d«^^  M.2.3        di?f  ^      ^  ^  M.2.3 

m  (m  +  1)  (m  +  2)   ,         _ 
1.2.3 

whence  we  obtain  by  substitution  in  the  theorem 
^  1.2  1.2.3 
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and  we  are  assured  of  the  correctness  of  the  result  siace 


as  appears  from  the  solution  of  the  proposed  equation. 

Ex.  2.     Let  a  —  6y  +  c^  =  0  be  given,  to  find  an  expression 
fory. 

a  c 

Here  we  have  j-— yH-  7y*  =  0,  which  will  coincide  with 

o  0 

a  c 

x^y  +  afd>(y)zsO  by  making  «r=s-,  a?=  -  and  0(y)=y^- 

6  6 

whence  we  have  0  («)  =  «*,  and  f  («)==«  since  u  =/  (y) = Jf  - 
therefore  the  terms  in  order  will  be  as  under  : 


=  4** =s  4 


1.26»  1.26*' 


i»»r^'"     d«  ji.2.3      dx'X    dxjl.s. 


=  5 .  osr —  s=  5  .  o 


1.2.36'  ■     1.2.36'' 


r^^'      di8f   jl.2.3.4       dir»\     d«jl.2.3.46* 


=  6.7.8i»^ rr  =6.7.8 -t;  and  soon; 

1.2.3.46^  1.2.3.46^ 
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whence  we  have 


V=  -  H 4-4 h5.6 =  +6.7.8 u&c 


which,  it  may  be  remarked,  is  the  same  as the 

2c 

less  root  of  the  equation  solved  by  the  ordinary  means. 

Ex.  3.     Given  a?y"  —  y  +  a  =  0,  to  find  the  value  of  y". 

Here  comparing  a  — y  -f  <ry*  with  «r  — y  +  ^0  (y),  we  have 
sr  =  a  and  0(y)=y»:  also  u=f(y)=y^;  and  .-.  ^(%)=%^, 
f(x)^sis^:  whence  we  obtain  the  terms  immediately : 

0(^)-^-  =^-~^-  ^mx^^^-'w 
dzY^  ^'      dz   j  1.2       dz\        dz  j  iTi 


~{mz^^'^-']~^m(m-^2n^l)    —  ^ 
dz  '^  M .  2  ^  ^ 


^«i  +  2n-2 


1.2 

_^  m  (m  +  2w— 1) 


1.2 


^m  +  2«-2^8  : 


rV^'      d«r    jl.2.3        dz^X  dz   Jl.2. 


d»^  ^  M  .  2  .  3 

w  (m  +  3»  —  1)  (m  +  Sw  —  2)  ^f^+^n-s 


1.2.3 


1.2.3 
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*  1.2 

1.2.3 

If  in  s  1  and  n  be  taken  equal  to  2,  3,  &c.  in  succession, 
we  shall  have  the  least  root  of  the  corresponding  quadratic, 
cubic,  &c.  equation. 

Ex.  4.  Given  y*  —  2^y*+^y  — o'  =  0,  to  find  the  values 
of  y. 

ai 
Here  we  have ^  —  y+  "T*^^  ^J  solving  the  equation  with 

respect  to  a:  and  comparing  this  with  x  —  y  +  af{f}{y)=:Oy  we 
find  »=^,  a?=  ±ai  and  0  (y)=y-i;  also  u=f(y)=zy: 

df(x) 
whence  0  (»)=»"*,  f(as)=:z  and  =1:  therefore  the 

terms  are  as  follow : 


cl    f — T-T^2df(x)]    of  d    ,      ^^    €^  ^   a 

di!f  \^  ^  ^ '     d^  j  1 . 2       dsf  *       ^1.2  1 . 


2 


a^ 


1.2a?* 


9 


d«^  \^  ^  ^ '      djjf    j  1 . 2  .  S       d%^^    ^^  1.2.3 

9  i 

3.5        7     a^  S.5a^ 

=  ±  — 5"^"^ =  ± f'  and  soon: 

2  1.2.3  22.i.2.3a?2 

3  9 

a^  a^  3.5a^ 

^2        i.zar       2M.2.3,r* 
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Also,  since  y  =  -;  +  ( -^  —  Ti  1  '  *^®  theorem  gives  like- 

ar        \  Of        or  J 

wise  y=  -  +  -T-  -  -T-  +&C. 
or        tV  X 

Ex.  5.     To  find  the  roots  of  the  equation  o  —  6a?  +  cof  =  0, 

let  y  =  ^,  which  gives y  +  -^"=0:  and  comparing  this 

ah  ^ 

with  x'—y  +  af(f)  (y)=0,  we  have  «= ,  d?=-and  0(y)=y'*, 

c  c 

also  us^f{y)=y: 

therefore  0  (»)=»*•,  /(»)=«    and     j^       =  1 : 

and  the  terms  being  found  as  before,  we  obtain 

^    _lba       (n-2)  Va^       (n-3)  (n-4)  ^a'  . 

^'"""^^      na        i.2n«    o«    ""      l.2.3»»      -^-^^i 


where 


"(-r^ 


we 


= icos2mir  +  'V 

c  ^ 

/  —  1  sin  2mir 

y      ai       2w7r 

/ 1  cos 4.  <%. 

y .    2mir 

/  —  1  sm 

from  which,  by  assigning  to  m  the  successive  values  1,  2,  3, 
&c.  n,  we  shall  find  the  n  different  roots. 

Ex.  6.     Given  1  —  a?  +  c*  =  0,  to  find  the  value  of  e*. 

Here  changing  x  into  y  for  the  sake  of  coincidence  with 
the  general  formula  i!f  —  y  +  ^0  (y)=0,  we  have  1— y +  eS'=sO: 

...  0(^)  =  e«,/(^)  =  i?«and.^=£?«: 
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whence  we  may  find  the  terms  as  before  : 

/(a?)  =  c»  =  c: 

^  ^  ^     rfaf    1 


3^ 
2 


^^  |ir  V  / 1     dz  J  1.2      dx  ^     M  .  2  1.2      1 . 

d«*  ^      *   1.2.3  1.2.3        1  .2.3' 

— -  }e*'{ =5V' = ;  and  so  on: 

dz^  ^      *1.2.3.4  1.2.3.4        1.2.3.4, 

whence  we  have 

,       3e»  4*c*  5»c* 

'ey=sc  +  6*H- + + T —  +&C. 

1.2        1.2.3        1.2.3.4 

which  by  putting  w  for  y  becomes 

.         2e  SV  4V  5V  ,     , 

c*=c  n  + 1 + + +  feci 

^  1.2        1.2.3        1.2.3.4        1.2.3.4.5  * 

in  which  the  law  is  manifest. 

Ex.  7.     Given  a^^2ar+ 1  =0,  to  find  log  w. 

Here  changing  the  letter  as  before,  we  have ^  —  y.+  i^  =  <^ 
to  be  compared  with  %  —  y-^w<f>  (y)  =  0 :  whence  ^  =  ^j  ^  =  i' 
0  (y)  =  y*  and  w  =  /  (y)  =  log  y : 

.•.«W=^,/W-iog»™d^  =  i= 


dz 
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whence  /  (z)  =  log  a?  =  log  ^ : 

,  ,  df(z)  X         ,        1 
^^  '    dsc     \         ^      2^* 

\^  ^  "^ '      d%   ]\,%  1.2.2*        1.2.2* 


\^.     ^'      d«r    jl.2.3  1.2,3.2^      .1.2.8.2* 

1  3  4.5 

.-.  loff  «  =  log  i  +  -T  +  7  + '' 7  +  &c. 

^^         6^       gsi        1.2.2'        1.2.3.2* 

which  is  also  the  value  of  log  sc  from  the  equation  proposed. 

e 

Ex.  8.      Given  y  = .  ,  to  develope  y"  in  ascend- 

1  +  \/l  — c* 

ing  powers  of  e. 

This  quantity  being  the  less  root  of  the  equation 

y'-  -y  +  l=0, 

we  have  to  compare ^c  —  y  +  iey^  =  o  with  %  —  y  +  w^  (y)=0; 
and  this  gives  «  =  ^e,  a?  =  ^e,  0(y)=y2.  ajgo  ^--^(y)— y. 

whence  it  follows  that  0  (ij?)  =  5?*,  /  («)  =  »  and  -^  =  1 ;  and 

the  values  of  the  several  terms  being  found  and  substituted 
in  the  general  formula  give 

^         2»  <  2^  ^        1.2       2*  1.2.3  2«  ^ 

If  n=l,  we  have 


e  .        ^         e*         ^ 


sF 
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and  if  nss  *  1,  we  obtain  from  the  formula, 

y      e  ^        2*       2*        2«  * 

which  is  therefore  the  developement  of 

1  +  v^n^ 


or 


1 


^y/Tz:^' 


Ex.  9.     Let  t«  =  11^ + 0  sin  u,  which  by  changing  the  letter 

u  into  y  becomes  nt^y-i-esiuy  =^0 ;  and  this  compared  with 

X  ^y  +  w<j)(y)szO  gives  x^nty  a?  =  e,   0(y)  =  8iny:  also 

df{x) 
iissf(y)esy:  whence  tp{x)  =  miXj  f(x)ssx  and  •— — =1: 

and  the  proper  operations  being  effected,  we  have  immediately 

uszni  +  esinntA -2  sin2fi/ 

1.2.2* 


(3'  sin  Snt  -  3  sin  nt)  ^  &c. 


1 . 2 .  S  .  2* 


Ex.  10.     Given  r=  — ^^ ^,  to  find  the  developement 

1  +  c  cos  f) 

ofr*. 

Here  r-t-recos.©  =  a(l  — c*),  which,  if  y  be  put  for  f, 
becomes  a(l  — «*)  — y  — cycosw  =  0: 

.•.  jir  =  a(l— 6*),  ^ss— ecosf,  0  (9)ssy  ^also  f^=/(y)=:^; 

and  thence  we  have 

<p(x)=:x,  f(x)=:sf'  and  -IS^^ns^'^: 

dx 

and  the  theorem  immediately  gives 

fsa'O-C*)"  {l €C09t?+       ^  ^g^cos*<?  — &c»}^ 
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If  n  =  1,  we  shall  have 

r  =  a(l— 6^)  [l  —  6cost9  +  ^cos't?  — &c.}, 
as  may  be  found  by  actual  division. 

Ex.  11.     6ivenay+6y^+cy*+&c.=ai»-f /3a?*  +  7a?'+&c., 
to  exhibit  y  in  terms  of  07. 

Here  y= -(aa?+/3a?^4^7aj^+ &c.) (6y*  +  cy^+&c.), 

which  being  compared  with  the  general  form,  gives 

^  =  —  (aw  +  fia^  +  7^  +  &c.), 

1 
ofsz and^(y)=:&^  +  cy^  +  &c.:  also  M=s/(y)  =  y: 

whence  we  have 

0  («)= 6«»  +  cx»  +  &c., /(«)=.  X  and  ^^^  =  1 : 

dx 

and  effecting  the  proper  operations,  we  find 

y=      {a*  +  /3.r'  +  7«^  +  &c.} 

-  -  j^  (ao?  +  j3a^  +  &c.)'  +  ^  (ao,  4-  /3a?^  +  &c.)4 

+  "l{~  (^^  +  li^  +  &c.)3  (a  +  2/3^ +  &c.)  +  &c.> 

—  &c 

'/3 


If  /3  =  7  =  &c.  =  0,  the  equation  proposed  becomes 

ay  +  6y^  -f  cy^  +  &c.  =  aa?, 
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and  we  have 


y=  -a? r*^+ X or  — &c. 

a  a^  or 

Ex.  12.     Given  w+  t-A+  T"; +-71 +&c.=0, 

dx        d«*1.2      da?^  1.2.3 

to  find  h  in  terms  of  u. 

Here  changing  the  letter  h  into  y,  we  shall  have 

u  1  /ay®  ry*         «    \ 

y-  ^     -!£-  +  _|_+&c.)=0; 

p  1>\1.2        1.2.3.  / 

p,  9,  r,  &c.  being  taken  to  represent  the  successive  differen- 
tial coefficients  of  u\  and  this  being  made  to  coincide  with 
«f-y-h^^(y)=0  gives 

u  1  at/*  ft/* 

p  ;)     ^  ^^^       1.2       1.2.3 

and  w=/(y)=y: 
•••   0(-)=f^  +  r:^+&c., /(.)=.  and  ^=l: 


whence  we  shall  have 


IP      P'  1  • 


+ 


2  p*        1.2.3 

3.57»-2.5f)gr+p'g        t^'         ^«     . 
.  p'  1.2.3.4  * 

which   oy  restoring  the   value   of  y   gives  the  developemeut 
required. 

282.     If  u  =/(y)  and  y  =  >//  {«r  +  ^^  (y)}  >  we  shall  have 
g=>^'{^  +  .;0(y)}{<^(y)+..0'(y)g}, 


dy 
d% 


=  f  {«  +  .r<^(y)}{l  +  .rf  (y)g}: 
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whence  to  elitiniAate  di  (y)  we  have 
dy 


dx 


{l-CD<p!{jf)y\/\x  +  x<f^(y)\]  =  y\/{«-^ai<p{i))\<^y, 


1^  {l  -  a?f  (y)  >/,'{«+ aT<^  (y) }}  =  x/,' {«  + *0  (y) } , 
from  which  it  is  manifest  that  there  results  the  equation 

which  is  likewise  independent  of  the  indeterminate  function 
"^^  \% •^'X(p{y)\^  and  is  precisely  of  the  same  form  as  (2) 
in  the  demonstration  of  the  Theorem  of  Lagrange:  whence 
proceeding  exactly  as  has  there  been  done,  we  shall  find 


and  making  a?  =  0  in  the  values  of  u  and  its  differential  coeffi- 
cients agreeably  to  MaclaurirCs  Theorem,  we  shall  have 

&c \ 

and  consequently  by  substitution  we  obtain 

df\^{z)\x 


«=/{V'(^)}+0{V'(^)} 


d% 


-.4{*i^'*^^}i^+-^ 


which  is  the  Theorem  of  Laplace, 
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It  yjf  {^+^0(s^)}  =^  +  0^0  (y))  we  may  obviously  remove 
the  symbol  yf/  from  the  equation  just  found,  which  then  becomes 
Lagrange^s  Theorem. 

Also,  if  iV  =:  A  and  0  (y)  =:  1,  from  either  of  these  Theorems 
we  obtain  w  =s/ (y)  =/ (ar  +  A)  =5 

•'^^^     dz     1^     dz"     1.2^     dz"     1.2.3^       ' 
which  is  the  Theorem  of  Taylor. 


\ 


CHAP.  XIIL 

On  the  Mamma  and  Minima  of  Ftmctions  of  two  or  more 

independent  Variables. 


283.     To   investigate    the    conditions    necessary    that 
"'ussfCx,  y)  may  be  a  mawimum  or  a  minimfwm^  and  to  find 
a  criterion  for   deciding  whether  it   is  a   m'cuvimum   or   a 
minimn/m. 

Let  h  and  k  as  before  denote  the  indeterminate  incre* 
ments  of  of  and  y^  then  we  have  seen  in  (259)  that 

I 

u—f(op  +  h,  y  +  k) 

du  _        d^u   h^ 

=  w  +  -T-h  +  — 4-  &c. 

dx  dor  1 . 2 

du  d^u 

+  -r^  Ac  -f  -— -.  kh  +  &c. 
dy  dao  dy 

d^u   W 

+  -p7  7—  +  &c. 
dy*^  1.2 

■f  &c.; 
and  for  the  same  reason  we  have 

u,—f{x-^h^  y  —  k) 

du ,       d^u   A*        _ 
dx  dor  1 .2 

du  ,  d^u    , , 

T"  ^  +  -^ — r  *A  —  &c. 

dy  dx  dy 

d^u   V" 

df  1T2  "" 

—  &c. : 

now,    if   -—  and  ---   be  of  finite  values,  it  is  obvious  that 
dx  dy 

the  quantities  h  and  k  may  be  made  so  small  that  the  first 


I 

416 


terms  oi  u  —u  and  u^ — u  may  be  of  greater  magnitudes  than 
the  sums  of  all  those  that  follow,  in  which  case  one  of  them 
will  be  positive  and  the  other  negative,  and  therefore  u  cannot 
be  a  maximum  or  a  minimum :  hence,  by  reason  of  the  in- 
dependence of  a  and  y,  and  therefore  of  h  and  k^  it  follows 

du  du  J    -I 

that  ;|--=0  and  —=0;  and  these  equations  will  in  general 

be  sufficient  to  ensure  to  t^  a  maximum  or  a  minimum  value  t 

but  when  this  is  the  case,  it  will  also  be  necessary  that  we 
have  a  relation  between  w  and  j^,  such  that  the  second  term 
of  tc—u  or  w^— w  may  have  the  same  algebraical  sign 
whatever  values  are  given  to  h  and  k^  whether  positive  or 
negative : 

d^u  d^u  d^u 

let,  therefore,  -r--  =  ^,  •; — r-=^j  t-t  ==C^>  and  tWs  term 

daf*  diV  dy  dtf 

will  become 

A +  Bhk-^-C : 

1.2  1.2 

which  will  evidently  not  change  its  sign,  if  it  consist  of  the 
sum  of  two  squares  or  jnultiples  of  such :  now  this  quantity 
is  obviously  equal  to 

and  therefore  will  not  change  its  algebraical  sign  whatever 
values  are  given  to  h  and  Ar,  provided  AC  be  not  less  than 
B^'.  that  is,  the  function  admits  of  a  maximum  or  a  minimum 
whenever  A  and  C  have  the  same  algebraical  sign,  and  AC  is 
not  less  than  B^ :  and  according  as  ^  is  positive  or  negative, 
the  corresponding  value  of  u  will  be  a  minimum  or  a  maxi- 
mum, as  is  evident  from  this  expression :  also  the  three  equa- 

tioiis,    u  ===/(«a?,  y),  3~  =s  0    and   -—  =  0,    will   be   sufScient 

ax  dy 

for  the  determination  of  x^  y  and  u. 
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Ex.1.     Itet  u=sa^ -^wy '\-t^-^aaj—-by: 

du 
then   — -  =  2^  +  y  — 0  =  0, 
aw 

and  — -  =  a?  +  2y  — 0  =  0; 
ay 

whence   tt?  =  ^  (2a  —  6)  and  y  =  ^  (25  -  o)  : 

d^u  d^u  d^u 

^^^    *T^==2  =  J,    — -— =  1  =  J5    and    --— =:2  =  C; 
aar  dtv  dy  ay* 

that  is,  AC  =  4  is  greater  than  S^  =  1 : 

wherefore  since  A  is  positive,  these  values  of  w  and  y  render  the 
function  a  minimum,  which  is 

Ex.2.     Let  u^^aaf^  +  ^bwy-hcf^-^ew—gy: 

du 
then  -— =  2o<r  +  26y  —  e  =  0, 
dtV 

du 

and  —- =  26a?-l-2cy--^  =  0: 
rfy 

from  the  first       2ac<v  +  26cy  — ce  =0, 

from  the  second  26^ a?   +26cy  — feg=0: 

^_    ce-bg  be-^ag 

,\  00  =  — —  ana   y  = 


2(ac-6^)  "^      2(oc-6^)' 

d^u  ^       d^u  ,      ^        ,    d^u  ^ 

also,    — -^  =  2a  =  J,   3— -- =  20  =  J?   and  --~=2c  =  C: 
a^  awdy  dy^ 

whence  it  follows  that  if  ac  be  greater  than  fc*,  we  shall  have 
the  corresponding  value  of  t^  a  minimwm. 

If  a  and  c  be  negative  and  ac  be  greater  than  6% 
u  will  be  a  maaAmum:  but  if  a  and  c  have  dififerent  signs, 
or  ac  be  less  than  6^,  w  will  be  neither  a  maximum  nor  a 
minimum. 

3G 


«. 
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Ex.  s.     Given  u  s=-jry  +  (a— a?  — y)  j -  +  ?| , 

.       du      1        2         1 
then  -— -e:-a ^  —  — v  =  0, 

J    dw       1  1  1 

and    •-— a=s-a ar— -«  =  0: 

dy      4         12        2^ 

from  which  simultaneously  existent  equations  we  obtain 

21  ,  20 

«  =  —  a   and  i/  =  —  a: 

47  47 

also     —^^-  =  ji      .^!!L-.-.i-- »     ^a=_i  =  C- 
^   da^'^      i  ^    '    d/rdy  12 "     '    dy*  2 "    * 

that  is,   ^  and  C  have  the  same  algebraical  sign,  and  AC 
is  greater  than  B*:  wherefore,  since  A  is  negative,  the  pro- 

posed  function  u  admits  of  a  maximum  value   =  —  d^ 


Ex.  4.     Given  w  =  f  i  -  -  -  ? )  (l  - ]  : 

V        c       cj  \        Off      yj 

du       a  [       ^      y\        I  (       a      h\ 

then  _  =  --    1---51     ^-    1 =0, 

da    .  or  \       e       cJ       c  \      w      y) 

^   du       b  (       ^      y\       1  /        a       b\ 
dy       tr  \       c       cJ       c  \       a?      yj 

whence  by  subtraction  we  find 

which  will  be  satisfied  by  making  each  of  the  factors  equal 
to  zero: 

A 

from  the  former  y  =  +  a?  'V/ 

. ..  ^  f ,  _  f  X  ?  ^l)  ^1  f  1  _  -  T  y^]  : 
0^  \       c      c    ^  a)    ^g  \       ^         a?   y 
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Mthence  iv=  +  s/ac,    and  therefore  y  =  Ht  v  ftc : 
d^u  a    (        hsf\ 


w  a    (        bar\       _ 

5^  =  -c-^^+^)=^' 


d^u  26  ,  ^      ^ 

which  prove  the  value  of  e«  to  be  a  maximum  or  a  minimum, 
according  as  1+c— 4?  — jf  is  positive  or  negative,;  provided 
AC  be  greater  than  B^: 

from  the  latter  we  have  a7  +  y=sc, 

a       b 
.•.  1 =0,   or  wy  — ay  — btV  =  0: 

and  these  two  equations  give 


6-a  +  c+  \/(a-6)*-2(a-f  6)c4-c* 

y= ^ ^ -: 

^  2 

_       d*w  2a 

OOr  Cttr 

d^u  ab   f  X 


dwdy  cwy  \ay 

d'u  _       2b 


\ay       bx) 
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which  prove  that  ussO  will  be  a  maximum  whenever  AC 
is  greater  than  B\  but  neither  a  maximum  nor  a  minimum 
when  it  is  less. 

Ex.  5.     Given  w  =  ^*  +y*  —  a?*  +  ti?y  —  y* : 

du 
then  -— =4^  — 2a?  +  y  =  0, 
dw 

,  du  , 

and  :-^  =  4y*— 2y+a?=0: 

from  which,  by  the  elimination  of  y,  we  obtain 

which  may  assume  the  form 

a?(4a;«-.iy(4a?«-3)  =  0, 

and  will  therefore  be  satisfied  by  making  07=0,   4^—1=0 

and  4a?*  —  3  =  0  : 

d^u 
also,   —-- =  12a?*  — 2  =  J, 
dx^ 

d^u 

=  1=J?, 


dxvdy 
d^u 


5=12y*  — 2  =  C: 


but,  if  a?=:0  and  therefore  y  =  0,  we  have  J  =—2,  5  =  1, 
C  =  —  2,  so  that  ussO  h  a moMnrnm : 

if  af=±-,   and  therefore    y=:±-,    J  =  l,    B  =  l,    C=l> 

we  have  AC  =  3^,  whence  w  = is  a  minimtim: 

8 

1  y~  _    1  /- 

if  a?  =  ±  -  V  3,   and   therefore  y  =  -h  -  v  3,   -4  =  7,  jB=1, 

9 

C  =  7,   we  conclude  that  w  = is  a  mmifT^f^m. 

8 
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284.  If  a  proposed  function  involve  three  variaUea 
subject  to  an  equation  of  condition,  the  same  process  may 
be  used. 

For,  let  u=^f{wy  y,  %)  be  a  maximum  or  a  minimum, 
subject  to  the  condition  expressed  by  the  equation 

0  (^>  y>  sf)  =  a : 

then,  by  reason  of  this  equation,  any  one  of  the  variables 
%  may  be  regarded  as  a  function  of  the  two  others:  and 
consequently  from  the  circumstance  of  w  =/(^,  y,  z)  being 
a  maximum  or  a  minimum,  we  have 

dss  dz 

P+fl— .=:0   and    Q  +  J?-— =0: 
dof  dy 

also  from  the  equation  a^<f>{pOj  y,  z)  we  obtain 

^     .^dz  ,    ,„     ^^dz 

S+V-r--^   and    T+V—-^0: 
dw  dy 

whence,  eliminating  — -   and   -— ,  we  get 

a«T  dy 

which,  together  with  the  equation  0(a?,  y,  «)=o,  will  be 
su£Bcient  for  the  determination  of  the  three  quantities  <v,  y,  z, 

Ex.  1.     Let  u^iOD^y^sf^  be  subject  to  the  condition  that 
^  +  y  +  ^  =  a :  then  eliminating  z  we  have 

u^x^y^  {a  —  oo-^yy^i 
du 

du 

—  =  j3  a?«y^  -  ^  (a  —  <r  —  y)*/  -  7 ,27« y^  (a  —  0?  -  y)"/  "  ^ : 

%/ 

and  these  being  respectively  equated  to  zero,  give 

(iia-.V'-yy^yy: 
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from  which  we  readily  find 

aa                        3a               _    _                         ya 
w  = rr ,  y  = jz ,   and  thence  «  = ~ : 

0  +  /3  +  7     "^       a  +  (i  +  y  o  +  i3  +  7 

and  the  usual  criterion  will  shew  that 

If  o  =  /3  =  7  =  l,  we  have  a?=y  =  5f=-o  and  u^=:.—€? 
a  mo^mum. 

Ex.2.  Given  t«s=a'&^e'=  a  maximum  or  a  minimum, 
to  find  the  values  of  ^,  y,  %  when  they  are  subject  to  the 
condition  expressed  by  {po  +  l)  (y  4- 1)  (ar  +  1)  =  m. 

Taking  the  logarithms,  and' considering  jv  as  a  function 
of  X  and  y,  we  have 

n  =  log  w  =  a?  log  a  +  y  log  6  +  «  log  c ; 
...  _=    loga  +  logc-=0, 

-— =    loff  6  +  loff  c  T- =0: 

dy  ^  ^    dy 

but  from  the  equation  of  condition 

log  m  =  log  (a?  + 1)  +  log  (y  4- 1) +log  (« -f  1), 

we  have 

1              1     d% 
0  = + — , 

0?  -h  1       z-^-X  ax 

1  1     d% 

y  •+- 1       ^  +  1  dy 

now  the  former  equations  give  immediately 

dz  log  a      d%  log  6 

dtt?  log  c  '    dy  log  c  * 
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and  from  the  latter  are  obtained 

d%  ar  +  l      dz  af+1 

dx  w  +  l^    dy  y H- 1 

whence  («  +  1)  log  c  =  (^  +  l)  log  a, 

and  (»+l)  logc  =  (y4-l)  logft: 

.    (^-fplogc  (g+l)logc 

or  {z  +  ly  (log  c)*  =  m  log  a  log  6, 


(*^g  ^)'  /i^^  .X5 


-   ,         ,^      fn,  log  a  loff  6                   (m  log  o  loff  6)3 
and  («  +  lf  =  — ^1^^  ^^8    ■ .     or;?f=^^ 2 ^-^ 

(log  c) 

.imnarly,  y  ^  (^  ^oga  logc)^  ^  ^^   ^^(mloghlogcf 

Gog  6)^  (log  o)5 


1 
—  1: 


1*  1 

—  1: 


1        d*w  _  %-\-i 

aiso«   =  2  loff  c =  A^ 

'    da?  ^     {x-\-iy  ' 

d^w  ,  5f  -f  1  ^ 

=       log  C  ; r-r r  =  jK, 


da?dy  ®     (07  +  1)  (y  +  l) 

d*tt         ,          «  +  l         ^ 
—-T  ==  2  log c r^  =  C: 

wherefore  -4,  C  being  positive,    and   AC  greater  than    5^, 
we  are  assured  that  the  corresponding  value  of  u  will  be  a 

mitiifnuifn, 

» 

285.  If  all  the  quantities  Ay  By  C  vanish,  it  will  be  neces- 
sary that  the  third  terms  of  the  developements  of  u  —u  and 
u^  —  u  also  vanish  in  the  case  of  a  maximum  or  a  minimum 
as  in  functions  of  one  variable,  and  its  circumstances  must  be 
determined  by  means  of  the  fourth  terms  of  the  said  de^ 
yelopements :  also  whenever  any  of  the  differential  coefficients 


0 
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assume  the  form  - ,  or  become  infinite,  they  must  be  treated 

according  to  the  principles    applied   in   similar  cases    where 
only  one  variable  is  employed. 

286.  To  investigate  the  conditions  necessary  that  a  func- 
tion of  three  variables  may  be  a  maadmum  or  a  minimum^  and 
to  deduce  a  criterion  for  deciding  which  it  is. 

Retaining  the  notation  of  (269),  and  reasoning  precisely 
as  in  (283),  we  shall  find  that  the  necessary  conditions  are 
comprised  in  the  equations 

du  du  du 

d,t  dy  dx 

and  the  third  term  of  the  developement  of  u'  or  u^  is 

cPw  A*  (Pw   ,  ,       d^u  A*  d^u    , 

h hk-] H hi 

dx^l.2       dxdy  difl.2       dwdz 

d^u   , ,      d^u    P 


dydz  dx^l,2^ 

which  may  obviously  be  written 

^    {Ah^-^2Bhk'{-Ck^  +  2Dhl  +  2Ekl  +  FF\, 


1.2 


if  A,  B,  C,  8cc.  represent  the  partial  differential  coefficients  in 
order  :  and  this  again  may  assume  the  form 

1.2  \       ^ 


+ 


A  ■  A 

AF-'E? 


A 


■)• 


which  will  not  change  its  algebraical  sign  whatever  very  small 
values  be  assigned  to  A,  ft,  /,  provided  {AC  —  W)  (AF—E^)  be 
greater  than  (AD  —  BEy :  and  the  function  will  therefore  be 
a  maximum  or  minimum  only  when  AC-^-B^  and  AF^-E* 
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have  the  same  algebraical  mga,  and  according  as  ^  is  negative 
or  positive. 

Ex.     Find  the  maximum  or  minimum  value  of  the  function 
Here  —  =-8»« («»«-«»)  («y-y*)+(6»-«»)  (aty-j^)  iaix 

ay 

dx 
and  from  these  we  obtain  the  simultaneous  values 

2VS 

which  by   the  ordinary    criterion  may   be  proved   to  belong 
to   a  maximum. 

287-  If  there  be  given  one  or  more  equations  of  condition 
to  the  proposed  function,  a  process  similar  to  that  explained  in 
(284)  will  furnish  us  with  a  number  of  equations  sufficient  for 
the  solution:  but  it  is  readily  observed  that  in  functions  of 
three  or  more  variables  the  Determination  and  Verification  of 
maxima  and  minima  values  will  in  general  be  attended  with 
some  degree  of  labour :  and  this  may  frequently  be  evaded  by 
means  of  the  following  considerations. 

Let  u  =/  (oDj  yy  Xj  &c.)  where  ar^  y,  x^  &c  are  all  entirely  in- 
dependent of  each  other :  then  supposing  all  the  variables  except 
one  to  have  attained  those  determinate  but  unknown  mag- 
nitudes which  answer  the  condition,  and  differentiating  on  this 
hypothesis,  we  shall  be  enabled  to  express  this  one  in  terms 
of  the  rest :  and  proceeding  similarly  with  regard  to  the  others, 
we  shall  in  general  be  furnished  with  the  equations  necessary 
for  the  determination  of  them  all.  This  will  appear  best  by 
examples. 

3H 
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'  Ex.  1.   *  Find  the  maximum  or  minimum  visdue  of 

t«  =  sina7  8inysin(a  — ^  — y). 

Supposing  y  to  have  attained  its  required  value,  and  there- 
fore to  have  become  invariable,  we  have 

—  «scos«  siny  sin  (a  —  «  —  y)  —  sin ^  siny  cos  (a  —  ^  —  y)  =0, 
dw 

which  gives  immediately  tan  (a  —  or  —  y)  =  tan  w : 

.•.  o  — 07  — y  =  a?  andy  =  a-*-2^: 

whence  by  substitution  we  have 

u  =  sin*^  sin  (a— 2a?) : 

.-.  —  =:28ina?coszrsin(o  — 2a?)  — 2sin*a?cos(a  — 2a?)=0; 
dw 

.'.  tan(a  — 2a7)=tana7,  and  a  — 2a?  =  a?  or  a?  =  ^o: 
consequently  we  have  y  =  a  — 2^s=Ja,    and  «  =  (sin -J a)'  a 

maoAmum,  smce-^  is  then  negative. 

Ex.  2.     Let  usswyxt  &c.   be.  subject  to  the  condition 
expressed  by  the  equation 

or  +  y -f  «+ ^  +  8cc.  =5  a  t 

du  dti  du  du 

then  du=^  --da?+  3-dy+  'j-dz+ -j-dt  +  kc: 
dw  ay  dx  at 

but  if  we  consider  «,  t,  &c.  to  become  invariable,  we  shall  have 

—  s:  0*  —  ss  0.  &c. :   and  there  then  remains 
d«  dt 

du  .        du  , 
duss  '—dw+  T-dy 
dw  ay 

=  yxt  &c.  dw  -{-wxt  &c.  dy  s=  0 : 

but  by  the  equation  of  condition  above  given 

da?  +  dy  =  0  or  dy=  — do?; 

.*.  yxt  &c.  dw-^wxt  &c.  da7=0, 
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which  shews  that  y  =  a:  similarly  we  shall  find  %=zt^  &c.  =  a : 

and  if  there  be  m  such  quantities  we  shall  obviously  have 

^  +  y  +  x  +  t  +  &c.  =  wa?  =  a : 

or  d?=sy  =  <»=:^==&c.  =  — ,  and  the  function  ws=  I— )     will 

be  a  maanmum,  as  is  easily  proved. 

288.     If  in  the  equation  u=:f({v,  y,  z,  &c.)  the  variables 
cease  to  be  independent  of  one  another,  we  shall  have 

d(u)       du       dudy       dud% 
dx        dos       dydx      d%dx 

in  case  of  a  maximum  or  a  minimum :  and  the  same  results 
might  obviously  be  obtained  from  any  of  the  equations 

d  (u)  d  iu) 

-^  =0,  -~-^  =0,  &c. 
dy  dx 

,      289.     If  any  of  the  partial  differential  coefficients  employed 

in  the  preceding  pages  become  of  the  indeterminate  form  - , 

it  has  been  said  that  they  must  be  treated  according  to  the 

principles  adopted  in  functions  of  one  variable :  that  is,  if  the 

0 
form  -  occur  when  xsza  and  t/  =  &,  we  must  substitute  a  +  h 

and  6  -i-  A;  in  the  places  of  x  and  y  respectively,  then  develope 
both  the  numerator  and  denominator  by  the  known  methods, 
and  finally  assume  hs=0  and  k  =  0:  but  this  will  not  always 
give  the  true  value  of  the  expression  unless  we  have  some 
ratio  assigned  between  the  quantities  h  and  ft. 


CHAR  XIV. 

On  the  ApplicaHon  of  the  Differential  Calculus  to  Curve 
SuffaceSf  and  Curves  of  Double  Curvature. 


I.    CURVE  SURFACES. 


290.  Of  Curve  Surfaces  referred  to  three  rectangular 
axes,  the  general  equation  is  usually  expressed  in  one  of  the 
forms  x=sf(w,  y)  or  /(^,  y,  «)  =0  where  ^,  y  and  «  are  the 
co-ordinates  of  any  point :  and  the  partial  differential  coefficients 
of  X  regarded  as  a  function.of  w  and  y  may  be  obtained  accord- 
ing to  the  principles  already  laid  down. 

Hence  if  P  be  any  point  in  the  surface  of  the  solid  here 
represented,  where  the  coordinate  axes  are  JX9  JY9  AZ; 
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AM^w^  MN^y^  NP=sx:  and  through  it  there  be  drawn 
two  planes  FPHR^  EPGM  parallel  to  those  of  xz  and  «y 
respectively,  the  surface  corresponding  will  be  DEPF  whilst 
the  portion  of  the  volume  of  the  solid  defined  by  the  same  co- 
ordinates will  be  APND: 
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again^  if  the  planes /p  A  r,  epgm  be  drawn  respectivdiy  parallel 
tp  these  and  Mm=sh^  Rrsxky  npzsz  +  lj  we  have  from 

,    da?         da?*  1 . 2 

d»  ,         4JP«    ,  , 
dy         da^dy 

d««   ft* 

+  -7-:  T-r  +  &c. : 
dy  1 .2 

whereas  had  we  supposed  w  to  become  a-^k  and  y  to  become 
y  +  k  separately,  we  should  have  found 

d« ,       d^«  A* 
dof        dar  1.2 

dy         dff  1.2 

and  these  combined  as  in  the  article  alluded  to,  will  manifestly 
give  the  value  of  j^r  +  /  above  exhibited,  without  any  reference 
to  the  order  in  which  the  changes  may  have  been  made,  whether 
AM  be  first  changed  in  ^m  and  then  AR  into  Ar;  or  tice 
versd. 

If  we  put  p  and  q  for  the  values  of  the  partial  differential 

dx         dz 
coefficients  ---  and  -7- ,  we  shall  obviously  have  two  differential 
dw         dy  '' 

equations  djsr  — pdar  =  0  and  disr  — 9dy=0  belonging   to  the 

sections  of  the  surface  respectively  parallel  to  the  planes  of 

w%  and  y%. 

Considerations  and  consequences  arising  from  formulae  such 
as  these  will  enable  us  to  determine  all  the  circumstances  con- 
nected with  surfaces  defined  by  the  said  equation. 

291*  To  find  the  equation  to  a  Plane  touching  a  given 
surface  at  any  assigned  point. 


430 


Let  the  equation  to  the  plane  touching  the  surface  proposed 
at  the  point  P  be  »  =:  Aoo  -f  B%{  +  C,  where  so\  y\  x'  are  the 
co-ordinates  of  the  plane :  then  it  is  required  only  to  express  the 
values  of  A9  B  and  C  in  terms  of  w,  y,  z^  the.  co-ordinates 
of  the  proposed  point  of  the  surface: 


now,  since  the  plane  passes  through  the  point  P,  we  must  have 

x^sAaf  +  By-^C; 
whence  «  — «  =  -4  (it'  — a?)  + jB(y'  — y): 

and  it  therefore  remains  only  to  find  A  and  B. 

Through  P  suppose  a  plane  PNT  to  be  drawn  parallel 
to  the  plane  of  wx,  and  let  it  intersect  the  tangent  plane  at 
P  in  the  line  PT:  then  since  at  this  point  y'ssy  the  equation 
to  the  plane  becomes 

x'  ^  %=^  A  {of  ^ W)y 

in  which  we  know  that  A  is  the  trigonometrical  tangent  of  the 

dss 
angle  at  which  PT  is  inclined  to  NTj  and  therefore  ^=  --: 

aw 

d% 
similarly  it  may  be  shewn  that  5  =  — : 

therefore  the  equation  to  the  tangent  plane  now  becomes 

which,  if—-  =p  and  -—  =fl^js  usually  written  in  the  form 
ax  ay 
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' '  Since  the  point' P  is  supposed  to  be  assigned,  we' may  con- 
sider 07,  y,  «i  p  and  q  to  be  given  magnitudes,  and  the  equa-^ 
tion  may  assume  the  ordinary  form 

z'  =  pa/  +  qy'  -  (pof  +  qy  ^ss)  ^px'  +  qy'  +  («  -par  —  qy). 

292.  Cob.  I.  Hence  we  may  find  the  inclination  of  the 
tangent  plane  to  each  of  the  co-ordinate  planes. 

For,  if  o,  )3,  7  denote  the  angles  which  the  tangent  plane 
makes  with  the  co-ordinate  planes  of  yss^  ax,  wyy  and  it  pass 
through,  a  point  whose  coordinates  are  Xy  y^  z,  its  equation 
may  assume  the  form 

X  COS  a  -f  y  cos  fi  +  z  cos  7  =  a : 

_  dz  cos  a  dz  cos  fi 

dx  cos^y'  dy  cosy' 

,          ,  ,     «       «             cos^a        cos*)3 
whence  1  +p*  +  grs=:  1  -f  — 1 --i-  s 


cos  7  = 


cos*  y       cos*  7       cos*  -y 

1 


^/-(S■-©'■ 


'^/   1  -*-   I  — —  I  •+-  I 


P 

Hence  also,  cosa= :  1  ■       and 


COSj3s=  — 


y/l+p^^^ 


293.  Cor.  2.  If  it  be  required  to  draw  to  a  curve  sur- 
face a  tangent  plane  which  shall  pass  through  a  given  point 
a,  6,  c,  we  shall  have 

which  combined  with  the  equation  of  the  proposed  surface, 
^ill  produce  an  indetenninate  equation  of  two  variables  afford- 
ing the  means  of  determining  the  points  required  of  the  surface 
through  which  the  plane  may  pass. 
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Ex.  1.     Let  it  be  required  to  find  the  equation  to  the 
tangent  plane  of  an  dHpaoid  wbose  equation  is 

af       f^       9? 
cf       V       (? 

Differentiating  with  respect  to  4?  and  y  in  succession,  we  have 

ps _and?=:- 5J-: 

'^  ar»  Irz 

and  substituting  these  values  of  ;» and  q  in  the  general  equati(m 
to  the  tangent  plane,  we  have 

a'^z^  ^      ¥z^      ^^ 

ifxoi      (?a?      €^yy       c^y^ 
""        a^z         a*z        ft*»         6*« 

whence  multiplying  both  sides  by  —  and  transposing,  we  obtain 

c" 


zz       XX       yy       x        ^      z^  xx       yy       zz 

c^         a*         6*        o*       ft*       c*  a*         ft*         c* 

is  the  equation  to  the  tangent  plane. 
To  construct  this  plane,  let  z'  szO: 

•■•  "T  +  if  =1'  ^ry  =  -  — ^+-, 

a^         b^  a^y  y 

is  the  equation  to  the  intersection  of  the  tangent  plane  with  the 

plane  of  xy^  which  therefore  makes  with  the  axis  of  <r  an  angle 

Vx 
whose  trigonometrical  tangent  is ^ :  and  if  y'  be  made  s=0, 

Cb    1/  ft  th 

we  have  x'  =  — ^  x  —  =  — ,  which  is  the  rectangular  subtan- 

ft*  X.      y       X 

gent  measured  along  the  axis  of  x : 
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r2 

similarly,  the  subtangents  <m  the  axes  of  y  and  z  will  be  —  and 

y 

^  respectively :  and  by  means  of  the  three  points  thus  deter- 

z 

mined,  or  any  two  of  them  and  the  assigned  point  of  the  sur- 
face, the  tangent  plane  may  be  constructed. 

If  it  be  required  to  draw  a  tangent  plane  to  the  ellipsoid 
passing  through  a  given  point  whose  co-ordinates  are  a,  ^,  7, 
we  must  obviously  have 

which,  combined  with  the  given  equation  to  the  surface 

a^       j^       s? 


will  enable  us  to  determine  any  two  of  the  quantities  a?,  y,  %  in 
terms  of  the  remainmg  one,  and  thus  to  find  the  required  points 
in  the  surface,  which  will  therefore  be  subject  to  the  equation 
of  condition 

(a-a?)a?    ,    (fi-y)y    .    {y—z)z      ^ 
a^        '^        V         ^         f?        '^^'       . 

Ex.  S.    Let  the  proposed  surface  be  defined  by  the  equation 

then  0  =  —   \/  —  and  a  =  —   \/  - : 

a?  ^   y 

whence  the  equation  to  the  tangent  plane  here  becomes 

iff  y  z 


^  +  -4=  +  -7-=\/a: 


Va?       vy       v^ 

and  to  enable  us  to  construct  it,  we  have  the  subtangents  on 
the  axes  of  w,  y,  z  equal  to  \/aafy  \/ay,  ^/az  respectively. 

31 
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Ex.  3.     If  y ir  s  0  I  ~  j  be  the  equation  to  a  curve  surface ; 

then  will  the  part  which  the  tangent  plane  at  any  point  cuts  off 
from  the  axis  of  jir  be  equal'  to  twice  the  value  of  x  at  that 
point. 

Here  «=  -  0  f  —  ] ;  whence  by  differentiation  we  have 
and  the  equation  to  the  tangent  plane  is 

^•-'=->'©<-'-)-{7*  (I) -i*' (!)}(»•-')= 

wherefore,  to  obtain  its  intersection  with  the  axis  of  x^  we 
must  make  a/^0  and  y'  s  0 :  whence  will  be  found 

=  -rf)  (-)  =z,  or  «'=s2«. 

294.  Of  all  the  straight  lines  that  can  be  drawn  from 
the  Point  of  Contact  in  the  tangent  plane,  to  Jind  that 
which  is  inclined  to  the  plane  of  xy  at  the  greatest  angle- 
Here  it  is  manifest  that  the  required  line  must  be  per- 
pendicular to  the  intersection  of  the  taugent  plane  with  the 
plane  of  ^y,  and  therefore  its  projection  on  that  plane  will 
also  be  perpendicular  to  it:  but  the  equation  to  the  tangent 
plane  is 

«'  — ^-=p  (07' -  a?)  +  g  (y'  — j^), 

from  which,  by  making  isr'  =  0,  we  obtain 

for  the  equation  of  its  intersection  with  the  plane  oi  xy: 


435 

let  the  equation  of  the  straight  line  on  the  same  {>lane  per- 
pendicular to  this,  be 

P 

then,  since  in  this  line  y'  becomes  y  when  x   becomes  a?,  we 
have 

q 

P 

whence  j/— y  =  -  (^'  — ^); 

and  this  equation,  combined  with  the  equation  to  the  tangent 
plane,  which  may  be  put  in  the  form 

p  ^     p 

(f  1 

gives   a?'— d?= ;(«»?'-- ^)  +  -(»'  —  «): 

whence   a?'  —  j?  =  -y^- — -  {«  —  «), 

and  .\  y-y=z  (x'-z)y 

are  the  equations  to  the  required  line  of  greatest  inclination. 

295.     CoE.     Hence  the  length  of  this  line  between  the 
proposed  point  of  the  surface  and  the  plane  of  Ofy  will  be 

the  value    of   \/(a?'  —  a?)*  -f-  (y  —  yy  -f-  (»  —  sf)^,    when    z'   is 
made  =  0 ;  which,  with  the  equations  just  found,  gives 


P  +H 

and  thence  the  angle  of  greatest  inclination  is  obviously 

as  sm    ^  V  =  sm    *  'v i 5 » 
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the  co-^dinirteft  of  the  angular  point  being 

Of  zsof -= — -T  and  y=zy^ 


as  appears  from  making  z  z=zO^  in  the  equations  above  found. 

296.  To  find  the  equations  to  the  Normal  of  a  curve 
surface  at  any  proposed  point. 

Let  w^y^z  be  the  co-ordinates  of  the  point  in  the  surface, 
^/'  yp  ^t  those  of  any  point  in  the  normal:  and  suppose  the 
equations  of  the  normid  to  be 

a?^  =  a«  +^  and  y,  =  i3»^  +  i/, 
in  which  it  is  required  to  find  the  values  of  a,  fi^  fij  v : 

now,  since  the  normal  passes  the  point  whose  co-ordinate8 
are  x^  y,  z^  we  shall  have 

ar  =  aAr -f/Li  and  ys=/3«  +  v; 
whence  we  have  likewise 

^  — a7  =  a(jjr^  — «)  and   y^--yz=(i(z^^z): 

again,  since  the  normal  is  perpendicular  to  the  tangent  plane, 
the  projections  of  the  normal  must  be  perpendicular  to  the 
corresponding  traces  of  the  said  plane :  or  the  line  belongmg  to 

must  be  perpendicular  to  the  line  belonging  to 

s/'^z=:p{a/'-w)   or  a?'  — a?=  -  (a^  — *): 

P 

whence  we  have  a=  —  j>:   and  similarly  fissz  ^q: 

therefore  the  equations  to  the  normal  now  become 

x^-af=z^p(x^'^z)   and  y^^y= -g(a?  -^); 
or  0?^  — a?+p(;t^  — »)=0    and   y,  — y +  ^(»^  — af)=0: 
and  by  means  of  these  the  normal  may  be  constructed. 
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297.  Cor.  1.  Let  x  cos  o  -r  y  cos  /3  +  ar  cos  7  =a  a,  be  the 
equation  to  the  tangent  plane;  then  are  a,  /3,  y  the  angles 
which  a  normal  or  line  perpendicular  to  it  makes  with  the  axes 
of  Wy  y,  X :  whence,  as  in  (292),  we  readily  obtain 

cos  a  = V  '■  =s=  5      cos  p ^  — :  — y\  ==. , 


and  cos  y  =  — .      ,       ^=r: 


298.  CoE.  2.  Hence  we  may  find  also  the  length  of 
the  normal,  or  the  part  of  it  intercepted  between  the  surface 
and  any  of  the  co-ordinate  planes. 

The  distance  between  t#a  points  j?,  p,  z  and  d?^,  y^,  »^ 
being  generally  equal  to 

if  we  suppose  <2?^,  y^  to  become  the  co-ordinates  of  the  point 
where  the  normal  meets  the  plane  of  wy^  we  must  manifestly 
make  «^  =  0  in  the  equations  to  the  normal: 

that  is,  Of^s^ap-i-px  and  y^^y  +  qx^ 

will  be  the  co-ordinates  of  the  point  of  intersection :  and  the 
length  of  the  normal  to  the  plane  of  ofy  will  therefore  be 

y/p^x^  '\'  q^s^  +  s^  =:x  y/l  H-p*  +  ^. 

Similarly,  the  lengths  of  the  normal  to  the  planes  of  yz 
and  £cx  may  be  found  to  be 

-  V  1  -\-p^  -I-  ^   and   -  vl  +p^  -f  ^   respectively. 
p  q 

299.  Cob.  3.  From  this  proposition  we  may  draw  to  a 
curve  surface  a  normal,  which  shall  pass  through  a  given 
point  a,  6,  c. 

For,  since  the  equations  to  the  normal  at  the  point  w^  y,  % 
of  any  surface,  are 

^^  — ti?-fp(«f,  — ^)  =  0  and  y^'—y-^q{x^^x)=^0; 

we  have  a  -  iV  +  p(c  '-  x)  =lO  and  b  — ^+9(0  —  a?)=0: 
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whence  by  subtraction  we  obtain 

ar -a+p(«f^  — c)  =  0, 

and  these,  together  with  the  equation  to  the  surface  proposed, 
will  be  sufficient  for  the  determination  of  the  point  <r,  y^  z: 
that  is,  since  «^f{x^  y),  pss^C^,  y)  and  g  =  >/^(a?,  y%  if 
a?^  =  ar,  y,=y  and  z,^Xy  we  shall  have   the  three  equations 

«^=/(^»»)» 
cr  — o  +  (»  — c)  0(ar,  y)  =  0, 

y — 6  +  (»  — c)  >/r  (a?,  y)  =  0, 

to  find  the  three  quantities  a?,  y,  i^. 

300.  Coa.  4.  The  Normal  is  the  longest  or  shortest 
straight  line  that  can  be  drawn  from  any  point  to  the  surface. 

For,  if  u  denote  the  square  of  the  distance  between  the 
point  whose  co-ordinates  are  x^^  y^,  z^y  and  the  point  cT,  y,  ^ 
of  the  surface,  then  will 

«=(*,-  ^)*  +  (y,  -  yy  +  (?>,  -  »)% 

in  which  ;ir  is  a  function  of  x  and  y:  and  we  must  have 

du  .  -      ,  ^dz 

_=_(^^-a,)-(«,-«)-  =  0, 

du  .  ^      .  .dz 

by  the  nature  of  maxima  and  minima  of  two  variables,  as 
explained  in  (283):  whence  we  derive  immediately 

dz  . 

dz 

which  have  been  proved  in  (296)  to  be  the  equations  of  the 
normal,  whose  coordinates  are  o?^,  y^,  a?^,  to  the  surface  at  a 
point  of  which  the  co-ordinates  arc  .v,  y,  z. 
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Ex.     Let  the  surface  to  which  a  normal  is  required  to 
be  drawn,  be  that  of  the  elliptic  paraboloid  whose  equation  is 

»  =  -  +  T  = 
a        0 

.        dx       ^x        ,    d%      2y 
then  —-  =  —   and   — —  =  —  : 
dof        a  dy       h 

whence  the  equations  to  the  normal  become 

^,-0?+  — (iir  — ar)=0, 
'  a        ■ 

and  if  x^=:0,  or  the  normal  meet  the  plane  of  xy^  we  have 

07^  =  0?+-—    and    y^z=:y+~- 

for  the  co-ordinates  of  the  point  in  which  it  meets  that  plane : 
also  the  length  intercepted  will  be 


X 


/       '^       4y^        l^       y^\       /       ^^       4«^ 


If  a  =:  6,  or  the  surface  be  that  of  the  common  paraboloid 

of  revolution,  then  the  length  of  the  normal  =«  \/  1  +4-  , 

a 

as  it  ought:   for  it  is  easily  shown   that  the  normal  meets 
the  axis  of  the  solid,  which  is  here  the  axis  of  x, 

301 .  To  differentiate  the  Volume  and  Surface  of  a  solid 
botmded  by  the  co-ordinate  planes  and  a  curve  surface^  whose 
equation  is  z  =  f  (x,  y). 

The  construction  being  made  as  in  (290),  if  V  denote 
the  volume  APND^  we  shall  obviously  have  V=(f>(/v^  y): 
whence,  if  Mm^h,   Rr^k  and    T'  be  the  Volume   corres- 
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ponding  to  a*  +  A  and  y  4-  A;,  it  follows  from  Taylar*9  Theorem, 
tliat 


^  0 


r^V^—h     —  —       &c 
dx  dof*  1 .2 

dV  d^V 

+  ~7-k+  -r-— A*-f  &C. 

ay         dwdy 

+  -T-:r  —  +  &C. 


rfy^  1  .2 


4-  &c. : 


also,  if  'F  and  "V  represent  the  volumes  corresponding  to  ir  +  A 
and  y,  x  and  y  4-  ft  separately  considered,  we  shall  have 

'F-F-— A      ~—      hL 
""  doo  dn^  1.2 

dy  d%^  1 . 2 

but,  since  'F—  F  and  "V  —V  represent  respectively  the  portions 
PNme  and  PNrf  of  the  solid,  it  obviously  follows  that  the 
remaining  part  of  F'  -  F  must  represent  the  remaining  part 
of  the  increment  of  the  solid  corresponding  to  A  and  k  the  con- 
temporaneous increments  of  w  and  y :  whence  we  have 
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.     ,   A  A  +  &c.  =  the  solid  PNnp  : 

ax  ay  '^ 

cP  r  _^  the  soUd  PiNTtiy 

dwdy  '  A  A; 

and  taking  the  limits  of  both  sides  of  this  equation,  observing 
that  the  terms  of  the  former  side  after  the  first  vanish  when 
h  and  k  do,  and  that  the  solid  PNnp  then  becomes  a  prism 
whose  base  is  hk,  altitude  z  and  volume  therefore  =^xhkj  we 

obtain  - — --  =«f  or  drV=i%dwdv, 
dwdy  ^ 

If  the  volume  be  supposed  to  be  differentiated  with  respect  to 
z  as  well  as  x  and  y,  we  shall  obviously  have 

d?V 
-1 — - — --  =1  or  d^V^dwdydz. 
dx  dy  d%  ^ 

If  S  denote  the  surface  of  the  solid,  we  shall  find  exactly 
in  the  same  manner  that 

d^S 

hk-^  &c.  ±=  the  surface  Ptpv : 


dwdy 


d^S       „  the  surface  Ptpv 

+  &c.  =  ^ 


dwdy  hk 

and  taking  the  limits  as  before  observing  that  Ptpv  becomes 
coincident  with  the  tangent  plane,  and  is  therefore  equal  to  the 
base  Nn  x  secant  of  the  inclination  of  that  plane  to  the  plane 

of  a?y  =  A&  sec 7  =  hk^/\  +p^  +  ff  by  (292),  we  have 


dl'S 
dwdy 


=  \/l  +p*  +(t  or  d^S:=dxdy\/l  +p^  +  5*. 


If  the  surface  be  differentiated  with  respect  to  all  the  co-ordi- 
nates, it  readily  follows  as  above  that 
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^S 


r.-k-t 


dofdydx      ^i+p'+j* 


or  cPiS= 


r  +  / 


VT+F+? 


dxdydxj 


where  r  and  /  are  the  dinerential  Goemdents  -~~  and  -— - . 

303.  If  polar  co-otdinates  be  tised,  the  differentials  of  the 
same  magnitudes  may  easily  be  expressed  in  terms  of  them. 

Let  APRSQ  be  a  portion  of  the  solid  intercepted  be- 
tween the^  two  planes  ALPRMj  ALQSN  through  the  axis  of  % 
perpendicular  to  the  plane  of  ay,  and  the  two  planes  APQ, 
ARS  respectively  perpendicular  to  these  through  the  origin: 
the  included  angles   being  indefinitely   small  in   each   case: 


and  with  centre  A  and  radii  Ap,  At  very  nearly  equal,  suppose 
two  spherical  surfaces  to  be  described  cutting] the  solid:  then 
if  Ap  =  f>y  XAM^Q  and  ZAP^<f>,  we  shall  have  the  ele- 
mentary portion  of  the  solid  contained  between  these  spherical 
surfaces  =  base  x  altitude  ^pr  xpq  xpt 

=  pd<l}  X  psinOdO  x  dp^p^sin0d0dpd(p: 

that  is,  ^V=p^sin9d6dpd<p  or  =p*sinff. 

Similarly  the  elementary  portion  of  the  surface  of  the  solid 
between  the  planes  above  drawn 
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^PQRS^PQ  X  PR=:r'sm9d0d(t>, 
if  ^P=r:  that  is,  cPiSsr*  sin  0dfld0 

(PS  cPS  . 

=  r  sin'0,  and  .^  ,  .   .    =2r  sin0. 


de^d0  '         d0d(pdr 

It  need  scarcely  be  observed  here  that  these  conclusions 
have  been  deduced  according  to  the  principles  of  Infinitesimals 
explained  in  (92). 

303.      To  investigate  the  analytical  circumstances  of  the 
Contacts  and  Osculations  which  may  eoAst  between  two  sur^ 
faces  defined  by  given  equations. 

If  w^  yj  X  he  the  co-ordinates  of  any  point  in  a  surface 
proposed,  then  when  a?  arid  y  become  4P-f- A  and  y  +  k  respect- 
ively, the  corresponding  value  of  x  will  be  expressed  by 

«'\'ph  +  qk+ (rh^  +  2shk  +  /A*)  +  &c. 

where  p,  9,  r,  «,  /,  &c.  are  the  partial  differential  coefficients 
taken  in  order :  now  if  a  surface  of  given  species  whose  co-ordi- 
nates are  jv\  y\  x'  pass  through  the  point  whose  co-ordinates 
are  «r,  ^,  Xj  it  is  required  to  ascertain  the  particular  surface 
of  this  species  which  shall  immediately  about  this  point  touch 
the  proposed  surface  more  closely  than  any  other:  but  cor- 
responding to  the  same  increments  h  and  k  of  the  co-ordinates 
w'  and  y\  we  have  the  value  of  x'  equal  to 

x'  +  Ph'\-Qk+  ~  (i?A«  +  ^Shk  +  Tic")  +  &c. 

1 . 2 

JP,  Q,  R^  S9  T,  &c.  denoting  the  partial  differential  coefiicients 
in  this  case :  whence  making  ob  =zXi  y^y  and  x'  =  x,  we  shall 
obviously  have  the  new  value  of  x^  in  the  same  line  with  the 
new  value  of  x^  and  the  distance  between  the  surfaces  in  the 
direction  of  this  line  will  be,  expressed  by 


JJ  Jf  JJ 

{P-p)h  +  (Q~q)k 
+  -i-  {(i?-r)A''  +  2(5'-«)AA  +  (7'-*)A»l+&c.: 

1   .  2 

where  <r,  y  are  supposed  to  be  put  for  x,  y  in  the  values 
of  P,  Q,  JS,  A^}  T)  &c. :  whence  if  the  constants  which  enter 
into  the  equation  of  the  second  surface  be  so  determined  that 
P— pssO  and  Q  — gssO,  the  two  surfaces  will  have  contact  of 
the  first  order :  if  in  addition  to  these  A  —  r  =  0,  S  —  s^O  and 
T^t=iOy  the  surfaces  will  have  contact  of  the  second  order; 
and  so  on:  and  it  follows,  that  the  greater  the  number  of 
such  equations  is,  the  closer  will  be  the  contact  immediately 
about  the  point  proposed. 

If  we  recollect,  that  besides  these  equations  which  are 
to  determine  the  constants,  there  is  one  already  established 
by  changing  w\  y\  x'  into  /p,  y,  iv,  so  that  the  touching 
surface  may  pass  through  the  point  «r,  y,  x :  it  follows,  that 
for  an  osculation  of  the  first  order  three  constants  will  be 
necessary  and   suflicient,    six    for   one    of  the   second,    &c., 

-^ ^-^ ^  for  one  of  the  n     order. 

1  .2 

Ex.  1*  Let  the  touching  surface  be  a  plane  whose 
equation  is 

^or'  +  jBy +C« +1=0: 

then,  since  this  plane  passes  through  the  point  <z?,  y,  x  of 
the  surface,  we  have 

Jw -^  By -\-Cz-^  1=0: 
whence   <8f'-;jf  =  -  -  (o^'-a?)  —  —  (y'-y): 

"  dw"       C   ^"      dy'  C ' 

making  therefore  p  = and   7  =  —  — , 
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the  equation  to  the  plane  becomes 

«-«=:p(^'-a?)+g(y'-y), 

which  is  the  equation  to  the  tangent  plane  already  founds 
and  the  tangent  plane  therefore  osculates  the  surface  at  the 
point. of  contact 

Ex.  2,  To  determine  the  contacts  which  a  sphere  can 
have  with  any  proposed  surface. 

Let  ay  fij  y  he  the  co-ordinates  of  the  centre  of  the 
sphere  and  £  the  radius,  then  its  equation  is 

now,  the  equations  x^z^  P=ip  and  Q  =  g,  determine  a 
contact  of  the  first  order;  whence,  if  we  difi*erentiate  this 
equation,  we  have 

and  the  three  equations  become  now 

y-/3  +  g(^-7)  =  0: 

which  will  be  sufficient  for  the  determination  of  any  three 
of  the  quantities  a,  fi^  yy  £. 

The  last  two  of  these  equations  being  those  of  a  normal 
to  tibe  surface  at  a  point  whose  co-ordinates  are  w^  y,  «y  and 
passing  through  the  point  a,  )3,  7,  it  follows  that .  the  centre 
of  the  sphere  is  always  situated  in  the  normal  drawn  from 
the  point  of  contact,  and  conversely. 

Also,  since  we  have  three  equations  and  four  constants 
involved  in  them,   it  is   manifest   that  one  of   them  can   be 
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assigned  only  in  terms  of  the  rest,  so  that  the  number  of 
spheres  having  simple  contact  with  the  surface  proposed  is 
infinite.  If  the  radius  be  given,  the  position  of  centre  of  the 
sphere  is  easily  found. 

If  we  suppose  the  contact  to  be  of  the  second  order,  we 
must  have  likewise  J?  — r  =  0,  iS  — «  =  0  and  7^—^  =  0:  that 
is,  the  six  equations  z'  =  Zf  P--p  =  0,  Q  — 17  =  0,  B  — r  =  0, 
5'— «  =  0,  7^—^  =  0,  must  be  satisfied  by  the  four  quantities 
<^9  fii  y9  ^9  which  cannot  generally  be  the  case:  whence  we 
conclude  that  a  sphere  is  not  generally  capable  of  osculation, 
or  of  a  complete  contact  of  the  second  order,  with  any 
curve  surface  whatever. 

304.  Though  it  be  impossible  to  define  generally  a  sphere 
which  shall  have,  with  a  proposed  surface,  osculation  of  either 
the  first  or  second  order,  there  is  no  difficulty  in  determining 
one  which  shall  osculate  with  it  in  a  given  direction. 

Let  the  proposed  direction  be  defined  by  the  equation 
dy^mdoD^  then  it  is  obvious  that  k^^mh^  so  that  the  term 

|(fi-r)A*  +  2(5^-5)AA?  +  (r— 0**}  now  becomes 

—  \R-r-\-2{S-s)m-k'{T'-t)ni'\k\ 

which  being  put  =  0,  will,  together  with  the  equations 

j^'  — «  =  0,    P  — p  =  0   and    Q-^  =  0, 

be  sufficient  for  the  determination  of  the  four  magnitudes 
«»  )3j  7j  5:  the  sphere  may  therefore  have  with  the  surface 
proposed  a  complete  contact  of  the  first  order,  and  an  in- 
complete contact  of  the  second  order  taking  place  only  in 
the  direction  of  the  section  of  the  surface,  whose  tangent 
projected  on  the  plane  of  wy^  makes  with  the  axis  of  iv  an 
angle  of  which  the  trigonometrical  tangent  is  m. 

To  determine  a,  /3,  7,  5  in  this  case,  we  have 
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whence  is  obtained  by  differentiation  with  respect  to  x\ 

l+P«  +  (;r'~7)J?  or  i?=:-.ilZ!: 
similarly   T=:  -  ^-^^    and    S  =  ^  ^^ 


changing  now  a/y  y\  z\  P,  Q  into  w,  y,  Zj  p,  g,  we  obtain 

»  — 7  Xx  —  y       I  \«-y       J 

from  which  is  readily  found 

1  +p'  +  ^pqm  +  (1  +  g^)  m* 
^  —  *y  =  —  -■  . 

'  r  +  ^sm-^-tm^ 

Whence  also  a?  — a=  — |?(j8f  —  7),    y  —  j3=  —  g(a?  — 7) 

and  S  =  («  —  7)  \/l-5-p^+^, 

become  known  in  terms  of  the  co-ordinates  of  the  proposed 
point,  and  thus  the  sphere  is  completely  determined  which 
osculates  with  the  proposed  surface  solely  in  the  direction 
of  the  curves,  for  which  we  have  dy=:mda^ 

305.     If  it  be  required  to  find  the  values  of  m  corres- 
ponding to  a  maximum  or  minimum  value  of  S,  it  is  obvious 

that  we  must  have   -—  =  0 : 

dm 

and  we  have  found  above  that 

which  being  differentiated  with  respect  to  ns,  the  result  made 
equal  to  zero  and  properly  reduced,  gives 

~  {(l-\-f)8''pqr]  =0, 
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from  which  the  required  vakies  of  iti'may  be  foiind:  and  thence 
we  shall  have 


an  equation  by  means  of  which  the  maximum  and  minimum 
value  of  the  radius  S  may  be  determined. 

306.  To  simplify  these  expressions  which  are  long  and 
complicated,  it  is  usual  to  transfer  the  origin  of  the  co-or- 
dinates to  the  point  of  contact  under  consideration,  to  make 
the  axis  of  %  coincident  with  the  normal,  and  therefore  the 
plane  of  wy  coincident  with  the  tangent  plane:  thus,  we 
shall  have  ^  =  0,  y  =  0,  af  =  0,  ps=0,  q  =  Oy  and  thence 

1  +m^ 
7=*- 


.-.  s= 


r-f  2«in  -i-tm^ 


and  the  equation  for  determining  the  values  of  m  corresponding 
to  a  maximum  and  minimum  of  S  becomes 


w* 


+  (!_J)^_i=o. 


and  if  mj  and  wig  be  the  values  of  m  which  satisfy  this  equation, 
we  have  rnifn^^  —1  or  tniW2  +  l=0:  so  that  if  two  planes 
pass  through  the  normal  and  through  the  straight  lines  on  the 
tangent  plane  defined  by  the  equations  ^^fitiO?  and^  =  m2^9 
we  get  two  circles,  sections  of  the  two  spheres  corresponding  to 
the  maximum  and  minimum  of  £,  and  these  sections  axe  per- 
pendicular to  each  other  by  virtue  of  the  equation  mi  wig  +  1  =  0. 

The  osculations  of  the  spheres  take  place  along  the  curves 
which  are  the  intersections  of  the  proposed  surface  and  the 
spheres  by  the  cutting  planes :  and  thus  the  great  circles  of  the 
spheres  are  the  osculating  circles  of  the  sections  of  the  proposed 


surface,  otherwise  there  could  some  other  circles  pass  between 
the  curves  on  the  surface  and  the  said  circles,  and  consequently 
there  could  be  drawn  spheres  touching  the  proposed  surface  at 
this  point  more  closely  than  the  sphere  above  determined^ 
which  is  impossible:  whence  the  expression  for  S  is  also  .the 
expression  for  the  radius  of  curvature  of  the  sections  made  on 
the  proposed  surface  by  the  planes  drawn  through  the  normal, 

and  the  straight  lines  for  which  -~-  =m. 


If  we  assume  what 


has  here  been  proved,  we  shall  be  enabled  to  establish  by 
much  simpler  means  the  equations  for  m  and  £  already  de^ 
duced :  as  in  the  following  articles. 

307.  To  determine  the  Radius  of  Curvature  of  the  sec-- 
tion  of  a  curve  surface  made  by  a  plane  passing  through  the 
normal  at  any  points 

Let  AZhe  the  normal  at  the  proposed  point  of  the  surface 
and  the  plane  of  a?y  a  tangent  plane  there :  dso,  let  AR  and 


AP  be  the  intersections  of  the  tangent  plane  and  the  surface 
triade  by  the  proposed  normal  plane,  the  former  having  for 
its  equation  y^mx^  and  touching  the  latter  at  A",  then  if 
RP  be  drawn  parallel  to  AZy  and  5  be  the  radius  of  curvature 
at  A  of  the  plane  curve  APy  we  shall  have 

S=ilimitof^=ilimitof^: 

3L 


^  limit  of 
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PR 


V  ft* 

but  JPRsslssr -{-shk+t -l-&c.*  since  on  this  sup- 

1.2  1.2  ^ 

position  ws=Of  y  =  0,  jp=0  and  9  =  0: 

•••  «=ilinutof— jjj j^ 

r +  thk  + 1- —  +  &c. 

1.2  1.2 

■+©■ 

=  limit  of  


l+i»«  .       * 

,  since--  =m: 


whence  if  ^  denote  the  angle  which  the  normal  section  makes 
with  the  plane  of  wx^  we  shall  have 

^  ^  1  +  tan*  <p 

""  r  +  2«tan0  +  ^tan*0' 

308.    Cob.  1.     If  ^  be  the  radius  of  curvature  of  a  section 
iX  right  angles  to  the  former,  we  shall  have 

^  _^  1  +  cot'  0 

r  —  2  «  cot  ^  +  ^  cot*  0 ' 

whence  is  readily  obtained 

J  +  j>s=r  cos*0-i-^sin*0-hf  sin*0H-^cos*0=r +/: 

that  is,  the  sum  of  the  curvatures  of  any  two  normal  sections  at 
tight  angles  to  each  other  is  a  constant  magnitude  for  the  same 
given  point. 

309.    Cob.  2.    If  we  make  <^^QP  and  0  =  90^  in  succession, 

we  shall  have  5=  -  and  3^=  -  for  the  radii  of  curvature  of  the 

r  t 

sections  of  the  surface  made  by  the  planes  of  wx  and  y«  re- 
spectively. 
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310.     To  determine  the  normal  Sections  of  greatest  and 
least  Curvature  at  any  proposed  point  of  a  curve  surface. 

i   We  have  already  seen  that  at  a  given  point  of  the  surface^ 
the  curvature  depends  solely  upon  the  quantity  m  since 

0=  r: 

r  -j-  ^sm  -h  tm^ 

whence  £ : 


r  cos*  0  H- «  sin  2  0  H-  ^  sin*  0 
must  be  a  maximum  or  a  minimum :  let  therefore 

t«=:r  cos*0  +  «  sin20  +  ^sin*^, 
and  we  have 

du 

-- —  =  —  2r  cos  0  sin  ^  +  2«  cos 20  +  2^  cos 0  sin  0  =  0 : 

.\  (^- r)  tan^  +  «(l  — tan*0)=O, (a) 

whence  we  obtain 

tan0= =- ^^ : 

^  2« 

therefore  if  ^i  and  ^  denote  the  angles  made  by  the  sections 
of  greatest  and  least  curvature  with  the  plane  of  wx^  we  shall 
have 


tan</>8  = 


2« 
/  «  r  -  v^ (r^r)*T4? 


29 

which  are  therefore  found. 


Also,  since -K  =rcos*^  +  «sin2<^-t-^sm*0 
3=sin*0  (r  cot*0  +  2«  cot^  +  0  • 
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and  from  (a)  we  have 

/  =  r  —  «  cot  0  +  fi  tan  0 ; 
.-.  rcot*04-2»cot^-f ^  =  r(H-cof  0)+«(cot^  +  tan0) 


=  rcosec*0+  -; : 

^      sm  (p  cos  ^ 

we  obtain  immediately 

•5f  =8in^0  (r  co8ec*<;6  4-  -; — : 1  s=r4-«tan0 

d  '^  \  ^       sm  <p  cos  0/  ^ 

2  2 

whence  if  5i  and  ^2  be   the  minimum  and  maximum  radius 
of  curvature,  we  have 

2 


^1  = 


S,^ 


2 


which  are  therefore  known. 

311.  CoE.  From  the  last  article  we  find  tan  (pi  tan  02  =  — ^> 
from  which  we  have 

tan  02  = r  =  -cot  0i  «=  tan  (SO**  +  0i), 

'^  tan  01  '^  "^ 

and  .-.  0»  =  9O°  +  0i; 

or  the  sections  of  greatest  and  least  curvature  are  at  right 
angles  to  each  other. 

312.  To  eoupress  the  Radius  of  Curvature  of  any  normal 
section  in  terms  of  those  of  the  normal  sections  of  greatest 
and  least  curvature. 

Taking  the  point  proposed  as  the  origin  of  co-ordinates, 
and  the  normal  as  the  axis  of  %^  •  we  may  suppose  the  axes 
of  w  and  y  to  be  in  the  planes  of  greatest  and  least  curvature, 
which  are  at  right  angles  to  each  other  :  therefore  the  values  of 
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m  or  of  tan  0  which  correspond  to  the  sections  of  greatest  and 
least  curvature  are  0  and  oo  :  but  the  equation 

r 

srn^  +  (r  —  /)  m  —  «  =  0, 

gives  «  =  Q  when  m  =  0;  and  the  same  equation  expressed  in  the 
form 


/r  — A         8 
\  m  J      w. 


gives  « =  0  when  m  =  oo  9  so  that  in  both  cases  «  =  0 :  hence 
we  shall  now  have 

^_   14-tan*^0   _       sec*</)       _ 


r  -f  ^  tan^  0       r  +  ^  tan^  0       r  cos'^  <^  +  ^  sm^  0 

but  when  0  =  0,  we  have  5i  =  - ,  and  when  0  =  90**,  we  have 
^  r  ^ 

^2=7'  therefore  by  substitution  this  expression  becomes 


5  = 


OiOg 


1       .^       1.2^       ^isin^^  +  ^gcos^^' 
^  cos*  0  -h  TT  sm'*  0 


from  which  it  follows  that  the  radius  of  curvature  of,  any 
normal  section  depends  only  upon  the  radii  of  greatest  and 
least  curvature,  and  upon  the  angle  which  the  cutting  plane 
makes  with  the  sections  to  which  these  radii  are  the  radii 
of  curvature. 

313.  CoE.  1.  Hence  the  curvatures  of  normal  sections 
equally  inclined  to  the  plane  of  eithei'  greatest  or  least  cur- 
vature are  equal  to  one  another. 

314.  Cor.  2.     If  we  suppose  ^2  =  ^1?  we  shall  have 

^2 
^_ ^1 _.y^ 

^1  (sin^  0  -*-  cos^  0) 

which  is  independent  of  0,  and  therefore  every  normal  section 
passing  through  the  proposed  point  will  have  the  same  curvature. 
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315.  To  ewpres9  the  Radius  of  Curvature  of  the  section 
of  a  surface  made  by  any  plane  in  terms  of  the  greatest  and 
least  radii  of  curvature  belonging  to  the  same  point. 

Let  i  be  the  radius  of  curvature  of  the  section  made  by 
a  normal  plane  passing  through  the  intersection  of  the  pro* 
posed  plane  with  the  tangent  plane,  and  suppose  this  plane 
to  be  inclined  to  the  planes  of  greatest  and  least  curvature 
at  angles  <p  and  90*^  —  <^,  of  which  the  radii  of  curvature  are 
£i,  ^s:  then  we  have 


S  = 


Olds 


5i  sin^  0  -h  S2  cos*  <p 

now  it  is  evident  that  the  circle  which  is  the  intersection  of  the 
proposed  plane  with  the  sphere  whose  radius  is  S  is  the  circle 
of  curvature  of  its  intersection  with  the  curve  surface,  and 
the  radius  of  this  circle  ==5sin>/^,  if  y^  be  the  angle  which 
the  cutting  plane  makes  with  the  tangent  plane: 

whence  the  radius  of  curvature  of  the  proposed  section 

^1  ^2  sin  y\f 


=  5  sin  >/^  =  X — .  g  .    ,  ^ 5-7 

^       hi  sm*  0  +  02  cos*  0 


316,    CoK.     If  we  suppose  the  angle  ZA%=^Xy  and  the 


radius  of  curvature  of  the  oblique  section  to  be  5',  it  is  evi- 
dent that  ^^  =  900  — j^,  and  therefore  ^  =  Scosj^. 

Ex.   I.     To  -find  the  radius  of  curvature  of  any  normal 
section  at  the  extremity  of  the  axis  of  ;r  of  an  ellipsoid. 
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If  the  origin  be  transferred  to  the  proposed  point,  we  have 

^2  -r  ^8  T       ^ 

whence  differentiating  with  respect  to  w  and  y,  we  have 

w       «  —  €  1        o*       x^c 

o*  cr  or       €r  c* 

y       «f  — c  1       o*       jjf  — c 

and  also   '--|-  H r-  «  a=  o, 

€r  c 

but,  since  at  the  proposed  point  a^  =  0,  ^=^0,  jir  =  0,  we  have 

1        r  It 

p  =  0,    9  =  0, =0, =  0   and  «  =  0; 

or       €  tr       c 

whence  we  obtain  immediately 

re  t       c 

which  are  the  greatest  and  least  radii  of  curvature  at  the 
point  proposed:  whence,  for  any  other  section  through  the 
axis  of  Xj  making  an  angle  0  with  the  plane  q[  wz^  we 
shall  have 


Si  sin*  0  +  ^8  cos*  <^  ""  i?  (a*  sin*  0+6*  cos*  0)  * 
If  a  =  b,  or  the  ellipsoid  become  an  oblate  spheroid,  we  obtain 

c  (sin*  0  +  cos*  0)        c 

which  is  the  same  for  every  normal  section  through  the  axis 
o{  X. 


a*  a* 
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Ex.  2.     T6  find  the  radius  of  curvature  of  any  normal 
section  of  an  oblate  spheroid. 

Let  X  be  the  angle  which  a  normal  at  the  proposed  point 
makes  with  the  axis  major,  then  it  is  easily  shown  that 

(l-e*sm*X)t  x/i-e^sin«X 

whence  by  substitution  we  shall  have 

a  1-e* 


5  = 


-v/l  — €^sin^X  1— «*  +  e*cos^acos*X' 
if  a  be  the  luigle  made  by  the  section  with  the  generating  ellipse. 

317*  To  find  the  equation  of  a  normal  Plane  to  a  curve 
surface  through  a  point  whose  co-ordinates  are  x,.  y,  z,  th^ 
section  of  the  curve  surface  by  this  plane  having  dy  =  mdx« 

Let  the  equation  to  the  required  plane  be 

whaice  Ax  +  By  +  Cz  +  1=0, 
and  .-.  ^(a?'-^)  +  J5(y  — y)  +  C(«f'-5f)=0: 

but,  since  the  required  plane  passes  through  the  normal  whose 
equations  are 

a?^  —  d7  +  p  (iJf ^  —  Sf)  =  0, 

we  shall  have  by  changing  w  into  a?^,  ^  into  y^,  s/  into  tn;^^ 

which,  as  z^  belongs  to  any  point  in  the  normal,  gives 
Ap-^-Bq-C^O    or   ^p  +  -?-^l=0: 

again,  since  -3?  =  -  ^a?  -  — y  -  ^, 
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and  proceeding  in  the  plane  from  the  point  of  contact  along 
the  section  of  the  curve  surface,  we  must  have 


rf(«0 


0       d(z)  dy'      dy  ,      .        ..     . 

T  =    ■,     •   also,  — -;  =  —  ss  m,  by  hypothesis : 


dm  dw  dx       dot 


d(z)  (A       B    ] 


,  1  d(x)       dz       dz  dy 

whence,  because  -^  =  -__4-- — -^=«  +  am.  we  get 

dx        dtv       dy  dw  ^ 

A      B      ^  A        B 

— +— w+jp  +  gm  =  0  or  — p+^mp+jp*+ygm  =  0: 

but  we  have  found   ~p  +  —  ^  -  1=0: 

therefore  by  subtraction  and  division  we  obtain 

B  _      j^'Vpqtn-^'  1 
C  mp  —  ^ 

also,  since  ' 

— ;)fi»+ —  qrm  — f»  =  0  and  -^q^  -qm+pq  +  ^m^zO^ 
we  have  by  a  similar  process 

C  i»p  — g 

whence  the  equation  to  the  required  plane  now  becomes 

m+pq  +  ^m  p^+pq^+l 

mp^q  '  mp  —  q 

and  if  for  m  there  be  substituted. its  proposed  values,  we  ean^ 
readily  determine  the  greatest  and  least  circles  of  curvature. 

3M 
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318.  It  is  manifest  that  the  value  of  m  being  a  function 
of  ^,  y,  «f  if  we  substitute  this  in  the  expressions  for  j?  —  a, 
y  —  fii  ^  —  79  found  in  (304),  and  to  these  equations  add 
the  equation  to  the  proposed  surface,  we  shall  have  four 
equations,  from  which  the  quantities  ^,  j/,  «  being  eliminated, 
there  results  an  equation  between  a,  /3,  <y,  which  will  there- 
fore be  the  equation  to  the  surface  which  is  the  locus  of 
the  centres  of  all  the  spheres  corresponding  to  dy  =  mdw: 
and  if  for  m  be  substituted  successively  its  values  corres- 
ponding to  the  maximum  and  minimum  radii  of  the  spheres, 
we  shall  generally  obtain  a  surface  of  two  sheets,  whereof 
one  contains  the  centres  of  the  spheres  of  the  greatest  radii 
and  the  other  those  of  the  spheres  of  the  least. 

319.     To  determine   a  Paraboloid   whose   vertew    shall 
osculate  with  a  proposed  surface  at  a  given  point. 

If  the  normal  be  considered  as  the  axis  of  ss  and  the  axes 
of  w  and  y  be  in  the  sections  of  greatest  and  least  curvature, 

and  «=  —  "^  ^   ^  *^®  equation  to   the  paraboloid,   then 
/ia       ao 

must  a  and  h  be  the  radii  of  greatest   and  least   curvature 

of  the  surface  at  the  given  point:   hence   the  equation  to  a 

normal  section  of  the  paraboloid  inclined  to  the  plane  of  a?« 

at  an  angle  0,  will  become 

which  is  that  of  a  parabola  whose  latus  rectum  is 

1  2a& 

^gmm  -  • 

sin^  <p       cos*  0       a  sin*  0  -h  ^  cos*  0  * 

ab 
the  radius  of  curvature  at  whose  vertex  = 


a  sin*  0  +  6  cos*  0 
and  this  is  also  the  expression  for  the  radius  of  curvature  of 
a  normal  section  of  the  surface   inclined  to  the  plane  of  w« 
at  the  angle  0:    that  is,   this  paraboloid  has  with  the  pro- 
posed   surface  a  complete  contact  of  the  second  order. 
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m 

320.  CoE.  Hence  a  very  small  portion  of  any  curve 
surface  whatever  may  be  considered  to  possess  the  properties 
of  a  paraboloidal  surface  determined  as  above:  also,  since 


if  we  suppose  x  to  be  indefinitely  diminished  we  find  the 
ultimate  section  of  every  surface  made  by  a  plane  parallel  to 
the  tangent  plane  to  be  a  conic  section,  whose  centre  is  situated 
in  the  normal,  and  whose  axes  lie  in  the  planes  of  greatest 
and  least  curvature. 

The  curve  thus  obtained  is  sometimes  called  the  IndicatriiV 
of  the  surface  proposed,  and  the  points  in  which  this  curve 
becomes  a  circle  are  usually  termed  its   Umbilici. 

321.  To  find  the  Directions  on  a  curve  surfdce  in  which 
the  consecutive  normals  may  intersect  each  other. 

Let  the  normal  at  any  proposed  point  considered  as  the 
origin,  be  the  axis  of  %;  then  the  equations  to  the  normal 
at  a  point  whose  co-ordinates  are  h^  Ar,  /,  will  be 

where  p',  q'  are  the  partial  differential  coefiicients  of  the  surface ; 
therefore  if  the  normal  at  this  point  intersect  that  at  the  origin, 
it  is  obvious  that  the  two  values  of  z^  —  l  must  be  equal  when 
ss^=iO  and  y^  =  0:  whence  is  readily  found 

h       k' 
but  by   Taylor'^s  theorem  we  have 

ax         ay 

,      do  ^       dq  ^ 
doD  dy 

since  y  =  0  and  g  =  0: 
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therefore  by  substitution  is  obtained 

dq       da 

dp      dp         ^         dw      dp 

3^  +  -T-  m  +  &c.  = ?^ , 

aa       ay  m 

« -h  ^m  H-  &c. 

or  r  +  «f?i  +  &c.  =s : 

m 

whence,  if  the  points  be  conseoutire,  and  therefore  A  and  k 
be  indefinitely  small,  this  becomes 

8-i-tm  _      (T—tX 

r+«iii= ,    or  m*-f  I w— 1=0, 

m  \   s    I 

an  equation  whose  roots  belong  to  the  sections  of  maximum 
and  minimum  curvature,  as  appears  from  (309):  and  these 
are  therefore  the  only  two  directions  in  which  the  intersections 
of  consecutive  normals  can  take  place. 

Hence  we  have  likewise 

/—  ^  —  A  1 


p        dp  ^       dp  ^       ^  r  4-  «w  +  &c. 

^  A  -f  ~-  A?  -f  &c. 
dw  dy 

which,  when  the  points  are  consecutive,  becomes 

1 

'     T  +  sm 
2  2 


that  is,  the  distances  from  the  surface  at  which  these  inter- 
sections take  place  are  the  radii  of  greatest  and  least  curva^ 
ture  at   the  proposed  point. 

The  loci  of  the  points  thus  circumstanced  are  called  the 
Lines  of  Curvature  of  the  Surface,  and  every  point  of  a 
surface  is  situated  in  the  intersection  of  two  curves  of  this 
description. 


^1 

.  322.  Cob.  By  means  of  this  property  the  directions 
of  the  greatest  and  least  curvatures  of  a  surface  may  readily 
be  determined. 


Conical  Surfaces. 

323.  Conical  Surfaces  may  be  considered  to  be  produced 
by  the  successive  intersections  of  a  series  of  planes  drawn 
according  to  some  given  law,  and  all  passing  tbroqgh  the 
same  fixed  point  called  the  vertex. 

Let  a^  jS)  ^  be  the  co-ordinates  of  the  fixed  paint ;  then 
the  equation  to  one  of  these  planes  will  be  of  the  form 

A  B 

or  -(a^-a)  +  ^(y-/3)-f  «-7  =  0: 

and  its  particular  position  will  depend  upon  the  quantities 
—  and  —  >  which  we  may  here  represent  by  m  and  ni 

but,  since  the  planes  are  drawn  according  to  some  determinate 
law,  m  depends  upon  n  so  that  we  may  suppose  m  ^f(n): 

•  •  •  /  W  (^  -  a)  +  w  (y  -  /3)  +  sf  -  7  =  0 ( 1 ) : 

and  to  pass  to  the  consecutive  plane  we  must  obviously  dif- 
ferentiate this  equation  with  reference  to  w,  considering  w,  y 
and  «  constant ; 


which  gives  /'  (n)  =  — 


00  -^a 


from   which  we  may  conclude  that  n   is   some   function  of 

-^  (— )  ■■ 

\ai  -al 


00^^  a 
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therefore  equation  (l)  now  becomes 


and  of  this  equation  it  is  easy  to  see  that  the  former  member  is  a 
function  of ,  which  may  be  represented  by  0  \''\  ' 

whence  we  shall  have  -^  =  d)  [^ — ^)  , 

.V  — a        ^Va?  — a/ 

for  the  general  equation  to  Conical  Surfaces. 

324.  By  eliminating  the  arbitrary  function  (p  from  this 
equation,  we  shall  obtain  the  partial  differential  equation  be- 
longing to  conical  surfaces. 

For  ^  -i- - -' ^?^^ 


dy  w 
dz 


3-  (a?  -  a)  -  (^  — 'v)  ^ 

and  '^^   ^     ;    ^'  =  _^' (yzl)  y^J^.. 

(ce-af  ^  U-al  (ai-af 

and  from  the  former  we  have 

, ,  (y-fi\  ^  If 

^  U-a/        dy' 

which  substituted  in  the  latter  gives 

dx  dx 

-(a^^a)-(x-y)^-(y-fi)-: 

and  this  gives  immediately 

dx  dx 

for  the  partial  differential  equation  to  Conical  Surfaces. 
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326.     CoE.     If  the  vertex  be  the  origin  of  coordinates, 
then  a,  /3,  7  each  =  0,   and  the  equation  becomes 


«--«(!)= 


from  which  is  readily  deduced  the  partial  differential  equation 

d%         dz 
z^^w  —  +  y  — • 
doB  dy 

326.  The  unknown  function  ^  must  be  determined  from 
the  law  according  to  which  the  series  of  planes  is  drawn. 

Suppose  the  surface  be  required  to  pass  through  a  given 
curve;  then  all  the  planes  by  the.  intersection  bf  which  the 
surface  is  formed  will  touch  the  given  curve; 

therefore  let /(a?,  y,  »)  =  0 (l), 

and  F  {x^  y,  »)=0 (2), 

be  the  equations  to  the  two  surfaces  which  contain  the  given 
curve,  and  assume 

y^=M (3): 

a?  —  a 

then,  by  the  general  equation  to  conical  surfaces  above  found, 
we  have 

and  from  these  four  equations,  which  manifestly  hold  simul- 
taneously, if  x^  y  and  z  be  eliminated,  there  will  result  an 
equation  involving  only  M  and  0(Jlf),  which  consequently 
determines  the  form  of  the  function  0: 

whence,  if  for  M  and  0  {M)  their  values  be  put  in  the 
resulting  equation,  the  equation  to  the  individual  conical 
surface  passing  through  the  given  curve  will  be  found. 
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Ex.  Let  the  generating  curve,  or  the  curve  through 
which  the  conical  surface  passes,  he  a  cirde  parallel  to  the 
plane  of  wy. 

The  equations  to  this  circle  are 

(ar-«)»+(y-./})'=y (1), 

and  «  =  c (2): 

a  and  /3  heing  the  co-ordinates  of  its  centre,  y  its  radius  and 
c  its  perpendicular  distance  from  the  plane  of  wy: 

then  if  the  vertex  be  the  origin,  the  equation  to  the  surface 
will  be  —  s=^  f— ]  ,  as  appears  from  (3^5) : 

whence  assuming  -  ^M (d), 

<r 

tg 

we  shall  have  —^d>(M)  (4): 

w 

c  cJi£ 

..  *=«0(jr)  =  c,  ^=^^  and  y  =  *Jf=^^; 

which  values  of  x  and  y  being  substituted  in  (l),  give 

and  by  the  solution  of  this  we  may  determine  the  form  of  the 
function  <p; 

whence  substituting  for  M  and  0  {M)  their  values  in  terms 
of  Wj  y  and  x  we  shall  have 


(7-")  +  (?-^)=V. 


which  is  the  equation  to  the  conical  surface  passing  through  the' 
given  circle. 

If  a^O  and  )3  =  0,  the  equaticni  just  found  becomes 

cr 
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wliich  is  the  equation  to  the  right  cone,  the  origin  being  the 
vertex  and  the  axis  of  z  coinciding  with  the  axis  of  the  cone. 

If  we  suppose  the  circle  through  which  the  conical  surface 
is  to  pass  to  be  in  the  plane  of  xy  and  its  centre  at  the  origin, 
then  the  equations  to  this  circle  are,  if  a  be   its  radius, 


^+ff"  =  «* (1), 

and  «^0 (2): 


whence  if  the  vertex  be  a  point  whose  co-ordinates  are  a>  j3 
and  'v,  the  equation  to  the  surface  is ^  =  d}  ( ^ ) : 

let  therefore  2 — ^  =jlf (S), 

(c  —  a 


then  1-^=0  (AT) (4): 


.K 


and  eliminating  w^  y  and  z  from  these  four  equations,  we  have 

for  determining  the  form  of  the  function  0 :  and  restoring  the 
values  of  M  and  0  (Jf),  we  obtain 

for  the  equation  to  the  required  surface. 

If  as=0  and  /3  =  0,  the  surface  will  be  that  of  a  right 
cone,  and  the  equation  in  that  case  becomes 

327.      To  find  the  equation  to  the  Conical  Surf 04^  which 
shall  envelope  another  given  surface* 

3N 
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Here  it  will  only  be  necessary  to  find  the  equaticms  to 
the  curve  in  which  the  two  surfaces  meet,  and  then  the 
arbitrary  function  may  be  determined  as  before. 

Now  at  every  point  in  this  curve  it  is  obvious  that  the 

values  of  " —  and  -^  must  be  the  same  for  the  given  surface 
dw  dy 

and  the  conical  surface:  substituting  therefore  in  the  partial 

differential  equation  to  conical  surfaces,  the  values  of  ^—  and  -—- 

dw         dy 

deduced  from  the  equation  to  the  given  surface,  we  shall  thence 

obtain  an  equation  F  (w,  y,  x)  =  0 :  and  this  equation  and  the 

equation  to  the  given  surface  wiU  be  the  equations  to  the  curve 

line  in  which  the  two  surfaces  meet,  and  therefore  the  equation 

to  the  individual  conical  surface  which  envelopes  a  given  curve 

surface  will  be  determined  as  before. 

Ex.  1.  Find  the  equation  to  the  conical  surface  which 
shall  envelope  a  paraboloid  of  revolution. 

The  equation  to  the  paraboloid  is  a^+f^^2aX)  the  vertex 
being  the  origin  and  2a  the  lotus  rectum:  hence  the  partial 
differential  equation  to  the  siufaqe  will  be 

and  for  the  points  of  contact  of  the  two  surfaces  the  partial 

dx       -  dx  ' 

differential  coefficients  -—  and  --  must  be  the  game  for  each 

'doe         dy 

surface:  but  from  the  first  equation, 


ars 

dx 

a  — 

doff 

or 

dz 
dx 

a 

y= 

dx 
a  — 

or 

dx 

dy 

a' 

whence  substituting  these  in  the  second  equation,  we  have 


a  a 
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which  with   the  equation  ,r*+y'  =  2a»  are   the  equation^  tQ 
the  directrix :  combining  these  two  equations,  we  obtain 

aa7  4-Py=a(«  +  7) (l), 

and  a?^  +  ^^  =  2a» (2), 

for  the  equations  to  the  directrix,  the  former  of  which  shows 
that  the  curve  of  contact  of  the  two  surfaces  is  a  plane  curve : 
now  the  equation  to  the  conical  surface  being 

0?  — a       ^   \%^aj 
if  we  assume =M (3), 

then  will  ^^112:=^ (jif) (4); 

01/  "—  fit 

and  the  elimination  of  a^,  y  and  x  from  these  four  equations  will 
determine  the  form  of  the  function  0 :  thus,  let  equations  (l) 
and  (2)  be  put  under  the  forms 

and(a?-a)^  +  (y-/3y  +  2a(a?-a)+2)3(y-i3) 
+  a*  +  )3*  =  2a  (i^r  — ry) +  2a7: 

then  subtracting  twice  the  former  from  the  latter,  we  have 

substituting  in  this  and  the  last  but  one,  the  values  of  y  -  /3 
and  z  —  y  from  equations  (3)  and  (4),  we  get 

a(a?-a)  +  /3if(^-a)+o*  +  /3'r=a^(Jlf)(^— a)+2a7, 
and(<»-a)^+(«»-a)^ilf*=:a^  +  /3'— 207: 

equating  the  values  of  ^  —  a  from  these  two  equations,  we  find 
a'4-j8"-2g7  _   /     a^  +  /3'-2a7     y 

or  {«0<M)^/3JJf^a}^  =  (l+if^)(a'  +  i3'-2a7), 


which  detennines  the  form  of  the  function  0:  then  restoring 
the  values  of  M  and  0  (if )»  we  have 

or  {a(«-7)-/3(y-/3)-a(»-o)}» 
=  {(a/-a)»  +  (y-/3)«}  (a'  +  Zy-aav), 

which  is  the  equation  to  the  required  enveloping  surface. 

When  a^Oy  /3ssO  and  y  is  negative,  the  envdoping  sur- 
face will  evidently  be  a  right  cone  whose  axis  coincides  with  the 
axis  of  «j  the  equation  in  that  case  being 


a 


«(^  +  7)=V^  +  »*v^«7  or  ^  +  y*=i— («4-7)*. 

Ex.  2.     Find   the  conical  surface  which  shall  envelope 
a  surface  of  the  second  order  whose  equation  is 

Ja?*  + JBy*  +  C«* +  8  Gd?  +  8-ffy  +  2  JTijf  +  L  =  0. 

„       dz          Aw  +  G      .dz          By  +  H       , .  ,      , 
Here  — —  =  —  -; ^  and  --  =  —  — :  which  sub- 
do?           Cx  +  K         dy           Cx  +  K 

stituted  in  the  general  equation 

d%  d% 

Am  +  G.        .      By  +  H.^      . 

or  Asf'\'Bf'\'Csf  +  Gaf  +  Hy^Kz 
"AacS'^Bfiy'-Cyx-GwH^'-Ky^O: 

this  and  the  equation  to  the  given  surface,  are  the  equations 
of  the  surfaces  whose  intersection  is  the  directrix :  whence  also 
any  combination  of  these  two  equations  are  equally  the  equa- 
tions of  the  directrix :  therefore  by  subtraction  we  have 
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which  is  the  equation  to  a  plane,  and  therefore  the  curve  of 
contact  of  the  two  surfaces  is  a  plane  curve: 

if  we  take  the  vertex  for  the  origin,  then  a=0,  /3=0,  7=0, 
and  the  latter  equation  becomes 

subtracting  twice  this  equation  from  that  to  the  given  surface, 
we  have  for  the  equations  to  the  directrix 

Jaj«H-Bj^  +  C«*-L  =  0 (1), 

Gw  -hHy+Kx  -f  Zr  =  o (2): 

dnd  the  equation  to  the  conical  surface  will  be  obtained  by 
eiliminating  M  from  the  two  equations 

1=^ (3). 

^  =0(if) (*): 

whence  it  follows  that  J?,  y  and  z  must  also  be  eliminated : 

X  Ja  Z 

now  w=   ,  ^,„    and  y=zwM=  — ttt^ 9  which  substituted  in 
<f)  (M)  ^  0  (M) 

(2)  give 

^      z  ^^   Mz         ^    .   _. 

,                                     L                                    Ld>(M) 
whence  » = .^  = '   , : 

z L 

■'*  '^~  0  (Jf)  ~      G  +  HM+K(p (M)  ' 

_    Mz    _         '         LM 
^   ^~  i^iM)"      G  +  HM  +  KipiM)' 
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and  substituting  these  values  of  ^,  p  and  «  in  (1),  we  have 

which  determines  the  form  of  the  function  0 ;  whence  restoring 
the  values  of  M  and  (f>  (M),  we  obtain 

for  the  equation  to  the  required  enveloping  surface. 

Cylindrical  Swtfaces. 

328.  Cylindrical  Surfaces  may  be  conceived  to  be 
produced  by  the  successive  intersections  of  a  series  of  jdanes,^ 
drawn  according  to  some  known  law^  and  always  perpendiculu: 
to  a  given  plane. 

Let  the  equation,  to  the  given  plane,  be 

aa?'-f  6y'  +  c»  =0, 

and  let  the  equation  to  any  one  ef  the  series  of  planes  be 

Jo?  +  By  +  C«  + 1  =  0 : 

then    these  two  planes   being   perpendicular   to  each  other^ 
we  have  the  equation  of  condition 

A  B 

whence,  if  we  make  p^  =  *»  and    — -  =  n,  we  shall  have 

c  +  aw 

n= r — ; 

b 

now,    putting   the  ^nation   -^ar  +  By  +  C«  +  1  =  0,    under 
the  form 

A         B  1 

1 
or   moD  +  wy  +  sf  -|-  ~  =  0, 
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and  substituting  for  n  its  Value,  we  obtain 

m  (hsB  —  ay)  +  6«  >—  cy  +  —  =  o : 

and   the  position  of   this  plane    depends  only   on  the  two 

h  . 

quantities  m  and  —  ;    but   since   the  planes  are  drawn  ac- 

cording  to  some  known   law,    —  is  a  function  of  ^;    let, 

therefore,  7^  =  0  (•»),  which  gives 

»i  (6a?  — ay) +6«  — cy +  ^  (w)s=0: 

and  to  pass  to  the  consecutive  plane,  we  must  obviously 
differentiate  this  equation  with  respect  to  9n,  considering  j?, 
y  and  x  as  constant :    . . . 

.•.  607  — ay  +  0'(m)  =  O: 
which  shews  that  m  is  a  function  of  bw^-ay: 

supposing,  therefore,  m  =  \/^(6a?— ay),  and  substituting  this 
value  in  the  last  ^u&tion  but  one,  we  have 

(6*  — ay)>/f  (6^7  — ay)  -f  6«"-cy +  0  {yj^ (bw -- ay)]  =0: 

which  equation  proves  that  bsfs  —  cy  is  a  function  of  bx  —  ay^ 

and  therefore  bx  —  cy^fibat-^ay) 
will  be  the  general  equation  to  Cylindrical  Surfaces. 

329.     To  obtain  the  partial  differential  equation  of  cy-4 

lindrical  surfaces. 

•I 

Diffeiieiitiating  with  respect,  to  w  only,  we  have 
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and  differentiating  with  respect  to  y  cmly,  we  get 

ft^-c«/'(6«-ay)(-a): 

whence,  eliminating  /'  (bw  —  ay)  from  these  two  equations, 

we  obtain 

dz      ,  d» 

o-r-  +  0- c  =  0 

da        dy 

for  the  partial  differential  equation  to  Cylindrical  Surfaces. 

Ex.  Let  the  directrix  be  a  circle  parallel  to  the  plane 
of  wyj  Oy  (if  y  being  the  co-ordinates  of  its  centre  and  S 
its  radius:  then  the  equations  to  this  circle  are 

(^-a)«  +  (y-i3y  =  5« (1), 

and  x^y (2): 

and  the  equation  to  the  cylindrical  surface  here  results  from 
the  elimination  of  M  between  the  two  equations 

hx-^ay^M (8), 

and  hz^cy^i^{M) (4); 

let  aty  y  and  z  be  eliminated  from  these  four  equations ;  then 

c  c 

substituting  these  values  of  at  and  y  in  equation  (1),  we  have 
(aby-a<l>iM)  +  cM        ]*   ^    iby-<l,(M)     ^V^ 

which   determines  the  form  of  the  function  0:    whence,  re- 
storing the  values  of  M  and  0(Jf),  we  have 
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(aby  —  abx  +  acy  +  bcx—acy        V       (by  —  bx  +  cy       A^    ^^ 

or  (ay  -  ca  —  o «  +  c.vy  +  (6^  —  c/3  —  6«r  +  cyy  =  c^^S 
which  is  the  equation  to  the  required  surface. 

If  a  =  0  and  /3=0,  the  surface  will  then  evidently  beconie 
that  of  the  right  cylinder,  and  the  equation  reduces  itself  to 

{o(7-»)+ca?}*+ {6(7^«)  +  cy}«  =  c«5^   or 

but  also  in  this  case  a  =  0  and  6  =  0,  since  the  plane  to  which 
the  series  of  generating  planes  are  drawn  perpendicular  is 
parallel  to  the  plane  of  xy;  these  values  of  a  and  b  reduce 
the  equation  to 

which  is  the  equation  to  a  right  cylinder,  the  origin  being 
some  point  of  its  axis. 

330.     To  find  the  equation   to  the  Cylindrical  Surface 
which  shaM  envelope  a  given  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

^        Ji^         x^ 

L    ^ 1 =   1   • 


_         a?         X    dx  dx  y^  X 

then  — +-^  —  =0,       -.7;  = i-: 

a         'v    ax  ax  a    x 


_    «         X   dx  dx  y^  y 

^       7*  dy  dy  ^  x 

substituting  these  values  in   the  partial  differential  equation 
to  a  cylindrical  surface,  viz.  in  the  equation 

dx         dx 

a- 1-0:7-  =  c, 

dx  dy 

30 
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we  have 

^  X       ,  V  V  c«       by       ax 

_a^-  _6^^=c,  or—  +7I  +-sr=0: 

o*  »  p* »  Y       p?        a^ 

which  is  the  equation  to  a  phine  passing  through  the  origin, 
and  therefore  the  curve  of  contact  of  the  two  surfaces  is  a  plane 
curve,  of  which  the  last  equation  and  that  of  the  given  surface 
are  the  equations:  hence  the  four  following  equations  hold 
simultaneously  for  the  points  of  contact  of  the  two  surfaces: 

a^       y^       s/^ 

?  +  ^  +  y=^ (^>' 

ax       by       c% 

^  +  |+y=^ <^>' 

bx^ay^M (S), 

bz'--cy=i^(M) (4): 

from  which  x^  y  and  x  are  to  be  eliminated;   thus 

ay  +  M       -  cy  -H  0  (M) 

at  = ; and  z  = \ ; 

6  o 

substituting  these  values  in  (2)  we  have 

whence  y=-X^-^--^: 
«^       6^       c'       "*■  6  ~6  o»       6*       c* 
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c*     .   ac 


-—<b(M)+-—M 

~  a^       6«        c^        ■*■       6 

-:  +7v:  +  -^ 


/o*       b*\  ^  ^„^      ac  „ 


a^       6^        c^ 

1 h  — 

a^        /8*        7° 


2 


and  if  these  values  of  a?,  y  and  «  be  substituted  in  (l),  we  get 

which  determines  the  form  of  the  function  ^:  restoring  the 
values  of  M  and  ^(Jlf),  we  then  have 

r/o"      V\hx-cy       ac  bx-ay^  _  fa"       ft*       c*l» 

■ 

which  is  the  equation  to  the  surface  required. 

If  the  surface  be  perpendicular  to  the  plane  of  wyy  we  have 
a  =  0  and  6  =  0,  which  reduces  the  last  equation  to 

L    ~  —   1  • 

which  is  that  of  an  elliptic  right  cylinder. 


Surfaces  of  Revolution. 

331.     A  Su&FACE  of  Revolution  may  be  conceived  to  be 
formed  by  the  successive  intersections  of  a  series  of  spheres 
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having  their  centres  in  the  same  straight  line  called  the  axis, 
the  radius  of  each  sphere  being  some  function  of  the  co- 
ordinates of  its  centre. 

Let  the  equations  of  the  straight  line  be 
X  ss  az  -H  a  and  y  =  bx  +  /3 ; 

then  the  equation  to  a  sphere  having  its  centre  on  this  line 
will  be 

where  ^,  y,  z  are  the  co-ordinates  of  any  point  of  the  sphere ; 
or  by  the  substitution  of  the  values  of  at   and  y\ 

but  S  is  some  function  of  w\  y  and  z'  and  therefore  some 
function  of  z   since  x   and  y   are  functions  of  z'  z  whence 

{x^az''-ay  +  {y-hz'^fiy'\^{z^s/y^<f>{z'), 

is  the  equation  to  any  one  of  the  spheres  by  which  the  surface 
is  generated :  and  to  find  the  intersection  of  any  two  consecutive 
spheres  we  must  differentiate  considering  si^  as  variable,  and 
w,  y,  z  HB  constant,  since  these  three  belong  to  both  spheres: 
hence  we  have  the  equation 

(a?  — a*'  — a)o  +  {y-^hz'  —  (i)b  +  (z—  «)  — ^'  («')  =  0: 

between  which  and  the  one  last  found  z'  must  obviously  be 
eliminated  in  order  to  have  the  equation  to  the  curve  which 
is  the  locus  of  all  such  successive  intersections:  transposing 
in  the  last,  we  have 

^(pi{z): 
transposing  in  the  former  we  obtain 

^(p(z)  +  2z  01  (z)  -  (a^'  +  h^+l)  z^ 
=  0»  {z) : 
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is  the  general  equation  of  Surfaces  of  Revolution. 

332.     To  find  the  partial  diflFerential  equation,  we  must 
differentiate  and  eliminate  the  arbitrary  function :  thus  we  get 

2  C-^-^)  +2sf^  =/  {(a?-a)  a  +  (y^fi)b  +  %]  fa  +  ^j  , 

also  2(y«/3)  +  2«r^  =/' {(a?-o)  a+(y-)8)  5+;^}  ^6+ ^^  ; 

whence,  by  elimination,  we  obtain  immediately 

(a?  — a  +p«r)  (6  +  q')  =  df-fi  +  q^)  (a+l>)j 
or  (ai  —  a)  (p  +  q) -^  (y -~  fi)  (a+p)+pb%+pq%''  aq« --pqx^O^ 

that  is,  (^  -  a)  (A  +  9)  —  (y  —  /3)  (a  +p)  +  «  (p6  —  aq)  =  0. 

If  the  axis  of  revolution  coincide  with  the  axis  of  %^  we 
shall  have 

0  =  0,  6  =  0,  a  =  0,  )3  =  0; 

and  the  equation  then  becomes 

A'*+y^  +  ^  =  0  W  or  ^^  +  y^  =  0(«) — ^y 
that  is,  ar^+y^  =  >/'(a^)5  or  f^=f(a^+lf): 
and  in  this  case  the  partial  differential  equation  becomes 


Annular  Surfaces. 

333.  Annular  Surfaces  may  be  supposed  to  be  generated 
by  the  successive  intersections  of  a  series  of  spheres  of  equal 
radii  having  their  centres  situated  in  a  given  curve. 
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I^et  the  curve  be  in  the  plane  of  xy^  then  the  equation 
to  a  sphere  at  the  points  <r\  y   in  the  plane  of  xy  is 

but  the  co-ordinates  of  the  point  od\  y  being  subject  to  satisfy 
the  equation  of  the  given  curve,  one  is  a  function  of  the  other, 
so  that  if  m  be  any  particular  value  of  x\  we  must  have 
y  =:0(im): 

.-.  (^-m)«+{y-0(m)}»  +  ^^  =  a« ..(l), 

is  the  equation  to  one  particular  sphere,  and  to  pass  to  the 
consecutive  one,  we  must  differentiate  with  respect  to  m,  con- 
sidering (B^  y,  «  as  constant;  whence 

^  — m+{y  — 0(m)}  0'(m)=O (2): 

these  two  equations  therefore  express  the  relations  existing 
between  the  co-ordinates  <r,  ^,  z  of  the  points  of  intersection 
of  the  two  spheres,  and  the  elimination  of  m  would  give 
the  surface  which  is  the  locus  of  all  such  points ;  but  m  cannot 
here  be  eliminated  since  a  value  of  (p  (m)  in  terms  of  ^,  y  and  z 
cannot  be  obtained  from  (2),  which  shows,  however,  that  m  is 
some  unknown  function  of  Xy  y^  x:  differentiating  (l)  first  with 
respect  to  w  and  z,  and  then  with  regard  to  y  and  z^  con- 
sidering m  variable  but  subject  to  the  condition  expressed 
by  (2),  which  is  evidently  the  same  thing  as  differentiating  (1) 
considering  m  constant,  we  have 

x^m-i-pz^Oy 

y  — 0(7w)  +  9»  =  O: 

and  these  two  equations  express  all  the  conditions  comprised  in 
(l)  and  (2)  as  is  evident  from  what  has  been  said :  then  substi- 
tuting the  values  of  a?  —  wi,  y  —  0(m)  found  from  these  in  (J), 
we  have 

which  is  the  partial  differential  equation  erf  Annular  Surfaces. 
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334.     Cor.     Since  this  equation  gives 

a 


ar  = 


\/r+^+7' 


and       . ==  expresses  the  value  of  the  cosine  of  the  angle 

made  by  the  normal  with  the  axis  of  ^,  if  n  he  the  length 
of  the  part  of  the  normal  intercepted  between  the  surface  and 
the  plane  of  xy^  we  have 

n 

whence  it  follows  that  n^a^  or  the  normal  at  any  point  of 
an  annular  surface  is  equal  to  the  radius  of  the  sphere,  as 
it  ought. 

Ex.     Let  the  curve  which  is  the  locus  of  the  centres  of 
the  spheres  be  a  circle,  whose  equation  is 

then,  since  m  and  (f)  (m)  are  corresponding  values  of  a?'  and 
y\  we  have 

w*+  {0(m)p  =  c2 (1): 

and  this,   with  the  two  equations 

(x-mf-^  {y-0(w)}*+^  =  a^ (2), 

a?  — wi+  |y  — 0(w)}  ^'(m)  =  0 (3), 

will  •  manifestly  lead  to  the  equation  of  the  required  surface 
by  the  elimination  of  m : 

differentiating  (l)  we  have 

» 

whence  d>  Cm)  = tt—t  ' 

^  (p  (m) 
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and  substituting  this  in  (3),  we  get 

'«?-«»+    y-0(w>)rT7i:T  =^    or  .r-m-  -— ^  +«i==0; 


my 

X 


fh>m  which  is  readily  obtained  ^  (m)  = 
which  substituted  in  (1)  gives 

coo  -  CV 

whence  iii=      i  and    .•.  0  (m)  =      .  . : 

substituting  these  in  (2),  we  find 

or  (\/^+^-.c)«  =  a«-««, 
for  the  equation  to  the  required  surface. 

By  making  y^O^  we  obtain  the  equation   to  the  trace 
of  the  surface  upon  the  plane  of  wzy  which  is  here 

(a?  — (?)*+«*  =  «*; 
and  the  trace  itself  is  a  circle,  as  it  obviously  ought  to  be. 


Developable  Surfaces. 

335.  Developable  Surfaces  may  be  supposed  to  be 
formed  by  the  successive  intersections  of  a  series  of  consecu- 
tive planes  drawn  according  to  a  given  law. 

The  equation  to  a  plane  contains  three  constants,  but 
in  order  that  we  may  have  any  determinate  niunber  of  con- 
secutive planes  drawn  after  a  given  law,  two  of  the  constants 
must  obviously  be  functions  of  the  third: 
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I^et  the  general  equation  to  a  plane  therefore  be 

xssaaf  +  by-i-c; 

then,  taking  that  particular  plane  which  corresponds  to  ess m^ 
and  making  a^f{m)y  hsBzF{fn)y  we  shall  have 

x^m^f{m)x  +  F{m)y ......(1): 

and  since  for  each  Value  of  m  we  have  only  one  plane,  if 
we  differentiate  with  respect  to  m,  considering  a?,  y  and  x 
as  constant,  we  shall  pass  to  the  consecutive  plane:  but 
this  gives 

^l:^f(m)X'\^r{m)y (2); 

and  these  last  two  equations  express  the  relations  existing 
between  the  coordinates  <r,  y,  %  of  the  intersection  of  a 
given  plane  and  the  consecutive  one;  whence  the  elimination 
of  m  would  give  the  relation  subsisting  among  the  eo-ordinates 
of  the  surface  containing  all  such  intersections,  or  the  equa- 
tion to  the  required  developable  surface:  but  we  cannot 
obtain  from  (S)  the  value  of  m  in  terms  of  w  and  y,  and 
we  can  therefore  deduce  only  the  partial  differential  equation. 

If  m  were  eliminated,  it  would  be  a?  function  of  w^  y  and  %^ 
or  of  <r  and  y,  since  z  is  always  a  A)nction  of  x  and  y :  we 
may   therefore  consider  m   as  a  fnhction   of  w  and  ^,   take' 
the  partial   differential  of  (l),  and  eliminate  /  and   F  just 
as  if  m  were  known  explicitly  in  functions  of  x  and  y  : 

now,  from  (l)  we  have 

z  =  cT/(m)  -f  yF  (m)  +  m : 

•••  :r  =/W+  {^/  (»»)  +y^  («»)  +  i\-r 

aw  '    ^  ax 

=/!(»»).  by   (2): 

=  F,  (to),  by  (2) : 
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dx  dx 

.'.  since  t~  *=/i  (^)  ^"^  "T"  ^-'^i  (''*)> 
ds}  dy 


we  shall  have 


d% 


dx\ 


d 


^=^fej    orp  =  0(,): 


therefore,  by  taking  the  partial  differential  coefficients  we  get 

r=i(j>(q)8  and  8  =  (f>(q)t: 


8 


whence  -  =  - ,   or  r/  —  «*  =  0,  is  the  partial  differential  equa- 

tion  to  all  surfaces  capable  of  being  developed,  or  being  made 
to  coincide* with  a  plane  without  rumpling  or  tearing. 

It  may  readily  be  proved  that  the  general  equations  to 
conical  and  cylindrical  surfaces  above  found  satisfy  the  one 
here  deduced,  and  therefore  such  surfaces  are  developable. 

II.  CURVES  OF  DOUBLE  CURVATURE. 

336.  A  Curve  of  Double  Curvature  being  defined  by 
the  two  equations,  y=^f('Vy  and  «  =  0  (/r),  which  belong  to  the 


two  surfaces  by  whose  intersection  it  is  formed ;  if  we  sup 
pose  -iJf,  AY,  AZ  to  be  the  three  co-ordinate  axes,  and 
Pp  any  arc  of  it,  of  which  the  orthographic  projection  on 
the  plane  of  cvy  is  JVw,  then,  if  AM  ^  x^  MN=y  and 
NPssx,  y=zf(ai)  will  be  the  equation  to  the  plane  curve 
Nn:  similarly,  the  equation  x  =  <f>(af)  belongs  to  the  plane 
of  a?»,  and  by  the  combination  of  these  two  equations  may 
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easily  be  deduced  a  third  between  y  and  %^  which  will  be- 
long to  the  curve  Ww  in  the  plane  of  y%^  determined  as 
before:  and  any  two  of  such  equations  will  be  sufficient  for 
the  determination  of  the  points  of  the  curve. 

337.     Tq  find  the  equations  to   the    Tangent   at    any 
point  of  a  curve  of  double  curvature. 

Let  the  equations  to  the  required  tangent  be 

y  ^moi  -\- ^   and    5f'  =  n.r'+i;: 

then,  when  a?  becomes  x  +  A,  the  corresponding  values  of  y 
and  %  will  be 

dy  ,        d^y    h^ 
y  +  -r  h  -^  -7--  —  +  &€., 
^       dx  doD^  1.2 

d  %  ,       d^%    h^ 

^+T-^  +  -rT:; — +&c.: 

dx  dor  1 .2 

and  those  of  y    and  a?'  will  similarly  be 

,      dy\       d^y     h^        „ 
dw  doB*  1  .  2 

,      d%'  d^z     h^ 

X  -h  j-rh  +  -r-7^  -—  +  &c., 
djff  a^  ^  1  . 2 

dy  dz  d^y  d^%  ^ 

wherein    ^  =m,   — ,  =»,    ^=0,    ^=0,&c.: 

whence,  making  x\  y\  z  equal  to  a?,  y,  «  respectively  in 
order  that  the  straight  line  may  pass  through  the  proposed 
point,  we  shall  have  the  differences  between  the  new  values 
of  y,  y   and  %^  %\  expressed  by 


dy       „  ^  I  .  d^y    h^ 


+  &c., 


(if-)* 
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now,  in  oFder  that  the  distances  expreMed  l>y  these  quantities 
may  be  the  least  possible,  we  must  obviously  have 

4y  J   dz 

-—  =»  m   and   — -  =  w, 

diV  ax 

and  the  straight  lines  deterpiined  by  these  condUioQs  will 
touch  the  curve  more  closely  than  any  other:  the  equations 
to  the  required  line  thus  become 

/      dy    ,  ,      4^    '  , 

y  =  —^  ii?  -\-  a   and   ^  =  -—  x  4  v.i 
'^       aw  asc 

and  since  it  passes  throug^}  the  point  Wy  y^  z  of  the  curve, 
we  have  likewise 

dy  .  dz 

y  =  -T~  j:*  4-  /i   and    z  =  -r—  .1?  + 1/.: 
a  it  d,v 

whence,  by  subtraction,  the  equations  to  the  rectilineal  taur 
gent  are 

M  _  M  =  -—  f.r  —  a)    and   «  —  a?  =  -j—  (,r  —  a?). 

The  same  results  might  have  been  deduced  from  con^ 
^^idering  that  the  projections  of  the  tangent  on  the  co- 
ordinate planes  are  the  tangents  to  the  projections  of  tlie 
curve  on  the  same  planes. 

338.  Cor.  ].  Hence  the  tangent  imay  be  constructed: 
for  by  making  .v  =  0,  we  shall  have 

,  dy  ,  dz 

y=zy^^—    and    af=ijf-a?— , 

for  the  co-ordinates  of  the  point  in  which  the  tangent  meets 
the  plane  of  zy^  and  the  straight  line  joining  this  mid  tbe 
proposed  point  of  the  curve  will  be  the  tangent. 
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339.     Cos.  2.     Tbe  length   of  the  tangent  *  intercepted 
between  the  point  of  contact. and  the  plane  of  %y  is  equal  to 

when  a?'  =  0,  and  is  therefore  expressed  by 


V^^,.  11^ :,  ..^ =,  V7w5f7fp) 


dar*    '  ^  daf^      -     ^    *  .    y^^^j         \dx) 


and  similarly  for  the  other  co-ordinate  planes. 

Also,  the  inclination  of  this  line  to  the  plane  of  xy  is 

A* 


sin"' 


s=  sin"' 


340.     Cor.  3,     If  «  denote  the  arc  of  the  curve  corres- 
ponding  to  the  co-ordinates  j?,  y,  x^  we  shall  obviously  have 


div  \da}/         \da}J 

which  is  the  differential  coefficient  of  the  length   of  the  arc 
of  a  curve  of  double  curvature. 

Hence,  also  by  the  last  article  —^  ,  -—  and  — -  will  be 

as      ds  ds 

the  values  of  the  sines  of  the  angles  at  which  the  curve  is 

inclined  to  the  co-ordinate  planes. 

341.  To  find  the  equation  to  the  Normal  piane^  or 
the  plane  which  is  perpendicular  to  the  direction  of  a  curve 
of  double  curvature  at  fMy  point. 


486 

Let  the  equation  to  the  required  plane  be 

-rfa'  +  By +C«'+1=0: 
then  sinqe  it  passes  through  the  point  w^  y^  Zj  we  diall  have 

also  since  it  is  perpendicular  to  the  tangent  whose  equations  are 
y  -y=— (a?-j?)  and  «-;!?=: —(a? -a?), 


we  readily  obtain 


A  ^dx  B  ^dy 


whence  the  equation  to  the  nornud  plane  becomes 
ax  ux 

9 

which  is  sometimes  written  in  the  form 

(a?'— 0?)  d.4?  +  (y  — y)  dy  +  («'  — i8r)daf  =  0. 

342.  To  find  a  Surface  of  given  species  which  shall 
osculate  a  given  curve  of  double  curvature  at  any  point 

Let  Xj  yy  X  he  the  co-ordinates  of  the  curve  at  the  pro- 
posed point,  and  iv\  y\  x  those  of  any  point  of  the  curve 
surface:  then  when  w  becomes  a^  +  A,  y  and  x  become  re- 
spectively 

dy,     d'y  A« 

dx  ,       d^x   A* 
dx         dor  1 . 2 

similarly  w  becoming  a?'  +  A  causes  yf  to  become 

dii        d^v    h^ 
dx  dx  ^  1 .2 
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whence  we  shall  hare  the  new  value  of  x   expressed  by 

dar         dy^         1.2  ld,r^  da?  dj^  dy^     j 

which,  if  for  k  be  put  its  value  above  deternained,  assumes  the 
form 

x'+Ph  +  Q- —  +  &C. : 

1.2 

then  changing  x\  y\  %  into  a?,  y,  «r,  we  find  the  distance 
between  the  curve  and  surface  estimated  in  the  direction  of 
i^  to  be 

so  that  for  a  contact  of  the  first  order  we  must  have  P=  — —  r 

doe 

d^z 
for  one  of  the  second  order  Q  must  =  — --  also,  and  so  on. 

dor 

Ex.     To  find  the  equation  to  the  plane  osculating  a  curve 
of  double  curvature. 

If  the  equation  to  the  required  plane  be 

we  have 

d«         ,    dx'      ^    d^z'  d'^z 

therefore  since  the  plane  passes  through  the  point  a?,  y,  z^ 
we  shall  have  the  new  vdue  of  z'  expressed  by 

V  d.vj  da^  1 . 2 
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also  from  the  first  equation  we  have 

8o  that  to  find  the  constants  J  and  St  we  must  make 

d^z  dx       dyd^x 

and  these  give  S=  —-  y  Az= T'lfr'  ' 

^  d^y  dx       divd^y 

whence  the  equation  to  the  plane  is 

Idz       dyd'^z)      ,        ^      ^'"^ ,  /       ^ 

which  has  with  the  curve  a  contact  of  the  second  order. 

It  is  manifest  that  the  curvature  of  the  curve  lies  in  the 
plane  thus  determined,  and  may  therefore  be  found  from  the 

fdz\']i 


.  tm. . 


expression  y  as  i L  ,  if  v  and  x  be  the  co-ordinates 

d^x 

d^ 
of  the  curve  referred  to  this  plane :  and  also  that  this  plane  is 
perpendicular  to  the  intersection  of  two  consecutive  normal 
planes  at  the  proposed  point. 

343.  The  principles  already  explained  will  enable  us  to 
ascertain  the  position  and  magnitude  of  a  sphere  which  shall 
osculate  with  a  curve  of  double  curvature  at  any  point,  and 
thus  to  find  the  magnitude  of  what  is  called  the  spherical 
curvature  there  to  distinguish  it  from  the  absolute  curvature 
just  alluded  to,  and  thence  the  loci  of  the  radii  of  curvature 
whether  absolute  or  spherical  which  will  constitute  the  evo- 
lutcs  of  the  said  curve :  and  to  determine  the  points  of  Inflexion 
of  a  curve  of  double  curvature,  it  will  generally  be  sufficient 
to  find  the  points  of  that  description  which  belong  to  the 
projections  of  the  curve  on  tfife  co-ordinate  planes. 


CHAP,  xv: 


Miscellaneous  Theorems  and  Problems. 


344.     It  is  required  to  prove  the  following  formula: 

m" (m  —  1)°*  +  — ^ (m  -  2)"  —  &c.  continued  to  m 

terms  s  1 . 2 . 3 .  &c.  m. 

Denoting  the   coefficients  of  the  tenns  of  an  expanded 
binomial  by  J^  B^  C,  &c.,  we  have 

ar«  ^Ja/^'^  +  Ba?""*  -  CoT'^  +  &c.  =  (a?  -  1)" ; 

whence  by  differentiation  we  obtain 

mar-^  -  (m- 1)  ^j?"*"'  +  (m- 2)  Ba?"-*-  (w- S)  Cm*-*  +  &c. 

=  m  (a?  — 1)"-^: 

multiplying  this  result  by  x  we  have 

mai^  -  (m  -  1)  Aaf^"'  +  (w-2)  Bar""*-  (i»  -  3)  Ca?"-'+  &c. 

differentiating  again  and  multiplying  by  w  we  find 

=  i»a?  (a?  —  1)"-*  +  m  (i»  -  1)  a?*  (a?  —  l)"*"* ; 

a  similar  process  gives 

m'^  -  (m  - 1)»  J 0?"-'  +  (w  - 2)»  S^p"-* -  (m  -  3^  Ca?*-«  +  &c. 

s=  ma?  (a?  —  I)*"*  +  3m  (m  —  1)  a?*  (a?  —  I)*-* 

+  m  (m—  1)  (m— 2) vr*  (j?—  l)"'*  r 

3Q 
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and  repeating  this  operation  n  times  we  shall  arrive  at  the  form 

m'o?"  -  (to  -  !)•  Jo?""-' +  (w  -  2)» 5^"-*  -  (i» -  3)"  Co?^-' +  &c. 
=  m a?  (a?  -  l)*-*  +  Pa^  (a? -.  1)— •  +  Qd7»  (j? - 1)"-*  +  &c. 


I— ■ . 


whence  if  n-^^m,  and  therefore  V^m^m"  l)  (m— 2)  &c.  3.2.1, 
and  /v  be  supposed  ss  i,  we  shall  obviously  have 

!»•  «  (m  —  !)■  J  +  (f»  -  2)*"  fi  —  (m  -  3)*  C  +  &c.  =  1 . 2 . 3 .  &c.  m. 

Hence  also  if  n  be  less  or  greater  than  m,  we  shall  have 
w»«-.(m-l)"J  +  (m-2)"jB-(m  — 3)*C  +  &c.  =  0  or  oo. 

345.  To  investigate  the  law  of  the  formation  of  the  co- 
efficients of  the  terms  of  the  Multinomial  Theorem  by  means 
of  the  Differential  Calculus. 

Let  (a^  -I-  ajO^  +  a^a^  +  &c.)*  =  6o+  biw  -^-1^0^+  &c.,  which 
gives  immediately 

m  log  (oq  +  Oi^  +  OgJ?*  -h  &c.)  =log  (6o  +  ^i*  +  h^  +  &c.) : 
whence  differentiating  both  sides  we  obtain 

m  (tti  4-2o,a?  +  Sa^a^+gLc.)       b^  +  263^  +  3bsa^  +  &c. 

—       I    ■  I  —  1  J2Z  . 

and  this  being  multiplied  out  and  the  coeffidents  of  the  same 
powers  of  w  equated  gives 

61  =  mai  —  ,  where  b^  obviously  =  Oo*" ; 

6j=r(2OT  — 0)os-^  ^.(m-l)ai— i-; 

2aQ  2aQ 

b^=z(3m^0)a^~  +  (2*11- 1)03 -L  +(m-2)ai  A; 

3^0  3aQ  30o 

&c.  =  &c 
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and  thus  the  law  is  manifest ;  and  this  agrees  with  what  has 
been  said  in  (218)  of  the  Algebra, 

If  Og  =  03  =:  &c.  s  O9  we  shall  readily  find 

^1        w(m— 1)     „        o 

62  =  (m  —  ])  01  —  =  — ^ a^a^'^ ; 

^    -Sao  1.2 

and  so  on  as  in  the  Binomial  Theorem, 

346.     It  is  required  to  decompose  -^ into  a  series  of 

fr€U!tions  having  simple  or  quadratic  denominators. 

First  let  m  be  odd,  then  in  (291)  of  the  Trigonometry^ 
we  have  seen  that 

^"  —  1  =  (a?—  1)  (a?'*  —  2  cos  —  a?  +  1)  {^  —  2  cos  —  0?  -h  1)  &c. 

m  m 

to  ^  (w»  +  1)  factors :  whence  we  get 

29r 
log(a?'"  — l)=log(j7— l)+log  (d^  — 2COS — 0?+  1) 

fit 

4'7r 
+  log  (a;^  —  2  cos  —  a?  + 1)  +  &c.  to  i(m  +  1)  terms : 

m 

differentiating  both  sides  we  obtain 

27r 

„   ,  2a?  — 2  cos  — 

wa?*""^  1  m 

+ 


a:"— 1        a?— 1  27r 

a?*  —  2  cos  —  a?  +  1 
m 

2a?  — 2  cos  — 
'm 
-I- +  &c.  to  ^(m  -f  1)  terms : 

or  ^2  cos  —  a?  H- 1 
m 
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mar  ^  2.r*-2^ca8^ 


+ 


^^2«C08 —  +  1 
m 

^     ^  *^ 

2ar— 2j^co8  — 

m         ^  , 

^ +  jtc.  to  \(m  + 1)  terms : 

4«"  * 

JT  — Sd^cos 1-1 

ffi 

and  wa=l  +  2  +  2  +  &c.  to  ^(m-hl)  terms:  therefore  by  the 
subtraction  of  the  corresponding  terms  we  obtain 

2.VC08 —  —2 
fn  I  m 

+ 


J?*—  1        ^—  1  2ir 

j;^  — 2a?  COS —  4- 1 
fn 

2iVCOS —  —  2 

4- -f  &c.  to  i(m  +  1)  terms, 

ft     ^  *^ 

JT  — 2a?cos —  -h  1 

m 

both  sides  of  which  being  divided  by  m  give  what  was  re- 
quired. 

If  HI  be  even,  a  similar  process  may  be  used,  and  each 
of  the  fractions  with  quadratic  denominators  may  again  be 
decomposed  into  others  with  denominators  involving  only  the 
simple  power  of  w. 

Similarly  of  the  fraction  -r- — — — ,  &c. 

^  a?**  +  24rco8aH-l 

347.     To  find  the  sum  of  n  terms  of  the  series 

1*  sin  0  -h  3'  sin  30  +  5^  sm  50+ kc. 
It  has  been  proved  in  (310)  of  the  Trigonometry,  that 

sin0  +  8m30  +  sin5d  +  &c.  to  in  terms  =      .     ,   : 

♦  sint> 
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whence  differentiating  twice  in  succession  with  respect  to  9 
we  have 

/I  ,  «        «/i  .  .        ^n  .  o  msin2w»dsin0  — sin^wScose 

cos  0+  3  cos  30  +  5  cos  50  +  &c.  = r-r-:: 

sin*  0 

and  thence,  after  changing  the  signs,  the  value  of 

1*  sin  0  +  3*  sin  30  +  5*  cos  50  +  &c.  to  m  terms 

is  readily  found.     Similarly  of  a  variety  of  others. 

348.     It  is  required  to  find  the  form  of  the  function  f, 
80  that  f(x+h)+f(x-h)=:f(<r)f(h). 

Let  w=:/(,r);  then  we  have  by  Taylor's  Theorem 

du  h       d^u  h^ 

^,        ,x  duh       d^u  h^ 

/(^-A)=«---  +  — — -&c.: 

whence  by  addition  and  division  by  u^  we  get 


u 


=/w 


f         d\u    h^         d'u         ¥  „     1 

\        udaf^  1.2        udof^  1.2.3.4  j 

but  since  f(h)  is  entirely  independent  of  w^  it  follows  that 

the  coefficients  of  the  different  powers   of  h  must   here   be 

d^u  d^u 

constant  quantities:  wherefore  if  — ---=a  or  -r-^  =^au^  we 

udar  dor 

shall  readily  obtain 

d%        d  d^u        d     du         d^u  _   j    . 
dw^       dxda^       dx    dw         do^ 

d^u        d  d^u        d    ^du        ^d^u        ,  , 

= ^  —  cr  —  =t  a  • —  =  a^Uj  and  so  on : 

do?*       dwdar'       dx     dw  da? 
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wherefore  we  have  now 

•'^  ^         *         1.2        1.2.3.4  * 

*  1.2        1.2.3.4  ^ 

if  —  c*  be  put  in  the  place  of  o:  that  is,  /(A)  =  2coscA, 
and  thus  the  form  of  /  is  determined :  and  it  may  readily 
be  verified  for 

2co8  (^  +  A)  +2  cos  (j?  —  A)  =  4  cos  0?  cos  A  =  (2  cos  a?)  (2cosA). 
349.     To  find  the  particular  value  of  the  fractum 

(Pix)^+  (F8x)»  +  &c. 


U  3= 


m  m 


(fix)»+  (f«x)"+  &c. 


when  such  a  value  a  is  assigned  to  x   as  causes  each  of 
the  terms  to  vanish. 

By   Taylor'*s  Theorem,    the  numerator  and  denominator 
corresponding  to  a?  +  A  are 


m 


+  &c,  and 

^•^       ^  dj7  dar       1.2  ' 

+  &c.: 

but   when  07  =  a,    we  have   supposed   each   of    the   terms  in 
the  numerator  and  denominator  of  the  proposed  fraction  to 
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vanish:  whence,  dividing  by  A",  it  is  clear  that  the  true 
value  will  be  obtained  by  differentiating  each  of  the  quan- 
tities  without  regard  to  their  exponents:   and  if  this  result 

=  -,  the  same  steps  must  obviously  be  repeated,  and  so  on. 

Ex.     Let   u  =  — g.  gy  ,   which   =  -  when 

^  =  a;  then,  differentiating  each  quantity  under  the  radical 
sign,  we  have  the  particular  value  of  u 

y^  —  2a?  +  V^  —  2(a  —  a?)  \/2a 

which  may  be  verified  by  the  ordinary  process. 

350.  Cor.  The  same  method  is  applicable  in  all  cases 
where  the  indices  are  the  same,  and  each  term  vanishes  of 
itself:  but  if  two  or  more  separate  terms  destroy  each  other, 
the  same  process  may  be  adopted  with  the  rest,  no  regard 
whatever  being  paid  to  these  as  in 


w  = 


\/V--^ 


whose  value  is 


\/  — So? 


1=  \/I 

/i?2  Sa 


when  af=sa. 


351.  To  find  the  shortest  straight  line  that  can  be 
drawn  through  a  given  point  between  two  other  straight 
lines  at  right  angles  to  each  other. 

Let   the   two  given   indefinite  straight  lines  he  BT  and 
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BV,  and  P  the  given  point:  then,  if  MB^^a,  MP^h  and 
the  angle  PTM^d^  the  equation  to  7 F  will  be 

whence,  if  y  =cO,    BT  ^ : 

^        '  tane 

and  if  at  ^0^    £F=atand  +  6: 
^    ^^,_(atane  +  y)(l-ftan»e) 

•  ^"^ uS^e  • 

but  if  TM^Wj  then  tands  >,  and  we  must  have 

w 


a  niMMmum: 


du 


whence  -r—  =0  gives  «s  —a  and  w^^aV^  the  former  of 
which  by  the  usual  criterion  belongs  to  a  maximum,  and  the  latter 

9  2  3 

to  a  minimum  which  =  {<j?  +  6^)^ . 

352.     Of  all  triangles   having  a  given  base  and  ver- 
tical angUj  to  find  that  whose  area  is  the  greatest 

Let  the  given  base  AB^c  and  the  given  vertical  angle 

C 


A  D  B 

ACB  =  a ;    then,   putting  AD  =  a?,    we   have  DB  szc  -  w: 
whence  the  area  of  the  A  ^^AB .CDozCD^ui 

but  tan  a  =  tan  (^CD -f  fiCD) 

_   tan  ACD  -H  tan  BCD   _  cu 

"  1  -tan  ACD  tan  BCD  ""  tt»-a?(c-a?) ' 
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.*.  ij?  tan  a-^cu^ss^  {cos  —  a?*)  tan  a, 
in  which  u  is  to  be  a  maximum:  and  this  gives 

(2  w  tan  a  —  c)  ——  =  (c  —  2a?)  tan  a : 

aa? 

therefore,   from    --—  =0    we  obtain  a?  =  Ac,   so  that  the  re- 

dx  * 

quired  triangle  is  isosceles  and  its  area  =s  —  (cot  a  +  cosec  o). 

363.  To  find  the  radius  of  a  Circle  such  that  the  seg- 
ment of  it  formed  by  an  arc  of  given  length  may  be  the 
greatest  possible. 

Let  the  given  length  of  the  arc  =  a  and  the  radius  of 

the  circle  =«r:  then  will  -  =  the  angle  of  the  sector:  whence 

X 

we  must  have  twice  the  area  *of  the  segment,  which  is 

^    •    ^         «  1  -^    •    ^^ 

u  =  ax  —  ar  sm  -  cos  -  =  a^  —  -kar  sm  — ,  a  maximum: 

XX  ^  X 

du  .     2a  2a 

.'.  -r-  =  a -- a?  sm ha  cos  — -  =  0, 

dx  XX 

2^ 
which  .  will  be   satisfied  if  <2?  =  —  and  <2?  =  oo  :  therefore  the 

TT 

2a^ 
area  of  the  greatest  sector  =  — ,    and  that  of  the  least  =0. 

TT 

354.  To  find  the  greatest  Quadrilateral  Figure  that 
can  be  formed  by  four  given  straight  lines  taken  in  a 
given  order. 

Let  a,  a ,  c,  c  be  the  sides  meeting  in  the  angles  A  and 
C  respectively,  a  being  adjacent  to  c  and  a'  to  c:  then^  if 
9  and  0  denote  the  said  angles,  we  shall  have  twice  the  area 
of  the  figure  expressed  by 

u^ad  sin  0  +  cc  sin  0,  a  maximum : 

3R 
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but  the  diagonal  of  the  figure  subtending  the  angles  at  A 
and  C  being  the  same  for  both,  we  shall  have  an  equation 
of  condition 

o*-fa*  — 2aa'  co8©  =  c*  +  c'*  — 2cc  co8  0: 

whence,  eliminating  -^  between  these  two  equations,  we  find 

0  =  ^-0,  or  the  quadrilateral  is  inscribable  in  a  circle,  and 
its  area  therefore 

=  \/(«  —  a)  («  —  o')  (*— c)  (a  —  e)y  if  2*  =  a4-o'  +  c  +  c'. 

From  this  it  appears,  that  the  area  of  the  greatest  quadri- 
lateral is  independent  of  the  order  in  which  the  lines  occiu*, 
though  the  angles  are  not. 

355.  Of  all  Spherical  Tria/nglea  upon  the  same  base 
and  hamng  equal  perpendiculars^  to  find  that  which  has 
the  greatest  vertical  angle. 

Let  ABC    be  the    spherical    triangle,    having    the   side 

B 


AB=^c  and  the  perpendicular  CD^k,  and  let  AD=s0:  then 
Napier'^s  Rules  give 

» 

^^^      tan  0        -  «^^      tan  (c  —  O) 

tan  ACD^  -: —   and  tan  BCD  =  ^ ^: 

sm  k  sm  k 

whence  we  have 

tanC  =  tan(^CZ)  +  gC2))^  sint  {tang  +  tan (c-^)| 

sm*  k  —  tan  d  tan  (c  —  0) 
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sin  c  sin  Ap 


a  maoDtmu/m: 


cos  c— cos* k  cos 9  cos (c  —  0)^ 
from  which  we  have  u  =  cos  Q  cos  (c  —  0)  ==  a  maadmum  : 

.*.  --T-  =  —  sm  6  cos  (c  —  0)  H-  cos  0  sin  (c  —  0)  =  0, 

which  gives   tan  0  =  tan  (c  —  0),   or   0  =  c  —  0 ; 

whence  0=i^Cy  or  the  triangle  is  isosceles :  and  this  conclusion 
being  entirely  independent  of  the  magnitude  of  the  radius  of 
the  sphere,  must  hold  good  when  that  radius  becomes  infinite, 
and  therefore  in  a  plane  triangle. 

366.     To  determine  the  greatest  Curvilineal  Figure  of 
a  given  species  which  can    be  inscribed  in^    and  the  lea^t 
which    can   he   described   about    another   given    curvilineal 
figure. 

Let  y^F{ai)  be  the  equation  of  the  given  figure,  and 
y,  =  f{a9  /3,  of^)  that  of  the  figure  of  the  proposed  species, 
the  individual  figure  being  defined  by  the  values  of  a  and  /3 : 

then,  since  the  figures  touch  each  other  when  a^^  =  a?,  we  must 
obviously  have 

F  (w)  =f(a,  /3,  w)  and  F'  (w)  =f  (a,  (i,w): 
from  which,  if  a?  be  eliminated,  there  results  the  form 

but  the  area  represented  by  0(a,  j3)  being  a  maximum  or 
a  minimum,  we  must  have   ^'  (a,  /3)  =  0 : 

whence  the  two  equations 

x/,(a, /3)=:0  and   0'(a,  i3)=0, 

give  the  values  of  a  and  (i  corresponding  to  a  maximum  or 
a  mmimum  :  which  may  be  verified  by  the  ordinary  method. 
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Ex.  1.    To  inscribe  the  greatest  Ellipse  in  a  given  triangle. 

Let  BJC  be  the  proposed  triangle,  and  let  AD  =  a  be 
drawn  to  bisect  the  side  BC  in  D :  then,  if  D  be  the  origin 
of  co-ordinates  and  DA^  BDC  their  axes,  we  shall  have 

y  =  911  (a  —  or)  for  the  equation  to  the  straight  line  BA ; 

y^=  —  (2a<r^  — «/)     the  equation  to   an   ellipse  whose  magni- 
a 

tude  is  dependent  upon  the  quantities  a,  /3  to  be  determined  : 
.*.  by  reason  of  their  contact  we  must  have  the  two  equations 

m(o  — a?)  =  -  (2aa?  — «r^)*, 

a 

and   —  m  =  ~ 


a   (2a^  — ^)^' 

,                                         2aJ?  —  a^  aa 

whence  we  get  a?  —  a  =  ,  or  a?  = 


a  —  w  a  —  a 

also,  by  multiplying  together  these  equations,  we  obtain 

/3^       m^  («r  —  a)       m^  {a?  —  2  aa) 


a  a  —  X  a 


which  gives  immediately  (i^=^m^  (a^ -^^aa), 
from  which  w  has  been  eliminated; 

but  u=i  afi=  a  mawimtimy  from  which  we  obtain 

da  a 

ma 
.-.  w^aa  =  /3^  =  m^(a*  — 2aa),  or  a  =  ^a  and  /.  fi^^—-: 
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and  the  area  of  the  greatest  ellipse  will  therefore  be 

^    .             mir(J?  sin  7 
=  Trap  sm  7  = 7= — , 

if  *y  represent  the  angle  at  which  the  co-ordinate   axes  are 
inclined  to  each  other. 

It  appears  from  this  that  all  the  sides  of  the  triangle 
are  bisected  by  the  points  of  contact,  if  any  one  be  so. 

Ex.  2.  To  find  the  least  Parabola  that  can  circumscribe 
a  given  circle. 

Let  y  =  \/ia^— ^  be  the  equation  to  the  circle  whose 
radius  is  a;  a  and  )3  the  latus  rectum  and  length  of  the 
axis   of    a  circumscribed   parabola,    so    that  its  equation   is 

y  =V^a()3-c2?^): 
then,  in  consequence  of  their  contact,  we  must  have 

\/2aa?  — a7^=V^a03  — 0?)  and       .  -  =  -  1  - , 

from  which  is  found  a?  =  a  +  ^  a : 
whence,  by  substitution,  we  obtain 

^       a^  1  ,        d/3       1       a^ 

p  =  -  +  a  +  -a,  and  .-.    tt"  =  7 .'- 

a  4  aa        4       a 


2  .         . 

but  the  area  of  the  parabola  =  -  of  its  circumscribed  rect- 
angle =  -/3\/a)3,  and  thence  w  =  a/3^=  a  mdximum^  which 

ffives   -r-  =  —  — : 
®  da  3a 

a'       1  _  /3  _    a^         a         1  . 
"  ?  ""  4  ~  3^  "i^  "^  3^       li' 
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whence  a^-haa  — 2a'  =  0,   whose  roots  are  a  and   —2  a,   the 
latter  of  which  is  useless; 

that  is,  a^a^  or  the  latus  rectum  of  the  parabola  is  equal 
to  the  radius  of  the  circle:   also,  the  length  of  the  axis  of 

the  least  parabola  =  -  a,  and  its  area  s=  -  a*. 

357*  To  draw  a  Tangent  to  a  curve  defined  by  an 
equation  between  two  straight  lines  drawn  to  two  given 
points. 

Let  S  and  H  be  the  two  given  points,  SP  =  a?  and 
HP=y  the  straight  lines  whose  relation  is  given,  such  that 


/(a?,  y)  =  0 :  suppose  PT  a  tangent  to  the  curve  at  P ; 
draw  HT  perpendicular  to  HP  and  TL  perpendicular  to 
SP  produced,  and  parallel  to  these  draw  ht  and  ts  near  to  P: 

PL       Ps  ^,  Ps 

and  since  this  always  holds  good,  we  shall  obviously  have 

PL^PH  limit  of  £i  =  -P^^  =  -  ^, 

Ph  dy  dy 

which  is  therefore  known  in  terms  of  w  or  y\  hence  conversely, 
if  PL  be  made  equal  to  this  magnitude,  the  point  T  in  which 
the  perpendiculars  from  L  and  H  to  SL  and  HP  respectively, 
intersect,  is  a  point  in  the  required  tangent,  which  may  there- 
fore be  constructed. 


503 


Ex.  1.     Let  the  relation  between  the   two  straight  lines 
be  expressed  by  the  equation  a?*  +  y*  =  a"". 

dy 
Here  we  have  ma?"*"^  +ny"~^-7-  =0, 


.-.  PL  = 


yddff 
dy 


ny""         n{a!^^af^) 


mof 


-1 


mar 


-1 


which  determines  the  position  of  the  point  L  for  any  point  of 
the  curve,  and  thus  T  being  found,  the  tangent  may  be  drawn. 

If  m  =  w  =  l  or  a}  +  y  =  ay  the  curve  is  an  Ellipse:  also 
PL^sHPy  and  therefore  the  tangent  PT  bisects  the  angle 
HPLy  as  is  well  known. 

Ex.  2.     Let  the  equation  be  ^y*  =  a"*+":  then  we  have 


ma" 


dw 


nw 


.%  Pi=s  — ,  and  the  tangent  may  be  drawn, 
m 

If  w  = »  =  1    we  have  wy  =  a^,   for   the  Lemniscata  of 
Bernoulli:  also  in  this  case  PL  =  w^SP- 

358.      To  draw  a  Tangent  to  a  curve  defined  by  an  equor- 
tion  between  a  rectilineal  ordinate  and  a  curvilineal  abscissa. 

Let  AN  here  considered  as  the  abscissa  = «,  NP  the  ordi- 


504 

nate  =y,  and  let  the  equation  be  /(y,  «)  =  0:  then  if  we 
suppose  tangents  to  be  drawn  at  JV  and  P  meeting  in  T,  NT 
may  be  called  the  subtangent  of  the  curve  AP :  drawing  also 
mnt  parallel  to  NP  and  Pr  parallel  to  TNn^  we  shall  have 

TN      Pr 

= .  which  is  true,  however  small  they  may  be: 

NP       Tt'  ^        ^ 

.-.  TN=NP  limit  of  ^  =^, 

rt         ay 

which  being  known  in  terms  of  y  and  a,  the  tangent  may  be 
constructed. 

Ex.     Let    the    equation    be    y^ssa*""^*:    then   we    have 

riV=  -—  ^ms^  so  that  PT  will  be  a  tangent  at  P. 

If  m  =  1  and  a  =  1,  the  curve  AP  becomes  a  Cycloid,  and 
we  have  TN=iy='NP=AN;  from  which  it  also  appears  that 
the  locus  of  the  point  T  is  the  Involute  of  the  generating  circle. 

359.  To  draw  a  common  Tangent  to  two  curves  defined 
by  given  equations. 

Let  yi=^F  (a?i)  and  y^  =/(a?8)  be  the  equations  to  the  two 
curves,  their  co-ordinates  being  measured  from  the  same  point : 
then  the  equations  to  their  tangents  are 

dyi.,        . 

y  -yi=  ^(^  -^i)» 
y  -y«=xrv^  ■"^«)- 

aw^ 

and  in  order  that  these  two  tangents  may  coincide,  it  is  obvious 
that  they  must  meet  the  axis  of  w  in  the  same  point  and  make 
the  same  angle  with  it :  whence  if  y*  =  0,  y'  =  0,  and  therefore 

f  dyi  dy^  „  dy^  dy^ 

uo  -—  =a?i3 yi  and  oo  ~—  ==a?8- y^'. 

asox         aafi  aw^         aw^ 
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by  making  x  =  a?"  and  --—  =  -£-  we  shall  obtain 

(^i-a?8)  — r =yi-y2= J^(^i)  -/CV2) : 


I 

which  ther^fore  establisheis  a  relation  between  o^^  ai)d  {P2'  ^^^ 

by  means  of  this  combined  with  -— i  =  ~^f  the  values  of  a?i 

dwi       dw2 

and  (2^2  i^^y  be  found,  and  the  common  tangent  drawn. 

Ex.     Let  the  curves  be  a  circle  and  parabola  on  the  same 
axis. 

Here  the  equations  from  the  centre  of  the  circle  are 
yj2=:a^-a?i^  and  y8^  =  4o  (^2  — jS)  ; 
and  their  respective  tangents  are  defined  by  the  equations 

y,y'-}-a?iJ?'  =  o*  and  y2y^  =  2oa?"  4-2aa?2  — 4a)3: 
whence  making  y"  =  y  =  0,  and  ^"  =  a/  we  obtain 

^  =?:8/J  ^4?2  or  a7.=52)3—  —  : 
_      dy,       dy2    .       ^i       2a  2a 

also  - —  s=  -; gives  —  aat  ea         i  m ^     : 

da?i       d.172  yi        y%        V4a(a?2-/3) 

whence  ^r2  =  flH ^ — - — ^: 

and  thence  we  shall  have,  after  proper  reduction,  the  equation 

(a  +  /3)  a?i*  —  a'^i  —  a*a  «  0, 

for  determining  the  values  of  Wy^  and  thence  those  of  ^j. 

3S 
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The  two  roots  of  the  equation  here  deduced  shew  that  the 
curves  may  have  two  common  tangents,  one  when  the  contacts 
are  on  the  same  side  of  the  axis  of  w,  and  the  other  when  on 
different  sides. 

360.  To  find  the  Locus  of  the  inieraectians  of  the  tan- 
gent with  the  perpendicular  drawn  upon  it  from  the  origin  in 
any  curve. 

Let  P  be  any  point  in  the  curve  whose  co-ordinates  are 
«,  y :  PT  a  tangent  there,  and  AK  a  perpendicular  upon  it 
from  the  origin: 


then  the  general  equation  to  the  tangent  PT  is 

whence  if  w^yy^he  the  co-ordinates  of  any  point  of  the  line  AK, 

its  equation  will  be  y,=  —  -j-^f  by  (142) :  but  at  the  point  of 

intersection  of  AK  and  PT,  we  must  have  w^w^  and  y  =y,9 
so  that  there  result  the  two  equations 

dy  .  .       -  dof 

y,-y  =  ^  (^, -  a^)  and  y, -I- 0?  —  =0, 

which  combined  with  the  equation  to  the  proposed  curve 
yz=if(w)  will  be  sufficient  to  eliminate  w  and  y,  and  thus 
to  find  the  relation  between  <»,  and  y  which  will  define  the 
locus  of  the  point  K:  also,  we  have 

x^  —  of       dx  y^ ' 
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and  thence  we  deduce  immediately  the  equations 

,  dy  00^ 

y.  +<  =  ^^.  +  ffy.  and  —  =  ^  ^, 

for  the  equations  of  condition. 

Ex.  1.  To  find  the  curve  traced  out  by  the  intersections 
of  the  tangent  to  a  parabola  with  the  perpendicular  upon  it 
from  the  origin. 

The  equation  to  the  tangent  here  is  easily  /ound  to  be 
also  that  of  the  perpendicular  upon  it  is  immediately  had 

therefore  belonging  to  their  common  intersection  where  s!  =  (c^ 
and  y  =  y^^  we  have  the  two  equations 


ci?a  %i  ay  * 

but  since  —  =  —  ^'  we  find  w  =  —- ;  and  thence  thq  first  of 


=  _  £.'  we  find  a?  =  -^ 
these  equations  becomes 

which  is  the  equation  to  the  Cissoid  of  DiocleSj  the  change 
in  the  sign  of  x^  merely  shewing  that  its  abscissa  is  measured  in 
a  contrary  direction  to  that  of  the  parabola. 

Ex.  2.     If  the  proposed  curve  be  an  ellipse  referred  to  its 
centre,  we  find  the  equation  of  the  tangent  to  be 

,      b  a?  — Of  a/ 
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and  that  of  the  perpendicular  upon  it  from  the  centre  to  be 

hence  making  x'^^x^  and  y  ^y^  and  eliminating  x  from  the 
equations 

A  nf^xx^        _           ax^y/a^'^o^ 
y^ss  _      .  and  y^s  --^ , 

we  arrive  at 

for  the  equation  of  the  locus  required. 

361.  Cob.  l.  The  equation  to  the  locus  by  the  perpen- 
dicular from  any  other  point  upon  the  tangent  may  be  found 
by  transferring  the  origin  of  co-ordinates  to  the  point  proposed 
and  proceeding  as  above. 

362.  Cob.  S.  Hence,  of  two  equal  curves  of  the  same 
species  having  at  first  their  vertices  coincident,  and  their  axes 
in  the  same  straight  line,  if  one  be  made  to  roll  upon  the  other  at 
rest,  the  locus  of  the  vertex  of  the  rolling  curve  will  be  similar 
to  the  locus  of  K  above  found,  since  K  always  bisects  the  line 
joining  the  vertices  of  the  two  figures.  Thus  in  the  case  of 
two  parabolas^  the  locus  is  the  Cissoid  of  Diooles :  and  for  two 
equal  circles,  it  will  be  an  Epicycloid  which  is  the  only  one  that 
can  be  expressed  by  an  algebraical  equation,  and  is  commonly 
called  the  CardMde. 

363.  7V>  ^nd  the  Locus  of  the  intersections  of  two  tan- 
gents drawn  to  a  gipen  curve  after  some  determinate  law. 

Let  a,  )3  and  a^  j3'  denote  any  two  corresponding  points 
in  the  curve  proposed;  theti  the  equations  to  the  tangents 
at  those  points  are 

aa 

aa 
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but  at  the  point  of  their  intersection   a?"  *=  a?'   and  y"  =  y, 
whence  we  get 

'^      da  ^« 

now  —  and  ^  being  connected  by  some  determinate  law, 

da  da 

either  of  them  may  be  regarded  as  a  function  of  the  other  as 

^  :=f^:   and  since  /3  and  /3'  are  the  same  functions  of 
atnd  a  respectively,  it  is  obvious  that  the  three  equations 


and 


da'     ^\da)' 


wiU  be  sufficient  to  eliminate  both  «  and  «',  and  thus  to  deduce 
the  relation  between  a)'  and  y  considered  as  the  co-ordinates  of 
the  required  locus. 

Ex.  Let  the  curve  be  a  parabola,  and  the  two  touching 
lines  be  at  such  inclinations  to  the  axis  of  a?  that  the  sum 
of  their  cotangents  is  constant. 

Here  we  have  for  the  equations  to  the  two  tangents 

whence  if  »"  ^«'  and  y"  «y',  we  get  by  subtraction 

y'(/3_/3')=^a(a-a): 
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da       da        3  +  3' 
but  Tg  +  ^  =  -^^  =«»,  by  hypothesis,  or  ^  +  /3'  =  2ma: 

whence  the  three  characteristic  equations  now  become 

/3  +  j3'  =  2ma; 

from  which  if  a  and  a  and  therefore  /3  and  j3'  be  eliminated,  the 
relation.between  w'  and  y  will  be  obtained :  thus,  we  have  readily 

y(^-p^')^^ma'ia^a'): 
that  is, 

y'  (4ao  —  4oa')  =  4m o*  (a  —  o')  : 

whence  by  equal  division  is  found 

y  =:mo, 

which  is  the  equation  of  a  straight  line  parallel  to  the  axis  of 
07,  and  whose  distance  from  it  =  ma. 

364.  To  determine  the  Nature  of  a  curve  which  shall 
alfoaya  touch  any  number  of  straight  lines  drawn  after  a 
given  law. 

Let  JX  be  the  axis  of  the  required  curve,  A  being  the 


origin,  and  suppose  TPR  to  be  one  of  the  straight  lines  drawn 
according  to  the  proposed  law,  and  let  it  be  intersected  by 
another  line  tPr  of  the  same  description  in  P:  w\  y  the 
co-ordinates  of  the  tangent  TPR  and  ^,  y  those  of  the  required 
curve,  the  equation  of  the  former  being 

y'^Pa^'  +  Q, 
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wheirein  P  and  Q  involve  only  constant  quantities,  and  the 
variable  parameter  a  which  indicates  the  law  according  to 
which  the  lines  are  drawn : 

now  if  a  be  supposed  to  become  a  +  A,  then  will 

dP        d^P  h^ 

P become  P+  ^— A+  ^-^ h&c., 

da  dcT  1 . 2 

Q «+T^^+^7^+&^- 

da  da    1 . 2 

so  that  the  equation  to  the  tangent  tPr  assumes  the  form 

dP  do 

y"  =  iP+  —  A  +  &c.y  +  a+  -ZF  A  +  &c. : 
da  da 

hence  at  the  point  P  where  the  co-ordinates  of  these  two  right 
lines  are  the  same,  we  must  obviously  have 

dP  .  do 

Paf'-^Qz=z(P+-—h-^  &c.)  a?'  +  Q  +  -^  A H-  &c., 

da  da 

(dP  \  do 

or  0=     -— A  +  &C.    J?'+— -A  +  &C. : 
\da  /  da 

but  in  the  limit,  when  the  tangents  become  consecutive,  the 
position  of  the  point  P  is  in  the  touching  curve,  h  becomes 
=  0  and  af'=  oe;  whence  we  obtain  after  dividing  by  h 

dp         dQ 

a  a  ua 

which  combined  with  the  equation  y  =  Pa?  +  Q  will  be  sufficient 
for  the  elimination  of  the  variable  parameter  a,  and  'the  result- 
ing equation  being  independent  of  it  wiU  necessarily  belong  to 
every  line  answering  the  proposed  conditions,  and  thus  the 
required  curve  will  be  found. 

Ex.  1.  Given  the  area  of  a  right-angled  triangle,  to 
find  the  curve  to  which  the  hypothenuse  is  always  a  tan- 
gent. 
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Let  the  given  area  ai8a%  AM^w^  MP^y  and  ATma 


the  parameter,  by  the  variation  of  which  the  tangent  TPV 
assumes  its  different  positions:  then 

^F= — ,  and  y  =  (a-a?)  tan  JTF=(a  — a?)-i-: 
a  <* 

.-.  a^y  =  4a*(a  — a?): 
which,  differentiated  with  respect   to  a  alone,  gives 

2ay  =  4a'  or   a  = 

y 

whence  by  substitution  in  the  equation  above  we  obtain 

/2a«        \  ^  , 

the  equation  to  an  hyperbola  between  the  asymptotes;  and 
it  may  be  observed  that  this  result  agrees  enturely  with  what 
was  said  in  Ex.  3.  of  (138). 

Ex.  2.  Two  straight  lines  are  drawn  perpendicular  to 
a  given  straight  line  at  given  points,  and  their  recUngle  is 
invariable:  it  is  required  to  find  the  curve  to  which  the  line 
joining  their  extremities  is  always  a  tangent. 

Let  AB  =  2a  be  the  given  line,  and  AT,  BV  he  two 
perpendiculars  to  it  at  A  and  B:  AMosw,  MP  =  y,  and  let 
ATxBV^Vi  also,  let  y'=9Pw'  +  Q  be  the  equation  to  TT, 
and  a  =  AT  the  vaiiable  parameter   which  decides  the  posi* 
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tion  of  each  particular  line:  then,  ifar'=o,  we  have  Q=a; 
and  if  .v'  =  2o,  we  get 

-  =2aP  +  a,   or   P= : 

a  2aa 

whence  if  a/  be  changed  into  w  and  ^'  into  y,  the  equation  is 

y  = ^  +  a,   or  2aay=(6*- a^)  a?  +  2aa^: 

2aa 

therefore,  differentiating  with  respect  to  a,  we  find 

ay 

2a«  =  4aa  — 2aci7,   or  a= : 

^  2o  — 0? 

whence  the  equation  above  found  becomes  by  substitution 

2i 
2 


a-o?       I  (2a-J?)'j^'*"  (2o-a?)«' 


62 
which  reduced  is  ff=  —(2  a  a?  — a?*),  the  equation  to  an  ellipse, 

whose  semi-axes  are  a  and  b. 

365.  To  determine  the  Nature  of  the  curve  which  shall 
circumscribe  any  number  of  curves  described  according  to  a 
given  law. 

Let  f{oo^y^  a)=0,  which  may  be  put  also  in  the  form 
y  =  (p{x^  a),  be  the  equation  to  a  curve  whereof /or  <^  de- 
termines the  species,  and  the  parameter  o  the  particular  curve 
of  that  species,  so  that  if  a  vary  whilst  /  or  ^  remains  the 
same,  we  shall  pass  from  one  curve  to  another  of  the  same 
species:  whence,  if  we  differentiate  the  equation  to  the  pro- 
posed family  of  curves,  as  it  is  called,  with  respect  to  a  only, 
and  then  eliminate  a,  we  shall  obviously  have  an  equation 
belonging  to  two  consecutive  curves,  which  not  involving  a,  is 
therefore  the  general  equation  to  the  locus  of  the  successive 
intersections  of  the  curves ;  and  the  curve,  which  is  the  locus 
of  all  such  intersections,  touches  all  these  curves,  because  any 
particular  curve  and  the  curve  which  is  the  locus  of  the  con- 
secutive intersections  will  manifestly  have  the  same  rectilineal 

3T 
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tangent.  Hence,  we  have  only  to  find  the  equation  to  a  curve 
which  touches  any  one  of  the  given  curves :  to  differentiate  the 
equation  so  found  with  respect  to  its  parameter,  and  then  to 
eliminate  that  parameter  by  means  of  this  equation  and  the  one 
from  which  it  is  derived. 

Ex.  To  find  the  curve  which  shall  circumscribe  any 
number  of  ellipses  of  given  area,  when  their  principal  axes 
are  all  in  the  same  directions. 

Let  cf  be  the  given  area,  a  and  )3  the  semi-axes  of  any  in- 
dividual  ellipse;  then,  since  irafi^a^j  we  have  /3= — , 
so  that  a  is  the  variable  parameter:   and  the  equation 


Tra 


«*   .   !/* 


-;  +  ■;s  =  1,    becomes  —  + 


a^       i^a*y' 


^ 


=  1 : 


a 


a' 


therefore,  differentiating  with  respect  to  a,  we  get  the  equation 


TT  yra 


3        ' 


or  a 

which  belongs  to  this  curve  and  its  consecutive  one :  whence, 


a' 


eliminating  a,  we  find   <ry  =  — ,   for    the   equation   to  their 

intersection,  whatever  be  the  value  of  a :  that  is,  the  required 
curve  is  an  hyperbola  referred  to  its  asymptotes. 

366i     Ta  find  the  length  of  the  Evolute  of  any  proposed 
part  of  a  curve  whose  equation  is  given. 

Retaining  the  ordinary  notation,    we  have  seen  in  (186) 


N     WX"^ 
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that  the  arc  QQ'  =  FQi  —  PQ :  whence  it  is  obvious  that  the 
length  of  the  evolute  corresponding  to  any  portion  of  a  curve 
comprised  between  the  points  whose  co-ordinates  are  given, 
will  be  equal  to  the  diflFerence  of  the  radii  of  curvature  at 
those  points. 

Ex.  1.     To  find  the  whole  length  of  the  evolute  of  an 
ellipse. 

I^  "T  +  75  =  ^   be  the  equation  from  the  centre,  we  have 
or       b^ 

a® 
.*.  when  ci?  =  0,   we  have  P'Q' =»---: 

6 

}? 
and  when  <2?  =  a,   we  find  PQ  =  — : 

a 

whence  the  length  of  the  evolute  corresponding  to  one  of  the 
elliptic  quadrants 

a^       j8       €?  —  }?  .  4(a^  — 6') 

= = :  and  therefore  its  whole  length  =        '  , — - . 

h        a  ah  ^  ah 

Ex.  2.     Find  the  length  of  that  part  of  the  evolute  of  a 
parabola  which  is  situated  within  it. 

If  3^  =  4aa?5   we  have  7  = 7= — :   also  the  equation 

V  a 

of  the  evolute  is 

2  _ 

y  =  + ;f=  (a?'-2a)»: 

3a 


and  if  07'  =  ^?  and  y'  =  y,   we  find  a?  =  80:  therefore  the  arc 
of  each  branch  of  the  evolute  =  P'Q'  — PQ=:52a. 

367.  In  a  polar  curve  to  Jind  the  Locus  of  the  points 
of  intersection  of  the  tangent  hy  the  perpendicular  let  fall 
upon  it  from  the  pole. 
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Let   C  be  the  intersection  of  the  normals  at  the  points 


P  and  Q,  «yP=r,  Syssp=:r\  Sco^p'  and  ff  the  angle  de- 
scribed by  Syi  then  we  shall  manifestly  have 

dff 


— -  =  hmit   of    — rr- 

de  dd 


dn 


dp 


ydd      y/f^^j^de' 

by  (190)  and  (205):  whence  is  readily  obtained 

dff  _dff_de^      dff  dd  1 

dP^ld  d?' 

dff  p 


d9  dp       ^ft  _  y'* ' 


but 


dr'      ry/r'*-p'* 
P'  1 


= ,  by  (195) ; 


•  r'^'«_p'»      y/?~7*' 


or  p  =  —  : 
r 


and  by  the  elimination  of  r,  the  equation  of  the  locus  proposed 
becomes  known. 


.'2 


368.     Cor.     Since  />' =  — ,    we  have   r  :  r'  ::  /  :  />'; 

T 

that  is,  SP  :  Sy  ::  Sy  :  Sx;  and  the  angles  SyP,  Swy 
being  right  angles,  it  appears  that  the  triangles  SPy^  Syx 
are  similar. 

Ex.  1.     In  an  Ellipse  about  the  focus  we  have  seen  that 

2a  — r 


J 


from  which  r  = 
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a'  (1  -  e")  -^p^       a'  (1  -^)  4-  r'' " 


(X^  i\  —  c^^  "^  t'^ 
therefore  p  = ,  which  is  the  equation  of  a  circle 

Attt 

whose  radius  is  a,  and  the  distance  of  whose  centre  from  the 
focus  of  the  ellipse  is  ae. 

T 

Ex.  2.     In  the  Logarithmic  Spiral  p  =  :  whence 

V  1  -yW 

we  have  r^p\/\  +Ar'^=:r'\/ 1  +  A;^ 

and  p  =  =      ■    ■         : 

rVl  +  Ar*       a/h-A;^ 

or  the  locus  of  ^  is  a  Logarithmic  Spiral  similar  and  equal 
to  the  one  proposed. 

369.     We  may  hence  determine  also  the  equations  of  the 
loci  of  similar  intersections  in  the  succeeding  curves. 

For,  let  r  be  the  radius  vector  of  the  original  curve,  p  the 

perpendicular  upon  its  tangent;  r^^  pi\  r^,  P29  &c ^n>  P»> 

those  of  succeeding  loci  in  order ;  then  we  have 

2  ^2  ^2  ^2 

'  n 


Pi=  —9  iP2=  —9  P3=  —9  &c.,  p^=: 


by  means  of  which  the  equation  of  the  r^^  locus  may  be  deter- 
mined. 

370.  Cor.  Hence  it  follows  that  the  distances  r,  rj,  rg,  rj, 
&c.  are  in  a  decreasing  geometrical  progression,  and  make 
equal  angles  with  each  other,  so  that  their  extremities  will 
all  be  found  in  the  arc  of  an  equiangular  spiral. 

Ex.     In  a  circle  with  the  pole  in  its  circumference,  we 

have  o  =  — ;  wherefore  r  =  \/9.ap  =  \/2ar, : 
2a  ▼       x-       V         1 
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»        r,*  3 


«,  =  —  =  — 7=;  whence  ri*  =p,\/2a  =  r:,\/2o: 


4 


i>jj=  —  =s    3 . — ;   whence  r^^  =P2v2a  =  r3v2a: 
ri        v^2a 


rM*         n  * 


Pg=  —  =    4! — ;   whence  r^*  =P3\/2 o  =  r^  v^2a  : 
^«       V2o 


and  therefore  generally,  p„  =  - "  -  =  I  -^^ —  I 

371.  To  find  the  Locus  of  the  points  of  intersection  of 
the  polar  sub-tangent  and  tangent. 

r^de 
From  article  (196)   it  appears   that .  *yr= -3— =/(fl); 

dr 

wherefore  if  we  put  ST=^r  and  /  TSXss  0^,  since  it  is  mani- 
fest that 

/^TSX+zPSXz:^^,  or  0^  +  0=-, 

2  '  2 

we  shall  have 

r  =/(©)=/ 1 9\  for  the  equation  required. 

Also,  after  a  similar  manner  may  the  equation  of  the  locus 
of  the  intersection  of  the  sub-tangent  and  tangent  of  this  last 
spiral  be  found.  Similarly  of  the  intersection  of  the  normal 
and  sub-normal. 

Ex.  In  the  Reciprocal  Spiral  r  =  a0~^ ;  wherefore 
*yTs=  —a,  and  consequently  r^=  -^a,  which  is  the  equation 
to  a  circle. 

372.  To  compress  the  cosine  of  the  multiple  of  an  arc 
in  descending  powers  of  the  cosine  of  the  arc  itself 
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Let  2  cos  a  =  y  +  - ;   then  it  is  well  known  that 

y 

1 
2  cos  iTia  =  v*"  H : 


hence   from   the  equation   2  cos  a  — y =0,    we   must   find 

y 

the   values   of  y*"  and  y"*"   by   Lagrange's   Theorem,   and  if 
2  cos  a  ==  a,  the  ordinary  process  gives 


^  1.2 


—^ ^a"-*-&c., 


^  1.2 

whence  we  have  the  value  of  2  cos  ma  expressed  by  the  sum  of 
these  two  series,  whatever  be  the  value  of  m  whether  integral  or 
fractional. 

If  7W  be  a  whole  number,  the  value  of  2  cos  ma  will  mani- 
festly be  obtained  from  the  first  series  by  stopping  at  the 
term  which  involves  a^,  since  the  remaining  terms  are  the  same 
as  those  of  the  second  series,  but  with  a  different  algebraical 
sign. 

37s.  To  find  the  content  of  the  greatest  Cube  that  can 
he  inscribed  in  a  given  ellipsoid. 

Let  2.^?,  2y,  2«  be  the  sides  of  the  required  cube,  which 
will  therefore  be,  by  the  nature  of  the  surface,  subject  to  the 
condition  expressed  by 


if  a,  &,  c  be  the  semi-axes  of  the  ellipsoid : 

also  the  volume  of  the  cube  u  =  8iVyz  =  a  maadmum  : 

whence  taking  the  partial  differentials  we  have  from  the  former 

tV       %  d%  y        z  d% 

a"^       cr  a  00  ¥       &  dy 
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and  from  the  latter  we  obtain 

du  dz  dz  z 

— •  =8yi?  +  8a?y3-  ssO,  or -—  = ,• 

cLlV  aw  dtV  w 

du  dz  dz  z 

-—  srSwz  +  SJuy-j-  =0,  or-—  = ; 

dfj  dy  dy  y 

whence  by  substitution  we  find  --  =  — -  and  —  =  — , 

and  the  equation  of  condition  therefore  gives 

a  b         .  c 

a?  =  — ^ ,  y  =  — y-  and  z  = 


%/3  *  \/3  \/3 ' 

Sabc 


and  the  content  of  the  greatest  cube  ^ 


Sy/s' 


374.  To  find  when  the  Volume  of  the  pyramid  formed 
by  the  tangent  plane  to  a  curve  surface^  and  the  three 
co-ordinate  planes  is  the  least  possible. 

X       y       z 
Let  — h  ^H —  =  l,be  the  equation  to  any  tangent  plane ; 

«       P       7 
then  are  a^  /3,  y  the  distances  from  the  origin  at  which  the 

plane   meets   the  co-ordinate    axes:    and  the   volume   of   the 
pyramid  will  be  expressed  by  jictQy- 

whence  we  have  u  =  —7^ — >-. a  minimum: 

ap-  iioD'-ay 

du  du 

also  the  characteristic  equations  -—  =0  and  - —  =0  give 

da  a/i 

2  (a^- /3a?- ay)  — /3  (a- tr)  =  0, 
from  which  it  easily  appears  that 

a^Sx,  fizsgy,  and  therefore 'yss  3^. 
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If  the  equation  to  the  curve  surface  be  given,  the  actual 
value  of  the  least  volume  may  hence  be  determined. 

375.  To  investigate  the  Nature  of  the  surfa^ce  which 
shall  envelope  any  number  of  surfaces  of  a  given  species 
described  after  a  given  law- 

Let  u  =f  (^,  y,  «,  a)  =  0,  be  the  equation  to  one  of  the 

proposed  surfaces,    the  individual    surface  being   defined   by 

the  particular  magnitude  of  the  parameter  a :  then,  reasoning  . 

as  in  (364i)  and  (365),  we  shall  have,  for  the  consecutive  surface, 

du 

-—  =  0 :  and  if  from  this  and  the  equation  proposed  the  vary- 

da 

ing  parameter  a  be  eliminated,   the   resulting   equation   will 

manifestly  be  that  of  the  required  Envelope, 

Ex.  Required  the  surface  which  shall  envelope  all  right 
cones  of  given  volume  having  their  axes  in  the  same  straight 
line,  and  their  bases  in  the  same  plane. 

Let  a«  =  /3(a— v^-i-p),  be  the  equation  to  any  one 
of  the  cones  of  the  proposed  magnitude;  then,  if  the  given 
volume  =  a^,  we  shall  have  by  (20),  of  the  Introductory  Chap- 
ter, 

^7^a*/3  =  a^  or  /3=  — -: 

TTCL 

and  this  gives  x  =  — -  (a  —  v  «^  +  y^)  : 


irc? 


du       pa^VVTj^       6a^  S    /-— p 

.-.   -r-  = r -3=0,   or  a=-V<x'^  +  y': 

da  Tra  Tra  2 

whence,  by  substitution,  the  equation  above  given  becomes 


97r(^^  +  3^)' 

which   is  therefore   the  equation   to   the  required  enveloping 
surface. 

3U 
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376.  CoE.  It  follows  from  the  same  mode  of  reasoning, 
that  if  the  surfaces  of  the  proposed  species  involve  more  than 
one  independent  parameter  a,  fif  &c.,  they  must  be  eliminated 
by  means  of  the  equations 

du  du 

in  order  to  obtain  the  equation  to  the  surface  which  envelopes 
them  all. 

Ex.  Let  the  surface  of  the  given  species  be  a  plane  de- 
fined by  the  equation 

m       y       z 

-  +  5  +  -  «  1, 
«      P      7 

subject  to  the  equation  of  condition  a"+/^+7*  =  <x". 

Here  putting  the  equation  in  a  different  form,  we  have 

w  ^    y      K  du  ,  du 

«==  -  +  5  +  --l=0,  -1-^0  and  —5=0, 

a       p       y  da  dp 

to  eliminate  the  two  independent  parameters  o^  /3: 

du  w        X  dy 

da  a*       ^  da 

,  du  y        z  dy 

dfi  PP       7*  d^ 

but,  since  7*=a"— a*— /3^,  we  shall  have 

da  y  dfi  7-»\ 

whence,  eliminating  -—  and  --^,  we  find 

da  dp 

a       a-'«        ^     y        fl-*« 

—  ^   ■■■     I  ATin     J->    as  • 
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and  therefore 


n  1 


or  'y  =  a*+^  j»"+' : 

n         1  n         1 

from  which  we  obtain  o  =  a*+^^+*   and  fisztf^y^i 
and  by  substituting  these  in  the  equation  to  the  plane,  we  have 

for  the  equation  to  the  enreloping  surface. 

If  —2  be  the  value  of  n,  the  surface  touching  all  the 
planes  will  be  that  of  a  sphere,  whose  equation  is 

^  +  S*  +  «*  =  «*• 

377*  To  ewpreas  the  Radius  of  Curvature  of  any  «eo* 
tion  of  a  curve  eurface  in  terms  of  its  partial  d^erenOai 
coefficients. 

Let  the  surface  be  referred  to  the  tangent  plane  and  two 
other  planes  perpendicular  to  it  passing  through  the  normal 
considered  as  the  axis  of  « :  then,  if  a  normal  plane  be  drawn 
so  as  to  contain  the  proposed  section,  and  v  and  x  be  the 
co-ordinates  belonging  to  this  plane,  we  shall  have  from  (l6$) 


( 


'^~        fx 
dv* 
1 


but  in  this  case  7  &  —^ — ,  since  the  plane  of  ay  is  a  tan- 


gent  plane,  and  therefore  ^=0: 

at) 
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whence  if  a  be  the   angle  made  by   this  normal   plane   with 
that  of  a}«  we  shall  obviously  have 


X 


COS  a        8in  a 


and  therefore  -~-  =  cos  a    and  — 

dv  dv 


-—  =  sin 
dv 


a 


but   %  being  a  function  of  w^  y,   it  follows  that  %  is  also  a 
function  of  «:   hence  from   (268)  we  get 

dz       dx  dx       dz  dy       d%  dz    , 

:7~  =  3—   :j— +3-    T— =v-co8a-f-;—  sma: 
dv       dx  dv       dy  dv       dx  dy 

d^z 
and  thence  we  find  - — 

df^ 

^  fd^z  dx         d*z    dy\  /d^z  dy         d*z   dx\ 

\dai^  dv       dxdy  dv)  \dy^  dv        dydxdvj 

d*z  d^z  d*z       1 

=  cos"  a  -r-r:  +  2  sin  a  COS  a  — — ; — h  sin^  a  -r^  =  — ; 
oar  dxdy  ay*       y 

wherefore  y  is  expressed  in  the  terms  proposed. 

378.  To  find  the  Radius  of  absolute  Curvature  of  a 
curve  of  double  curvature,  the  arc  of  the  curve  being  con- 
sidered the  principal  variable. 

Let  x\  y\  z'  be  the  cosines  of  the  angles  made  by  a 
tangent  to  the  curve  at  any  point  with  the  co-ordinate  planes ; 
X  +  A',  y  -f-  h\  z  -f  t,  those  of  the  angles  by  a  tangent  at 
a  point  near  to  the  former:  then,  if  Q  be  the  angle  between 
the  normals  at  these  points,  we  shall  have 

cos  Q^x  (d?'  + V)  -fy  (y'  -f  ^')  +«'  (ar'  +  /') 
= 00"^  +  y'»  +  ar'"  +  «' A'  +  y'U  +  «'  V 

=  1  +  (k'K  +  y'A'  +  xV : 
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also   {x  +  h'y  +  iy'  +  kj  +  {z  +  Vf  =  1 ; 
whence  we  find  2  {a/k!  +  y'A;'  +  5^'Z')  =  -  (A'^  +  A?'^  +  V^)  : 

0           6^ 
and  cos  0=1—2  sin^  -  =  1 ultimately : 

therefore  from  these  two  we  have  0^  =  A'^  +  A;'*  +  Z'^ : 
hence  the  radius  of  curvature  ^  =  --.  =      ,,  : 

but  by   (340)   a?  =  — ,    v  =  -r"  and  «  =  --; 

ds  as  as 

therefore,  when  the  points  of  the  proposed  curve  are  consecutive^ 

**=(^)-.''=b)'  "'{i;;)- 

whence  by  substitution  we  obtain 

ds 


7  = 


/(d^wY       7dVV 


or 


s  > 


which  is  analogous  to  the  last  formula  of  (182). 
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